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Introduction 1

Introduction

An American option is a financial contract between two parties; in the case of
an American put, one pays to the other for the right to sell certain asset at any time
in the future before an expiration date; or in the case of the American call, one pay
for the right to buy the asset. There are two important questions to answer here.
The first one is,

When is the right moment to exercise such an option? or equivalently, when is the
optimal time to stop in order to mazximize revenue (at least in average)?

The second question is
What should be the right price of such a contract?

In this thesis we deal with both questions, and provide satisfactory answers for each
one. Both questions are important to solve in financial markets; the first one is of
interest to the buyer of the option, and second to the seller. Indeed, for the first
question one looks for a policy to exercise efficiently the contract, that is to say we
try to find an optimal stopping rule that solves an optimal stopping problem. For
the second question, one is willing to determine the ”fair” price of the contract.

It turns out that in order to provide good answers to these questions, one relies
heavily on strong mathematical tools. However, the solutions of the problems are
somewhat elegant and quite straightforward to understand, as well as to carry out
in practical implementations. We shall see how both issues are intertwined, we shall
be able to understand the insights the problem.

We will see that for the American call the problem is simplified when assuming
assets with no dividends, and the main problem becomes the American put, still
assuming non-dividend paying stocks. Thus, the main part of the thesis is about
American put. The starting point is the Risk Neutral framework, based on the
celebrated works of Black and Scholes. Indeed, one uses a geometric Brownian
motion for modeling, and the so-called Risk Neutral measure (also called martingale
measure) for pricing. Let us then give some historical background on the American
put problem.

The pricing of American options has enjoyed a fast development the last decades.
The flexibility of the contract to early exercise suggest the formulation of the op-
tion’s price as an optimal stopping problem. McKean [22] showed in 1969 that this
optimal stopping problem could be transformed into a free-boundary problem. De-
spite McKean’s formula provides an explicit representation of the option’s price in
terms of the unknown optimal stopping boundary function, it is quite difficult to
implement analytical or numerical examination. Thereafter, important properties
of the optimal stopping boundary were studied by van Moerbeke [38] in 1976.

Earlier in 1973, Black and Scholes [3] obtained the price of a European option
using a free-arbitrage assumption, which means that the market does not allow
opportunities to make money without risk. The same year, Merton [23] proved that
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the American call option on non-dividend paying stocks is the same as the European
call option price. Also, he pointed out that such a methodology does not apply to
American put options, but that McKean’s results could be adapted to this end.

The use of financial arguments using replicating portfolios emerged as an efficient
technique for the pricing of options, by means of the so-called equivalent martingale
measure of the market. The pioneering works in this line are due to Cox, Ross, and
Rubinstein [5] in 1979; Harrison and Kreps [12] in 1979; and Harrison and Pliska
[13] in 1981. The application of these arguments to the pricing of the American put
option is due to Bensoussan [1] and Karatzas [17].

Later in 1991, Jacka studied the free-boundary problem formulation arising from
the optimal stopping problem. He showed that the optimal strategy is given by a
boundary function that satisfies an integral equation called the free-boundary equa-
tion. However, the uniqueness of the solution to this integral equation in the class
of continuous increasing functions was proved until 2005 by Peskir [29].

Now we present how the thesis is organized.

In Chapter 1 we state the background and several results used in this work.

In Chapter 2 we discuss the Arbitrage-Free Pricing Theory to price contingent
claims (such as the payoff of the European option), and it is determined the exis-
tence and uniqueness of the martingale measure. The existence of this measure is
intimately related to the abscense of arbitrage, while the uniqueness is related to the
completeness of the market (due to Harrison and Pliska [13]) in the sense that every
contingent claim can be replicated. In this context, the fair price of a contingent
claim is the expected value of the discounted claim under the unique martingale
measure. After that, we apply this results to the Binomial model for the price pro-
cess, which is the simplest option pricing approach. At the end of Chapter 2, we
arrived to the Black and Scholes pricing formula for the European option and give
the price of the American option as the solution to an optimal stopping problem.

In Chapter 3, the theory of optimal stopping problems for time homogeneous
strong Markov processes is established. Here it is showed that there exists a solu-
tion to the optimal stopping problem under certain conditions. Also, it is given a
characterization of the value function as the smallest superharmonic function which
dominates the gain function.

In Chapter 4 we transfer the optimal stopping problem, representing the price
of the American put, to a free-boundary problem. This step is mainly due to the
Markovian structure of the price process by means of the infinitesimal generator. It
is proved that the optimal strategy to exercise the option is determined by a function
of the time known as the optimal stopping boundary. The idea is that the holder
will optimally exercise the option the first time that the price process falls below a
barrier, that is to say, the optimal stopping boundary.

In summary, thanks to the free-boundary formulation, it is derived the optimal
stopping rule by the first passage time of the geometric Brownian motion to a barrier
determined by the free-boundary equation (an integral equation). And the fair price
is given by the present value of the expected value of the profit made at the first
passage time. This is exposed in Chapter 5.



Chapter 1

Preliminaries

1.1 Markov processes and stopping times

Definition 1.1. (Filtrations)

(i) Let (Q, F, P) be a probability space and 7 an index set. A filtration {F;}ie1 is
an increasing family of sub-o-algebras of F, that is, s C F; C F for all s < ¢.
Thus, (Q, F,{Fi e, P) is called a filtered probability space.

(ii) A stochastic process X = {X;}+c7 defined on (92, F, P) is said to be adapted to
the filtration {F;}ier if X; is Fi-measurable, for each ¢t € 7. In this case, we
say that X is defined on the filtered probability space (Q, F,{F;}ieT, P).

Definition 1.2. (Stopping times)

(i) Let (Q,F,{Fi}tier, P) be a filtered probability space. A random variable 7 :
Q — T is a stopping time if the event [T < t] is F;-measurable for each t € 7.

(ii) Let 7 be a stopping time. An event A € F is said to be prior to 7 if
AN[r<tleF, VteT.
Denote by F; the family of all the prior events, that is,
Fr={AcFs: ANt <t F,VteT}. (1.1)
where Foo = o(F; : t > 0). It can be readily verified that F; is a o-algebra.

In the sequel the following notation is used. Given a topological space E the
Borel o-algebra is denoted by B(E).

Definition 1.3. (Markov process)

(i) A stochastic process X = {X;}+>0 defined on a filtered probability space (2, F,
{Fi}+>0, P) and taking values on a measurable space (E,B(E)) is a Markov
process if it satisfies the so-called Markov property, that is, for each s < ¢ and
B € B(E) it follows that

P(X, € B| F,) = P(X, € B| X,). (1.2)

The measure
m(B) :== P(Xy € B),

is called the initial distribution measure.
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(ii) Let X = {X:}+>0 be a Markov process. We say that X is a strong Markov
process if it satisfies the strong Markov property , that is, for each a.s. finite
stopping time 7 and B € B(E) we have

P(Xt+7' €B | f‘r) = P(Xt+'r €B | XT) (13)
The probabilistic structure of a Markov process X can also be determined by a
non-negative function called transition probability.

Definition 1.4. (Transition probability function)
A function P : B(E) xRy x ExRy — [0,1] is a transition probability (t.p.) function
if for all s <t < r it satisfies the following properties:

(i) P(-,t,z,s) is a probability measure on B(F) for each x € E.
(ii) P(B,t,-,s) is B(E)-measurable for each B € B(E).

(iii) P satisfies the Chapman-Kolmogorov equation, that is, for all x € E and B €
B(E) we have

P(B,r,x,s):/ P(B,r,y,t)P(dy,t,z,s) (1.4)
E

for all B € B(E), z € E, and non-negative numbers s < ¢ < r.

A t.p. function P is the t.p. of a Markov process X if for each B € B(E) and
s <t we have that
P(X; € B| X;) = P(B,t, X, s). (1.5)

The Markov process X is said to be time-homogeneous if its t.p. is such that for
all s,t >0 and B € B(F),

P(B,t,xz,0) = P(B,s+t,x,s). (1.6)
In such case, we will write P(B,t,x) := P(B,t,z,0).

Definition 1.5. (Markov family)
Let (Q,F) and (E, B(E)) be measurable spaces, and {F;}+>0 a filtration. A Markov
family is a family of probability spaces

(Q,f, {ft}tZO, {Px X e E}) (1.7)

and an E-valued process X = {X;};>0 defined on (2, F) and adapted to {F:}i>0,
satisfying the following conditions

(i) (t,z) — P z(A) is B(R4) x B(E)-measurable for each A € F.
(ii) Py(Xy=x) =1 for each z € E and ¢t > 0.
(iii) For each z € E, s > t, u > 0, and B € B(FE), the next property holds:

Py (Xgpu € Bl Xs) = Ps x,(Xy € B), DPip— as. (1.8)
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The shift operator
Assume that (2, F) is the canonical space , that is,
QO =E%  F=B(ER).

Then, identify each w € Q with a sample path ¢t — X;(w) of the F-valued process
X. In this sense, we have that X;(w) = w(t). Let F; := o0(Xs,s < t). For each
t > 0, define the shift operator 6, : @ — Q by

Or(w)(s) =w(t+s), Vs>0,we. (1.9)
Also, given a finite stopping time 7, define the operator
0 (w) == 0i(w), ifr(w)="t. (1.10)

For all s,t > 0 and finite stopping times ¢ and 7, the following equalities can be
verified:

Xy00; = Xyt (1.11)
Xs00; = Xoir (1.12)
Xy 00 = Xoopy 1t (1.13)
Xy 00; = Xoop 1r. (1.14)
For instance, we will verify (1.13). Let w € €, then
(X5 00,)(w) = Xo(0i(w))
= Xo (0, (w)) (0t(w))
= Xooty+t(w)-
Also, if A € F then it is easy to check that
[Xot € Al = 0,1 [X, € A]. (1.15)

Using the shift operator, the Markov property (1.8) and the strong Markov property
(1.3) can be written as

Pia(Xy060,€ B|X,) =Py x.(X, €B), P,— as.

Pio(Xy00, € B| X;)=Prx (Xu€B), P,— as.
forall s >t >0, 2z € E, B € B(F), and finite stopping times 7.

1.2 Stochastic Differential Equations

Let {B:}+>0 be a Brownian motion in R defined on a filtered probability space
(Q, F,{Fi}+>0, P). The Ité integral will be denoted by

T
/ g(t,w)dBy, (1.16)

S

where 0 < S < T, defined for functions in the class V(S,T) introduced next. A
function g(t,w) : [0,00) x € — R belongs to the class V(S,T) if
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(i) g(t,w) is B(R4+) x F-measurable.
(ii) g¢(t,w) is adapted to {F;}>0.

(iii) P([d g°(t,w) < o0) = 1.
Denote by L2(S,T) the subclass of V(S,T) such that

(iii)’ g € L2(dt x dP), that is, E (fST g(t,w)%lt) < .

Proposition 1.1. Let g(t,w) € L2(0,T) for all T. Then the Ito integral

Mt(w)—/o 9(s,w)dBs, (1.17)

is a martingale with respect to {Fi}i>0.
See (ksendal [27, Corollary 3.2.6] for a proof.

Definition 1.6. An It6 process is a stochastic process X = {X;}o<i<7 of the form

t t
X = Xo —i—/ u(s,w)ds —|—/ v(s,w)dBs, (1.18)
0 0

where u(t,w) and v(t,w) are adapted, measurable processes such that v € V(0,7
and wu satisfies the condition

P (/OT (s, w)|ds < oo> .Y

Theorem 1.2. (Martingale Representation) Let X = {X;};>0 be a martingale
with respect to P and suppose that X, € L*(dP) for all t > 0. Then, there exists a
unique stochastic process g(s,w) such that g € V(0,t) and

Xi(w) = E(Xo) —|—/0 g(s,w)dBs, a.s. (1.19)

for allt > 0.
See (ksendal [27, p. 53] for a proof.

Theorem 1.3. (It6’s formula) Let X be an Ité process satisfying (1.18) and
g(t,z) € C12([0,00) x R). Then

Y = g(t, X¢) (1.20)
is an Ito process, and setting u = u(t, Xy),v = v(t, X¢), g9 = g(t, X¢) we have

2

See (ksendal [27] p. 44 for a proof.
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Diffusions
We are interested in processes satisfying the stochastic differential equation (SDE)
dXt = ,U,(t, Xt)dt+ O'(t,Xt)dBt, (122)

with initial condition Xy = Z, where Z is a random variable.
The conditions (C1)-(C2) below guarantee the existence and uniqueness of solu-
tions to SDE’s, they are called the It6 conditions :

(C1) [u(t,x)| +[o(t,2)] < K(1+ |z]),
(C2) |u(t,x) — plt,y)| + ot x) — ot y)| < K|z —yl,

where x,y € R and K is a positive constant. Note that condition (C2) implies that
u and o are Lipshitz continuous.

Theorem 1.4. (Existence and uniqueness of solution) Consider the stochastic
differential equation

dX; = plt, X)dt + o(t, X;)dBy,  Xo = Z. (1.23)

where Z € L*(dP) and Z is independent of Brownian motion By for all t > 0. If
w(t,z) and o(t, ) satisfy the Ité conditions, then there exists a unique t-continuous
solution X = {X;(0,Z)}o<i<t to (1.23), adapted to the filtration F¥ = o(Z, B :
s < t) and bounded in L*(dP).

See (ksendal [27, p. 68] for a proof.

A solution to the SDE (1.23) is called an [t6 diffusion and the functions pu(t, x)
and o(t,z) are called the drift and diffusion coefficients, respectively.

Proposition 1.5. Let X = {X;(0,Z) }o<t<r be an Ito diffusion. Also, suppose that
o(t,z) is continuous and that

E (/OT o?(t, X;) dt) < o0. (1.24)

Then, the process X is a martingale if and only if the drift is zero, that is, u(t,x) = 0.

Proof. If X is a martingale then Theorem 1.2 implies that dX; = u(t, X;)dt +
o(t, Xy)dBy can also be written as

dX; = o(t, X¢)dBy,
so that 0 = p(t, Xy)dt + (o(t, X3) — 6(t, Xt))dB;. Define
M, = / J(t, X))t = —/ (o(t, X,) — 6(t, X,))dB,.
0 0
Since [ pu(t, X;)dt is of bounded variation and [ (o(t, X;) — 6(t, X;))dB; is a mar-

tingale, it follows that M = {M;}s>¢ is constant in time !. That is, M; = My and
thus ¢ — 6 = 0 implying p = 0.

!See a proof of this in [24, Result 9.b.1 page 74]
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On the other hand, if u(t,z) = 0 then
dXt = O'(t, Xt) dBt
is an [to integral, and so is a martingale by Proposition 1.1. O

Proposition 1.6. (Markov property) Let X = {X;(0,y)}+>0 be an Ité diffusion.
Then X is a Markov process with t.p. given by

P(B,t,z,s) = P(X(s,z) € B), (1.25)

where {X¢(s,x) }1>s, s the unique solution to the SDE (1.22) with initial condition
X ==x.

See Friedman [10] or @ksendal [27, p. 115] for a proof.

From Proposition 1.6 the diffusion process X = {X;}+>¢ solving (1.22) defines
the Markov family (see Definition 1.5)

(QF AFi >0, {Pso : 0 < s <T,x € R}), (1.26)
where Ps, is the distribution law of the unique solution X = {X;(s,z)}+>s to the
SDE starting at X; = z. In particular P, ,(X; € B) = P(X¢(s,x) € B). Thus (1.5)
and (1.25) yield

P x.(Xi € B) = P(B,t,Xs,s) = P(X; € B| X;), (1.27)

for all s >t and B € B(R).

Remark 1.1. If the functions p and o are time-independent, the solution { X (s, z) }+>s
is a time-homogeneous Markov process (see [27, p. 114]). Note also that for ¢t > s,

P, (X, € B)=P(B,t,xz,s) = P(B,t —5,2,0) = Py ,(X;—s € B).
If this is the case, the Markov family is
(Q,]:, {ft}tzo,{Pw,x S R}), (1.28)

where P, is the distribution law of the unique solution X = {X;(0,z)}¢>0 to the
SDE starting at Xy = z.

Proposition 1.7. (Strong Markov property) Let X = {X;(s,z)}t>s be a homo-
geneous Ito diffusion and T a P,-finite stopping time. Then X is a strong Markov
process, that is, the following condition is satisfied

P, »(Xi4r € B| F;) = Ps x(X44r € B| X;) = P x. (X} € B), (1.29)
for allt > s and B € B(R).

See Friedman [10] or @ksendal [27, p. 117] for a proof.
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Definition 1.7. The infinitesimal generator A of a Markov process X is defined by

Af(t,z) = Tim Deaf £ Xowt) = F(8,7)
) . slo S

, (1.30)
where F , is the expectation with respect to P; ;. Denote by D 4 the set of functions
f Ry x R — R for which the limit (1.30) exists for all s > 0 and =z € E.

Denote by 63’2 the class of functions f € C?(R, x R) with compact support. It
turns out that 63’2 C Dy.

Proposition 1.8. Let X = {X;}i>0 be an Ito diffusion solving
dXt = N(tth) dt+0(t,Xt) dBt, (131)
where p and o are continuous. If f € Cé’2 then

2 92
Af:/i%—i-iﬂ—i-g (1.32)

See (ksendal [27, pp. 123 and 220] for a proof.

It is convenient to define the differential operator Lx associated to the It6 di-
fussion X by

o 1 4 0?
Then, equation (1.32) becomes
0
Af:]LXera—{. (1.34)

Proposition 1.9. (Dynkin’s formula) Let X = {X;(s,x)}t>s be an Ité diffusion
and f € C(l)’Q. Suppose that T is a stopping time with T > s such that Es, T < 00.
Then

B (7. X0) = f(s,0) + B | A, X, ) (1.3
where A is the infinitesimal generator of X. 5
See Klebaner [21, Section 6.1] or ()ksendal [27, p. 124] for a proof.
Theorem 1.10. (Girsanov) Let X = {X;};>0 be an Ito process of the form

dX; = u(t,w)dt+dB, 0<t<T, Xo=0 (1.36)

and define the process

M, = exp (- /Otu(s,w) B, — ;/Ot W2(5,w) ds> | (1.37)

If the Novikov’s condition is satisfied, namely,

E <exp{;/0Tu2(s,w) ds}> < o0, (1.38)

then
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(a) My is a martingale;
(b) X is a Brownian motion with respect to the measure

Q(A) = E(IaMr), A€ Fr. (1.39)

See Qksendal [27, p. 162] for a proof.



Chapter 2

Arbitrage-free price of contingent claims

A security is a financial instrument such as a stock, a bond, or other asset. A
derivative security is a contract whose value depends on the value of other security
known as the underlying. A common type of derivative is the Furopean option.
Under this contract, the owner agrees to sell (put option) or buy (call option) certain
asset at a specified future date (maduration) and at a specified price (strike price).
If the owner is allowed to exercise the option before maduration, the contract is an
American option.

Given the possibility of making a non-zero profit without risk by simultaneously
sell and buy contracts, it sounds reasonable that such contracts must be worth a
positive value to offset the inherent risk of the asset, which is fair for both parties.
Otherwise, there is arbitrage in the market, that is, any party may trade and make
a profit without risk.

In this chapter we develope the so-called Arbitrage-Free Pricing Theory and show
that the absence of arbitrage is equivalent to the existence of a measure, called risk-
neutral or martingale measure, which makes the discounted value of the underlying
to be a martingale. This important result is applied later to the pricing of the
European and American options under the discrete and continuous security models.
In the continuous time setting, the problem is solved for the European option and
its price is refered as the Black-Sholes pricing formula. For the American option,
due to the flexibility of exercise it at any time until maduration, the determination
of its price raises as the solution to an optimal stopping problem.

2.1 Discrete time

2.1.1 Arbitrage-Free Pricing Theory

Set T = {0,1,...,T} with T < oo and consider a financial market with n + 1
securities

St:(ﬂt,Stl,...,Sf), tET, (21)

where S} is the value of the risky security 7 at time ¢, and the riskless security value
B¢ corresponds to the cost at time t for lending one unit of money at the initial time
t = 0 at a constant interest rate » > 0, so that

Br=e. (2.2)

Assume that the market {S;}ic7 is defined on (Q, F,{Fi}ter, P), and {F;}ier is
the natural filtration for S;.
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A portfolio process is a random vector
0, = (62,0},...,00), t=1,2,...,T, (2.3)

where ¢ is the number of units of security 7 to be bought (if positive) or sold (if
negative) from time ¢t —1 to t. Since the choice of 6; depends only on the information
of the prices up to time ¢ — 1, then the process {0;}ic7 is predictable, that is, 6 is
Fi_1-measurable.

The initial portfolio value is given by

Vo =008+ > _ 0150, (2.4)

i=1

while the portfolio value at time t before any transaction are made at this same time
is

Vi=006,+>_0iSi,  t=12,...T (2.5)
=1

Since the process {0; }1e7 is adapted to {Fi e, so is {Viter-

Definition 2.1. A portfolio process {0; }1c7 is self-financing if

Vi=00, 8+ 00,8, t=1,...T-1 (2.6)
=1

Using equations (2.5) and (2.6), the change in the portfolio value AV; := Vi1 —V;
is given by
AV, =00 AR+ 01 AS],  t=1,...,T—1, (2.7)
i=1
where AS} := S! 11— Si and AB; == Byr1 — B Thus, the self-financing feature

ensures that any change of the portfolio value at any time is only due to the changes
of the security prices. Moreover, note that

t—1
Vi=Vo+ > AV,, t=12,...T,

u=0

which provides another representation for the portfolio value (2.5), namely,

t—1 t—=1 n
Vi=Vo+ > 05 A8+ > > 0L AS,,  t=1,... T (2.8)
u=0 u=0 i=1

Consider two portfolios P; and P» with value processes {V,'}ie7 and {V?}ieT,
respectively, and assume that
Vi =V2, (2.9)

Then,
vi=V?  teT, (2.10)
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must hold in order to rule out a riskless profit. If this two portfolios did not have
the same value at any time 0 < t < T, say V,! < V2, then, at this time, sell the
portfolio P, with value V;? and buy the portfolio P; with value V,'. This immediately
produces a riskless profit V2 — V;! > 0 over the period time from ¢ to T since the
portfolios have the same value at time 1" so that any obligation of P; is covered with
Py.

Thus, if Vi is known and Vg is unknown, the above discussion yields to the
intuitive conclusion that the initial price of P, is given by VO2 = Vol. Then, Vo2 is
the free-arbitrage price of Ps.

An arbitrage opportunity is the existence of a portfolio which makes a riskless
profit. Formaly, we have the next definition.

Definition 2.2. There is an arbitrage opportunity in the market {S;};c7 if there
exists a self-financing portfolio {6; };e7 such that

L4 Vb = 07
e V>0 a.s., and
° E(VT) > 0.

The absence of arbitrage opportunities in the market is a fundamental concept
for determining the fair price of a derivative.

Definition 2.3. A contingent claim X is a Fpr-measurable function, representing
the payoff of a derivative at time T'.

In the case of the Furopean call and put option, the contingent claim is the
payoff function X = {Sy — K} and X = {K — S}, respectively, where St is value
of the underlying at time 7.

The problem is to determine the price of a contingent claim X at the current
time ¢ = 0. To do this, suppose that we can find a self-financing portfolio {6; }er
such that its value at time T attains X, that is

Vr=X.

It is called a replicating portfolio and we say that {6;};c7 replicates the contingent
claim X, or that X is attainable by {6;}.

Suppose that {6;}tc7 replicates the claim X. The portfolio value at time ¢ is the
amount of wealth needed at that time in order to hedge (offset) the accompanying
risk when selling the claim X. This is why {6, }:c7 is also called hedging portfolio .
At the time T, the writer will pay the obligation X which coincide with the value
of the portfolio V. Thus, V4 should be the fair price for the contingent claim X to
avoid arbitrage opportunities. The next theorem states in a nutshell what we have
just discussed.

Theorem 2.1. (Arbitrage-Free Pricing) Let X be a contingent claim and sup-
pose that there exists a replicating portfolio {0;}1e7 that attains X, whose initial
value is V. If there are no arbitrage opportunities in the market, then Vy is the fair
price for X.
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The Fundamental Asset Pricing Theorem

According to Theorem 2.1, in order to find the price of a contingent claim X, it
is required to find a replicating portfolio and then calculate its initial value V. In
general, it is difficult to construct a replicating portfolio; even worse, this portfolio
not need to exist. The markets free of this ambiguity have a particular name.

Definition 2.4. The market {S;}ic7 is complete if every contingent claim X is
attainable

Suppose that there exists a self-financing portfolio {0(t)};c7 that replicates the
contingent claim X. There is an alternative method for calculating the initial port-
folio value Vp (fair price of X) using martingale methods without an explicit de-
termination of the portfolio process. To explain how this can be done consider the
representation for the portfolio value in (2.8) at time 7"

T—1 T—1 n
X=Vo+ Y 05,08+ > ) 6.,,AS] (2.11)
u=0 u=0 i=1

and introduce the variables Iy := ZZ:_& 6,1 AB, and

T—1
Li=) 0, ,AS,,  i=12...n (2.12)
u=0
Thus, equation (2.11) reads
n
X=Vo+> L (2.13)
i=0
Now define the discounted price process of the security i = 1,2,...,n is defined by
Di:=Si/B,  teT. (2.14)

Next, take V; = V;/f; so that from (2.5) we see that
Vi=> 6.Dj. (2.15)
i=1

Apply the same reasoning used in (2.11)-(2.13) to obtain

X -
—=V+ I;, 2.16
where I; is given as
T—1
Ii=) 6, ,AD,, i=12...n, (2.17)
u=0

and AD!, = D!, — D!

w*
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Suppose that a new probability measure () can be found so that the price process
{D}}ie1 is a martingale for all i = 1,2,...,n, that is,

Eq(AD} | Fy) = Eg(Dj,y — D | 7t) =0, Yt=0,1,...,T 1.

Thus, by taking expectation in (2.17) get

T-1
Eq(I;) = = Eq (Z 0,41 AD, | fo)
u=0
T-1 . '
=Y EqlEq(0i,,,AD}, | F.) | Fol

R
= O

Eq[0.,1 Eq(AD. | Fu) | Fo
0

I
o =

Finally, putting all togheter in (2.16), after taking expectation Eg, obtain
Vo = Eq(X/8r) = e Eq(X). (2.18)

The measure @ is called martingale measure or risk-neutral measure for the market
{St}ter.
Remark 2.1. The martingale measure vanishes all the terms of the sum on the right-

hand side of (2.16) after taking the expectation Eg. This does not happen for any
other measure for the first sumand

T-1
IO = Z ‘92+1A/Bu7

u=0

in (2.13), since the deterministic process {0;}ter is not a martingale under any
measure.

It seems natural to ask the martingale measure () to be equivalent to the original
measure P. Thus, we have the next definition.

Definition 2.5. Let S; = (3, S1, ..., SP) be a financial market defined on (2, F, P)
and {F;}ier is the natural filtration. A probability measure @ is said to be a
martingale measure or risk-neutral measure if the following conditions are satisfied:

i) Q ~ P, that is, P(A) = 0 if and only if Q(A) = 0; and
ii) {Di}ic7 is a martingale with respect to @, for all i =1,2,... n.

The pricing formula (2.18) is very appealing, since all what is needed to do is
to calculate the conditional expectation of a known random variable. However, to
obtain the formula (2.18) we made an important assumption, namely, the existence
of a martingale measure @) for the discounted price process {D;}ic7.

A number of authors have proved the existence of a martingale measure in dif-
ferent ways; see Dalang, Morton and Willinger [6], Schachermayer [35], Rogers [33,
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Theorem 1], Pliska [32, p. 243], and Musiela [25, Theorem 2.6.1] for a proof. This
result is called the First Fundamental Theorem of Asset Pricing, and we state it
below.

Theorem 2.2. (First Fundamental Theorem of Asset Pricing)
Suppose that the number of trading periods is T < co. The following statements
are equivalent:

(1) The market is arbitrage-free, that is, there does not exist any arbitrage opportu-
nity.

(ii) There exists a martingale measure for the market.

In any of these cases the fair price of a replicable contingent claim X is
Vo = T Eg(X), (2.19)
where Vjy is the initial value of any replicating portfolio.

A natural question arises: under which conditions the martingale measure, if it
exists, is unique? Of course, there could be more than one. For instance, if the
discounted price process {D;(t)} is constant, then any measure () makes such a
process a martingale. The feature of a market to have several martingale measures
is closely related to incomplete markets. The next theorem characterise complete
markets as those with a unique martingale measure. A proof of this result can be
found in Musiela [25, Theorem 2.6.2].

Theorem 2.3. (Second Fundamental Theorem of Asset Pricing)
Suppose that the number of trading periods is T < co. An arbitrage-free market
is complete if and only if there is only one martingale measure.

Completeness is the property that gives to the market a unique way of pricing
contingent claims.

We have seen that the portfolio value process {V;} gives the fair price of the
contingent claim X at any time under the assumption of a free-arbitrage market. In
general, we can figure out the price of X at any time ¢t < T with the same reasoning.
To see this, consider the representation (2.8), so that

T-1 T-1 n
X=Vit > 00,88+ > Y 0,,AS. (2.20)
u=t u=t i=1

Then, the analogue of (2.16) is

X Vi -
= =22 4NT T 2.21
Br B ; (221)
where
I;=) 0i,,ADi. (2.22)
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If @) is a martingale measure, after taking conditional expectation with respect to
Fi under @, we found that

Vi
5 = FalX/Br | 7). (2:23)
¢
We conclude this section with the next result.
Proposition 2.4. Consider an arbitrage-free market {S;}ic7 and suppose that a
continget claim X 1is attainable. Then, the fair price of X at an arbitrary time
t €T is given by
Vi=e "I YVEL(X | F), (2.24)

for each martingale measure Q.

The European option

A European option is an agreement between two parties to purchase or sell a certain
security (or asset) by a fixed price K called the strike price, in a future time T called
the maturity. A European call gives the holder the right to purchase the asset, while
a European put gives the owner the right to sell the asset.

Example 2.6. The payoff of European call option is X = {S7 — K};. Thus, the
price of the call option is

Cpur = ¢ "TEq({ST — K}4).
Similarly, the price of the put option is
Ppur = ¢ "TEQ({K — St}4).

2.1.2 American option pricing

The material developed in this part is close to the approach of Elliott and Kopp [9].

The European options can only be exercised at maturity time 7. In this subsec-
tion we introduce the American option, which can be exercised at any time before
maturity. Specifically, an American option is an agreement between two parties to
purchase or sell certain asset at a given strike price K, on or before maturity 7.
An American call gives its holder the right to buy the asset, while an American put
gives the right to sell it.

If the American option is exercised at time ¢, the claim is the payoff X; =
{S; — K}y for a call and X; = {K — S;}4 for a put. Let A(¢) be the expected gain
if the option is exercised at the time t. First,

Now argue backwards in time. At time T — 1, the holder has two options: either
exercise the put to obtain Xp_q, or wait until the next period to obtain Xp. The
latter option is equivalent to a European claim running from 7" — 1 to T'. Since the
holder wants to earn the biggest profit, we conclude that

A(T = 1) = max{ X7_1, e " Eq(A(T) | Fr_1) }, (2.25)
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where (@ is the martingale measure of the market. Next, argue inductively to obtain
A(t) =max{ Xy, e "Eq(A(t+1) | F) }, Vo<t<T-1. (2.26)

Thus, going backwards until time ¢ = 0 the holder obtains the maximum profit A(0).

A closed form for the American option price

We want to stop at the time that X;, the payoff of the American option, becomes
maximum on the entire period from 0 to 1. The random variable X; depends on
the state of the price S;. Thus, X; is maximised at different times.

It is natural to think in the fair price A of the American option as the discounted
payoff when the holder follows an optimal stopping rule. That is,

A= sup e """ Eg(X;), (2.27)
0<7r<T
where the supremum is taken over all stopping times 7 taking valuesin {0,1,2,...,T}.

The article of Merton [23] discusses why this quantity must be the fair price of an
American option, in the absence of arbitrage.

In what follows, we shall prove that our value for A(0) in (2.26), which was
found by iteration, actually coincides with A above. To do this, recall the recursive
formula

A(t) =max{ Xy, e "Eg(A(t+1)|F)}, VOo<t<T-1.
If we discount both the payoff and the price processes, we obtain
YVii=e "X, A(t) =e " A(); (2.28)
then, formula (2.26) becomes

A(t) =max{V;, Eg(A(t+1)|F)}, V0<t<T-1. (2.29)

Notice that A(0) = A(0). We may identify the process {A(t)} with the one described
in equations (B.2)-(B.3) with respect to the discounted payoff {Y;}_, (see Appendix
B). Therefore, Theorem B.5 implies that the stopping time

™ =inf{k <T: A(k) = Y3}, (2.30)
is optimal, that is,
Eq(Yr+) = sup Eg(Y7). (2.31)
T

Moreover, the second part of Theorem B.5 implies
A(0) = Eg(Yr).
Since A(0) = A(0), we finally obtain

A(0) =sup Eg(e™"" X,). (2.32)
T<T

We have proved the next theorem.
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Theorem 2.5. (American option price in discrete time) Assume that there
exists a martingale measure Q and consider the process {A(t)YL, defined by (2.29)
with respect to the discounted payoff {Yt}tT:o with Yy = e~ X;. Then, the value of
the American option

A=supe "TEQ(X,),
<<T

is equal to A = A(0) and the optimal exercise time is

™ =inf{k <T: A(k) = V3,}.

No-early exercise for American call

Proposition 2.6. The value of the American call option on a non-dividend paying
asset is the same as the value of the Furopean call option.

Proof. We will show that for the American call option it is optimal to wait until
maturity T'.
Set Xy = {S; — K}, for each t = 0,1,...,7T. Recall the time ¢ price of the
European call option
Vi =e " T VEN( Xy | Fr).

The mapping = — {x — K} is convex, then Jensen’s inequality for conditional
expectations implies

{EQ(ST | Fi) — K}y < Eq({ST — K}y | F),

and after multiplication by e "7~ and using that e 'S, is a martingale under Q,
we obtain

{Si—e T OKY, < M Egle " T{Sp — K}a | F).
Since e~ "(T=Y) < 1, the last inequality becomes

e TSt — K} < Eg(e” (St — K}+ | ).
Thus, we conclude that the process
YV;i=e S, — K}, =e "Xy,

is a submartingale.
Let 7 be a stopping time of {Y;}L_, taking values in {t,...,T}. Then, the
Optional Sampling Theorem implies

Y < EQ(YT | ff)a
which in turn yields, after taking conditional expectation, to
Eoe™ X, | F) <e T VE(Xy | F), forallt=0,1,...,T. (2.33)

The right-hand side is the value of the European call option at time ¢, while the left-
hand side is the expected payoff of the American call when following the stopping
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rule 7. Thus, we conclude that the value of the European call cannot be less than
the value of the American call, whichever stopping rule 7 we select. Therefore, if one
is the holder of an American call, it is optimal to wait until maturity 7" to exercise
the option and thus the price of the American put is the same as the European
counterpart. ]

Remark 2.2. If the asset does not pay dividend, the American call should be worth
it more than the European call.

Remark 2.3. We used the fact that the payoff function for the call is convex, which
is not the case for the payoff of the put. Actually, the put case is rather difficult,
and the main objective of the present work is to determine the optimal stopping
rule.

2.2 The binomial model

Consider a market consisting of a riskless security with time ¢ price 3; = €’?, and a
single risky security whose time t price S; is determined by the so-called binomial
model, which we derive in detail later.

In this section we will explicitly calculate the pricing formula for a given con-
tingent claim X, by means of Proposition 2.4. To do this, we will figure out the
martingale measure (). First, we tackle the problem in a one-period framework and
then pass to the T-period case.

Binomial model for price processes

Probably, the simplest model for the price of a single security evolving in discrete
time is the binomial model. It offers a good approximation for the price behaviour
and, despite its simplicity, we will see later that this model turns to be the basis for
the most common and useful models in continuous time.

Let Z1, 75, ..., Z7 be independent Bernoulli random variables, that is,

P(Z;=1)=1—-P(Z;=0)=p, Vi=1,2,...,T. (2.34)
Then, the partial sum
Wo =Y 7, (2.35)
follows the binomial distribution given by
P(W, =k) =Cprp*(1 —p)n*. (2.36)

The process {W,,}X_; is called a p-random walk.

Suppose that the initial price is Sp = S > 0, and at the next times, the price
either goes up by a factor u with probability p or goes down by a factor d with
probability 1 — p, with d < .

It is clear that the price of the security at time ¢ takes the form

Sy = SuFd=*, (2.37)
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Figure 2.1: Binomial tree model

for any 0 < k <'t, see the Figure 2.1. Moreover, it is easily seen that

P(S; = SuFd™%) = P(W, = k) = CLp" (1 — p)iF, (2.38)
and thus, we can write down the process S; as
Sy = SuVtat="e, t=1,2,...,T. (2.39)

This is called the binomial model .

The martingale measure

Suppose that t = 1 so that Gy = 1,81 = €", and say that Sy = S. According to
Definition 2.5, we look for a probability measure () with

Q(S1=5u)=q¢=1-0Q(S = Sd), (2.40)

satisfying the condition

Eq(S1/61) = So. (2.41)
Equation (2.41) can be rewritten as
e "Eg(S1) =S. (2.42)

In other words, we look for ¢ > 0 so that

e "(Sug+Sd(l—gq))=S5 (2.43)
Solving the last equation for ¢ we get
e’ —d
u—d’
Note 2.4. Since @ is a probability measure, the parameters d,u, and r have some

restrictions. To begin d < w in order to the denominator in (2.44) make sense.
Moreover, both u > €" and d < €" must hold, otherwise ¢ > 1 or ¢ < 0, respectively.

q= (2.44)

We conclude that @ is the unique martingale measure in the market if and only
if
d<e <u. (2.45)
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One-period case

We find the fair price for the claim X in two different ways. The first method
consists in the construction of a replicating portfolio and then to calculate its initial
value. This method works because we already showed that there exists a martingale
measure, namely (2.44) above. Then, Theorem 2.2 implies that the initial value of
the replicating portfolio is the fair price of X.

Note that the payoff of X has two possible values, say X, or X4, depending on
the value of the risky security if it goes up or down. Recall that the value of the
portfolio at ¢t =1 is

Vi =693, +618;. (2.46)

Thus, from (2.46), we obtain the system:
00" + 01 Su = X,, (2.47)
00 + 61 Sd = Xy, (2.48)

which always has a solution under the assumption in (2.45). In fact, it is readily
seen that

Xg— dX Xy — Xy
go = L2d " @ Ru g1 Ru T Ad 2.4
! er(u—d) ’ V7 S(u—d) (249)
Therefore, the initial value (recall (2.4)) is given by
Vo =67 +615. (2.50)

For the second method, we can directly calculate the price of X by means of the
martingale measure ¢ in (2.44) using the formula

Vo = e "Eq(X) = e "[Xuq + Xa(1—q)]. (2.51)

It can be easily verified that equations (2.50) and (2.51) coincide.

T-period case

It turns out that the martingale measure )’ which makes e~"*S; to be a martingale
coincides with @ in (2.40), that is, the quantity ¢ in (2.44) does not depend on the
number of periods. To this end, fix ¢ and note that the binomial model (2.39) implies
that

Sip1 = uZr i Zen gy, (2.52)

where Z;1 is a Bernoulli variable so that
Q(Zt1=1)=1-Q(Z111=0) =1 (2.53)

In particular,
Eg (u?+1 @' =21y = ug +d(1 - ¢). (2.54)

We require that

St-‘rl St
EQ/ <€7’(t+1) | ft) = Ea (255)
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and we will see that ¢ = ¢. Combining (2.55) with the F; measurability of Sy,
together with the fact that Z;y1 is independent of F;, we obtain

0= Eq(e" 8y — eS8, | ) (2.56)
= Egi(e "u?t @21 S, — S, | F) (2.57)
= Eg(e "u?1 d' =% — 1| F) (2.58)
= e " Eg(u?tt @7y — 1, (2.59)

By means of (2.54) we finally obtain the martingale measure

1—de™ e —d
/ = = = 2-60
1 e"(u—d) u-—d ¢ (2.60)

as claimed.

Valuation algorithm

To find the fair price of the contingent claim X, we use a procedure that relies on
the formula (2.24) which can be rewritten as follows: V(7T') = X and

Vi=e "Eo(Vigr | ), YO<t<T—1, (2.61)

where V; is the value of a replicating portfolio.

For each ¢, with 0 <t < T, denote by V (¢, k) the value of the replicating portfolio
at time ¢ when the price of the security has gone up k times, with 0 < k < T.
We can calculate the initial portfolio value Vi by backwards induction using the
martingale measure ¢ and formula (2.51) for a single-period. Let X be the value of
the contingent claim if the price of the risky security goes up k times and

V(T,k)=Xp, VO<k<T. (2.62)

Using formula (2.51) and the martingale measure (2.60), the value of the contingent
claim at time T'— 1 is

V(T —1,k)=e"[qV(T,k+ 1)+ (1 —q) V(T,k)]. (2.63)
Proceeding inductively for each ¢t with 0 <¢ < T — 1, we have
V(t,k)=e "[qV(t,k+1)+ (1 —q) V(L k)], (2.64)

until we get to the value Vj, which must be the price of the claim X. See Figure 2.2

2.2.1 Binomial pricing formula for the European option

The approach of this subsection rely on the work of Cox, Ross, and Rubinstein [5].

In what follows we compute the fair price for the European option by direct
calculation of the expectation Fg(X), where X is the payoff function. This is done
under the assumption that the price of the underlying asset St follows the binomial

model
Sp=uTd" Vg,

where {WW;} is a g-random walk, and ¢ is the martingale measure in (2.44).
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/V(T,T)
V(2,2)
V(L,1)
Vi < V1) - V(Tk)
V(1,0)
V(2,0)

N V(T,0)

Figure 2.2: Value of contigent claim in time

Lemma 2.7. Let {W,}1_,| be a g-random walk under Q, where W,, = 3" | Z; and
Q(Z;=1)=gq for all0 <i <T. Define

T
Yr =[] e* P Bt (e* %), (2.65)
i=1
for some o € R. Then,
Q'(A) = Eq(IaYr), (2.66)

defines a probability measure. Moreover, {W, } _1 s a ¢ -random walk under @',
i.e. Q(Z;=1)=q, where
’ qe”

STt (2.67)

Proof. 1t is straightforward that @’ is a probability measure. To prove the second
part, we calculate the distribution of the variables Z,, under @)’. For each n, we have

a:=Eg(e®?r) = qe*+ (1 —q). (2.68)

Fix n <T. Then, using the independence of the variables Z,, we get

Q(Z,=1)= EQ(I[ Zn=1] Yr) (2.69)
TEq(Iiz,—ye*? [[ %) (2.70)
i#£n
=a T Bq(liz,—ye” ") [] Eqle™?) (2.71)
= a Eg(Ijz,—1¢* ") (2.72)
=a lqe®, (2.73)

as required. O
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Theorem 2.8. (Binomial pricing formula for European option)

Let X = {St — K}+ be the payoff of the European call option, and let q be the
risk-neutral measure that makes {e~"* S;} a martingale. Then, the binomial price of
the call option is

Ciur = e_TT[S Bk(Ta q/) - KBk(Tv Q)]v (274)
where k = min{m € N: m > log(K/Sd")/log(u/d)}, and

e’ —d , qu
q¢ =

and By (T, p) is defined by
T . .
Bi(T,p) =Y Clp'(1—p)" "
i=k
Proof. Consider the event A := [S; > K|. Thus, according to Theorem 2.2, the fair
price of the European call option is given by
Crur =€ T Eq({Sr — K}4) = e " [ Eg(Sr Ia) — KEgQ(14)]. (2.75)
First we calculate Eg(I4). Note that

Eq(1a) = Q(Sr > K)
=Q(Su"Tdl =" > K)
=Qu"Td VT > K/SdT).

Now take ¢ := K/Sd" and assume that m satisfies the condition

utd™" > c. (2.76)
Then, we have that
log(c)
> 7 2.77
"2 Tog(u/d) 270
and this is so because
log(u™d™™) = log(u™/d™)
= log(u/d)™
=m log(u/d).
Let k be the minimum of the m’s satisfying (2.77), that is,
k= min{m € N: m > log(K/Sd")/log(u/d)}. (2.78)

Thus,
T

T
Eq(Ia)=> QWr=i)=> Clq(1—-q"" (2.79)
i=k

i=k
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It remains to figure out Eq (St 14). To this end, set o = log(u/d) in Lemma 2.7
so that ¢/ in (2.67) transforms into
: q(u/d) qu qu

T+ (0—q) qut(l-gqd e (2.80)

where we use the fact that ¢ is the martingale measure (2.60). Also, note that Yp

becomes .
1 u\ Zi 1 ju\Wr 1
vi=—[1(5) == (5)  =pura ™, 2.81
s 11_11 d a” \d T (2:81)
where a is given in (2.68). Thus
Sy =Su"r d""r = SaTd"Yr = SYr, (2.82)

ad=[q(u/d)+(1—-q)ld=qu+(1-qd=1

Hence, putting equations (2.80)-(2.82) together into Eq(St I4), and using the change
of measure (2.66) in Lemma 2.7, we obtain

EqQ(St14) = SEqQ(1aYr) (2.83)
=S5SQ'(A) (2.84)
= S Eg(14) (2.85)

The same ideas preceding (2.79) for calculating the expectation Eg(l4) can be
applied in this case for Eg (14), obtaining

T T
Eq(la) =) QWr=1i)=> ¢l (¢)(1-¢)", (2.86)
i=k i=k
where k is given by (2.78). O

Note 2.5. Along with the put-call parity relation (see [30] and [37, p. 155]), the
price Pgy of a Furopean put option is expressed in terms of the call price Cgy, in
(2.74). Specifically, the put-call parity says that

Ppyr = Cpur — S — Ke . (287)

2.2.2 Binomial algorithm for the American option

Suppose that the risky asset price follows the binomial model S; = Su"Vt dt=Ws.
Consider an American put, that is, set X; = {K — S;}4 forall t =0,1,...,7. In
analogy with the procedure (2.64), denote by A(t, k) the price of the American put
at time ¢, when the price has gone up k times. Also, say that the payoff at time ¢ is
the price has gone up k times is

Xi(k) = {K — SuFd=*},. (2.88)
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A2,2)
stop
A(1,1)
postpone
A(0) A@2,1)
postpone stop
A(1,0)
stop
A(2,0)
stop

Figure 2.3: Binomial model for American price

We start with
A(T, k) = Xp(k), VO<k<ZT. (2.89)

Now, for all 0 < ¢ < T — 1, according to the formula (2.26)
A(t, k) = max{ X;(k), e "[¢g At + 1,k+ 1)+ (1 —q) At + 1,k)] }, (2.90)

for each 0 < k < t¢. The value A(0,0) (corresponding to A(0) in (2.26)) is the fair
price of the put.

Example 2.7. We give an explicit calculation. Set the initial price S = 4, the up
factor u = 2, the down factor d = 1/2, the instantaneus interes rate r = 1/4, the
strike price K = 5, and maturity 7' = 2. Then, we have the martingale measure and
discount factor

e/t —1/2

~0.52, e "=0.
312 0.52, e 0.78

q:

T

For ease of calculations, we suppose that ¢ = 1/2 and e™" = 4/5. The payoff process

{X;(k)} in (2.88) is

Xo(0) ={K - Sd*}y = {51} =4
2(1) ={K = Sud}y ={5 -4}, =1
2(2) ={K — S’} = {516} =0
X1(0) ={K - Sd}y ={5-2}, =3
(1)
(0)

< 5

X1(1) ={K — Suly ={5—-8}, =0
XOO :{K—S}+:{5—4}+:1

Now we figure out (2.90), starting at the terminal time 7" = 2 and then backwards.
See Figure 2.3.
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A(2,0) = X5(0) = 4
A2,1) = X5(1) = 1
A(2,2) = X5(2) =0

A(1,0) = max{X1(0),e "[g A(2,1) + (1 — ¢) A(2,0)]}
:max{3,§ [;-1—}-;-4}}

= max{3,2} = 3.

A(1,1) = max{X1(1),e "[¢ A(2,2) + (1 — q) A(2,1)]}

A
)

A(0,0) = max{X(0),e "[¢ A(1,1) + (1 — q) A(1,0)]}

4 (1 2 1
— 1.=-|=. Z.
max{,5[2 5+2 3}}
34 34
- il
max{l, 55} = 55

Therefore, the fair price for this American put is 25/36 ~ 1.36.

2.3 Continuous time

2.3.1 Arbitrage-free pricing

In analogy with Subsection 2.1.1, we develope the concepts of self-financing port-
folio, arbitrage opportunity, and martingale measure, among others, and state the
Fundamental Theorem of Asset Pricing in this context.

Previously, we worked with the binomial model (2.39) for the price process of a
risky security evolving in discrete time. By means of the Central Limit Theorem, it
can be proved that the binomial model converges in law to the Geometric Brownian
Motion, whose differential form is

dSt == St[/L dt + O'dBt].

We refer to Shreve [36, p. 91] or Kijima [19, Section 11.3] for a proof of this fact.
This is the model for the price processes adopted by Black and Scholes in their work
[3]. We will take this setting for pricing the European and American options in
continuous time.



2.3 Continuous time 29

Consider a financial market with n + 1 securities
S; = (6, S8E,...,8), t€10,7T), (2.91)

defined on a probability space (2, F, P), and let {F;}o<¢<7 be the natural filtration.
The price processes S¢ of the risky securities are Ito diffusions satisfying

dBy = r(t)B dt, (2.92)
dS} = Sj[u(t)dt +o(t)dBy], i=1,2,...,n, (2.93)

where p(t) and o(t) are continuous functions and By is a standard Brownian motion
under P. Note from (2.92) that §; is the deterministic function

Oy = exp{/0 r(s)ds}. (2.94)

Portfolio processes

We assume that we can trade the securities continuously by using a portfolio process
0= (07,6;,...,07),  te[0,T]. (2.95)

Here, the portfolio {0 }o<¢<7 is adapted to {F; }o<i<7-
The portfolio value V; is defined similarly to (2.5) by

n
Vi=008+> 0} 5. (2.96)
i=1
Since S{ and ! are Ito processes for each i = 0,1,...,n, from Ito’s formula (see

Friedman [10, pp. 80-83]) we have

dV; = (00dB; + Bid6} + dOYdB,) + > {6} S} + S} db; + do; dS;}. (2.97)
=1

If the portfolio §; does not depend on the security prices, then df? dS; = 0. Moreover,
if

n
006, + > Sido; =0,
i=1
the changes in the portfolio value can only take place due to changes on the under-

lying security prices, not on the holding of the securities. In other words, there is no
inflow or outflow of money. This is the intuitive feature of a self-financing portfolio.

Definition 2.8. A portfolio process {0; }o<i<7 is self-financing if

AV, = 00dB, + > 0;dS]. (2.98)
=1
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The equation (2.98) becomes

Vi = / GodﬁtJrZ / 0! dS’. (2.99)

The definition of arbitrage opportunity and contingent claim given in Definition
2.2 and 2.3 have the natural continuous-time analogue. Also, the Arbitrage-Free
Pricing Theorem 2.1 is valid in this context.

The Fundamental Asset Pricing Theorem

Let X be a contingent claim and suppose that it is attainable by a replicating
portfolio {#:}. Then, from equation (2.99) we have

T n T
X:vo/ ngﬂtJrZ/ 6! dS:, (2.100)
0 =1 70

which is the analogue of equation (2.13). In the abscense of arbitrage opportunities,
Theorem 2.1 implies that the value V is the fair price of the claim X. In the follow-
ing we express V) as the discounted expected value of X under certain probability
measure, using martingale methods.

From (2.96), it is easily seen that

d(Vi/By) = Zet dDy, (2.101)

where

= S/, i=1,...,n. (2.102)

Note that the sum starts with i = 1, since dDY = 0 for all ¢. Writing equation
(2.101) in its integral form

vt _VO+Z/ 0;(u) dD?, (2.103)

for all t € [0,T]. In particular, we have

n T
v _h, Z/ 0;(u) dD?,. (2.104)

If we assume that there exists a probability measure @), equivalent to the original
probability P, so that the process {Dj} is a martingale for each i = 1,2,...,n under
Q, then

T
Fo </ 6 dDy | ft> _0,  VtenT]. (2.105)
t

The measure @ is called a martingale measure . The Definition 2.5 of a martingale
measure remains the same in the continuous-time setting.
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Hence, by taking conditional expectation in (2.104) and setting X = Vp, we

would get

Vi = ﬁEQ(X | Fb). (2.106)

Br

In particular, for t = 0 we have S = 1 and so

_ EQ(X)
Vo= Br

When the interest rate is constant (like in the Black-Scholes setting), say r(t) = r,
then Sp(t) = e and (2.107) takes the form

(2.107)

Vo =e T EQ(X),

which is the analogue of (2.18) in Section 2.1.1.

The Arbitrage-Free Pricing Theorem 2.1 states that if there are no arbitrage
opportunities then the fair price of the contingent claim X is the initial value of a
replicating portfolio, namely, Vj. But, how can we be sure that the market does not
admit such arbitrage? The next result, due to the works of Harrison and Kreps [12]
and Harrison and Pliska [13], answers this question.

Theorem 2.9. (First Fundamental Theorem of Asset Pricing)
Consider the market (2.91)-(2.93). If there exists a martingale measure (see
Definition 2.5), then the market does not have arbitrage opportunities.

Proof. Let @ be a martingale measure for the market S;. We want to show that
there is no arbitrage opportunities (recall Definition 2.2). To see this, let X be a
contingent claim and V; the portfolio value of a replicating portfolio #;, and suppose
that Vo = 0 and P(Vp > 0) = 1, where P is the original measure.

Given that the discounted process D! = S{/B; is a martingale for each i =

1,2,...,n under @, then the discounted portfolio value
o = 0t Dy,
g 3

is also a martingale under Q). Thus, Eq(Vr/f71) = W, so that

Eq(Vr/pBr) = 0. (2.108)

Since P ~ @ and P(Vp > 0) = 1, then Q(Vr > 0) = 1. This last fact together with
(2.108), imply Q(Vr > 0) = 0. Again, by the equivalence of the measures we also
have P(Vr > 0) = 0, concluding

E(Vp) =0, (2.109)

implying that 6; does not allow an arbitrage opportunity. Therefore, there does not
exist a replicating portfolio with Vy = 0 and finishing with a positive probability of
having made money. O
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Existence and uniqueness of the martingale measure

For our purposes and to simplify the exposition, we consider a market with a single
risky security Sj.

Define g(t,z) := x /[, so that Dy = g(t, S;) is the discounted price process. Then
gt = —r(t) g, g» = B¢, and gz, = 0. By Ito’s formula,

2
th = [gt +ugy + igxm]dt+vgm dBta

2
where u(t, S;) = u(t)S; and v(t, S;) = o(t)Sy, we get
S S
dD; = [—r(t) g + p(t) 5] dt + o(t) =" dBy
B B

= [—r(t) Dy + u(t)Dy|dt + o(t) Dy dBy.
Thus, the dynamic of the discounted price process has the form
dDy = D[{p(t) —r(t)} dt + o(t) dBy] (2.110)

We want to find a measure that makes D; a martingale. Proposition 1.5 ensures
that a necessary and sufficient condition for this is

wu(t) —r(t) =0. (2.111)

In other words, the discounted process D, is a martingale if and only if the mean
rate of return p(t) of the stock is equal to the mean rate of return r(¢) of the risk-free
security. This is why the martingale measure @) is also called risk-neutral measure.

If u(t) = r(t) under the measure P, then we are done. In the case in which
wu(t) # r(t) under P, we can make a change of variable as follows: rewrite (2.110) as

th = O'(t)Dtd {M(t)o_(_t;(t)t + Bt} = O'(t)DtdBt. (2112)
The process
B, = ji(t)t + By, (2.113)

is a Brownian motion with drift fi(¢), where
ult) = r(t)
olt)

The function fi is known as the market price of risk .
The process

fi(t) = (2.114)

Mt:exp{/otg(s)st;/Ot;ﬂ(s)ds}, (2.115)

is a martingale since the Novikov’s condition (1.38) holds, that is, fi satisfies

B [exp{; /0 ' /l(s)ds}} < 0. (2.116)



2.3 Continuous time 33

Girsanov’s Theorem 1.10 implies that B = {Bt}ogth is a standard Brownian motion
under the probability measure

Q(A) = EP(IA MT), A€ Frp. (2.117)
Since Dy is a continuous process and it has the form
dD; = o(t)D; dB;, (2.118)

then Dy is an It6 integral under @), and therefore a martingale.
We have just proved the existence of the martingale measure.

Proposition 2.10. Consider the market (2.91)-(2.93). Then, there exists a mar-
tingale measure, namely, the measure Q in (2.117).

Remark 2.6. Recall that dS; = Si[u(t)dt + o(t)dB;] under P. Using (2.113), we

notice that the dynamic of the security price process, under @), is
dS; = Sy[r(t) dt + o(t) dBy]. (2.119)

That is, the mean rate of return of the stock equals r(¢). Then, pricing with this
measure is made in a risk-neutral world.

Concerning to the uniqueness of the martingale measure, we have the next result.

Theorem 2.11. (Second Fundamental Theorem of Asset Pricing)

Suppose that we can trade continuously in the time interval [0,T]. Also, suppose
that the market has a martingale measure. Then, the market is complete if and only
if the martingale measure is unique.

See Shreve [36, Theorem 5.4.9] for a sketch of proof and Dalang et al. [6] for a more
general treatment.

It can be proved that the martingale measure @ (see (2.117)) in the market
model (2.91)-(2.93) is unique. We refer to [2, Theorem 2.6.2 page 249] for a proof.

2.3.2 The Black-Scholes pricing formula for the European option

In the celebrated work of Black and Scholes [3], they considered a European call
option with strike price K, constant interest rate » > 0, and maturity T, so that the
payoff is given by

X ={5r— K}y,

and the market model (3, S¢) has the particular form

dBy = r B, dt, (2.120)

where the constant parameters 1 and o are the drift and the volatility, respectively.
Using no-arbitrage arguments and solving a PDE, Black and Scholes arrived to
the following important result.
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Theorem 2.12. (The Black-Scholes pricing formula) The price of the Euro-
pean call option at time t is

C(t) = S, ®(d1(t)) — K e " T=Dd(dy(t)), (2.122)

where
n(S; r+ 1g2 —
dy (t) _ s /K)j\(/% )T t), (2.123)

do(t) = In(S;/K) ;L \(/rT;iJQ)(T — 1) (2.124)

and ®(x) is the Gaussian integral given by

1 r 2
O(x) = — eV 2dy.
@ == [ "y
Equation (2.122) is the so-called Black-Scholes formula .

Proof. Note that
do(t) =di(t) —ovT —t. (2.125)
According to the Arbitrage-Free Pricing Theorem, the fair price of the European
call option is

C(t) = eI EQ({Sy — K} | F), (2.126)

for all t € [0,T], where the martingale measure @ is given by

Q(A) = Ep(IaMr), A€ Fr, (2.127)

MT:eXp{— <“;r) BT—;<MO__T)2T}. (2.128)

Notice that the martingale measure () exists because the Novikov’s condition holds,
that is, property (2.116) with fi = (u — r)/o is satisfyied.

We shall verify in detail that (2.126) coincides with (2.122) for each ¢, using
martingale methods instead of solving a PDE.

The property that defines Q is that B, = t(u—r)/o+ B, is a Q-Brownian motion
(see page 33). Then, we write S7 in terms of B; as follows:

with

S = Soexp{T(u — 0?/2) + 0By}
— Soexp{T( — 02/2) + o(Br + (r — p)T/o)}
= Syexp{rT — 0*T/2 4+ oBr}
= Syexp{r(T —t) — c*(T —t)/2+ o(Br — B;)}.
Thus, formula (2.126) becomes

C(t) = e TV EQ[(Syexp{r(T — 1) + Y} - K)4 | 7, (2.129)
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where Y := —¢%(T — t)/2 + o(By — B;) is a normal variable with

py =Eq(Y) = —c*(T —t)/2, (2.130)
oy =Varg(Y) = oc*(T — t), (2.131)

and so its density is given by

v 2
d(z) = \/JTY exp {_(2;3)} . (2.132)

Since ET — Bt is independent of F; we have
O(t) = e "V Eq(g(Y)), (2.133)
where g(y) := (Syexp{r(T —t) + y} — K)+ is non-zero when
y > log(K/St) —r(T —t) := a(t). (2.134)

Therefore, Eg(g(Y')) can be written explicitly as

Eolo(v)) = [ " gw)dw)dy

> (y —py)* | dy
= S, Tt - K — .
J R S e e
From here, we rewrite V; in (2.129) as the sum of two integrals:
> (y—mv)®\  dy
Vi=25 — 2.135
t tl(t) €xp {y QUY \/ﬁ ( )
o] _ 2 dy
- e_T(T_t)K/ ex {— (y = nv) } . 2.136
a(t) P 20’Y RV 27TO'Y ( )

We want to transform the expression above into the form (2.122) and we do this in
two steps.
Step 1: Consider the integral in (2.136). First, from (2.130)-(2.131), note that

(y—py)?  (y+ % (T 1)

20y  20%(T —t)

Now, take the change of variable

2

+ (T —t
ks 5t} (2.137)
ovVT —t
so that ( )2 ) p
Yy — py z Yy
A d de=—""—. 2.1
2oy — 5 an z — (2.138)
Thus,

* (y—uy)Q} dy > { z2} dz
exp< — = exp{ —— , 2.139
/CL(t) P { 20y V2roy  Juw P U2 Var ( )
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where )

b(t) = “(t>; ;{(_Tt_ b (2.140)

The integral on the right-hand side of (2.139) is 1 — ®(b(¢)), which in turn equals to
®(—b(t)). Moreover,

_ —log(K/Sp) + (T —t) — 5 (T —t)

- o /T —1 (2.141)
~ log(Se/K) + (r — 5)(T — 1)

N oI —t

= do(t).

Hence, the integral on (2.139) becomes ®(ds(t)), as required.
Step 2: In order to transform the integral on (2.135) into ®(d;(t)), we make two
changes of variable. The first change of variable is the given in (2.137), so that we

get
/”exp{y_ (y—uy)z} dy
alt) 20y V2moy (2.142)
> o? 22\ dz '
= exp zavT—t—T—t)—}—} .
/b(t) {< 2 ( ) 2 ) Von
Since
o? 22
<ZJ\/T—t—2(T—t)>+ 2(220\/ —t—o%(T —t)+ 2?)
1
= 5(2 —oVT —t)?,
we further take the change of variable
w:=z—oVIT —t, (2.143)
so that
> (y—uy)Q} dy > {w2} dw
ex — = exp{ — ¢ —, 2.144
/a(t) P {y 20y V2moy e P12 Van @14)
where, using (2.125) and (2.142), we get
c(t) =b(t) —oVT —t
— —dy(t) — o T (2.145)

= —dy(t).

Thus, the integral in (2.144) becomes 1 — ®(¢(t)) which in turn equals ®(—c(t))
®(dy(t)), as required.

Ol



2.3 Continuous time 37

Note 2.7. We obtained the Black-Scholes formula (2.122) using martingale methods.
It can also be obtained as the weak limit of the binomial pricing formula (2.74) by

means of the Central Limit Theorem. To see a proof of this we refer to Kijima [19,
p. 181].

2.3.3 American option price as an optimal stopping problem

Consider the market model

dpy =r Bedt (2.146)
dSt = St [M dt+o dBt], (2147)

where S = {St}Ogth is defined on (Q,f, {ft}0§t§T7P)~ Let X = {Xt}OStST be
the payoff of the American option and define

U = ess SuptSTSTEQ(e_T(T_t)XT | Ft), (2.148)

where @ is the martingale measure. See Appendix B for further treatment of the
essential supremum.
The process U = {U; }o<i<7 is known as the Snell’s envelope of the discounted
payoff
Y, =e "X, (2.149)

The Snell’s envelope U can be replicated by a specific self-financing portfolio (see
a proof in Myneni [26, Lemma 3.1] or Karatzas [17, Theorem 5.4]). Moreover, it is
proved that if Ag is the initial value of the American option, then

Ay = Uy (2.150)
is necessary for no-arbitrage opportunities ([26, Theorem 3.1]). We state this im-
portant result.

Theorem 2.13. The fair price of the American option with maturity T and strike
price K is given by the optimal stopping problem

Ay = sup Eq(Yy), (2.151)

0<7<T

where the supremum is taken over all the stopping times from 0 to T'. Moreover, the
stopping time
T =inf{0<t<T: U =Y}, (2.152)

is optimal in (2.151).

For a proof of the first part, see Myneni [26]. For a proof of the latter, see Peskir
and Shiryaev [31, Theorem 2.2, (2.1.11)].

Remark 2.8. In some sense (see Appendix B)

U= sup Eg(e " VX, | F). (2.153)

t<r<T

Note that Uy = Xp. From the discussion in Subsection 2.1.1 we must have A; = U;
for each t € [0,T.
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Remark 2.9. If the American option is call-type, that is, the payoff X; is of the form
X; = {S; — K}, then the optimal stopping time to exercise the call is at maturity
T. This can be proved as in the discrete-time case, see Subsection 2.1.2. Therefore,
the fair price of the American call option

Ag = sup Egle " {S: — K}4]
0<r<T

coincides with the Black-Scholes pricing formula (2.122).

We will give an approach to the value of the American put option in Chapter 4
by solving a free-boundary problem. Before that, we give the necessary background
about the type of solution that we expect for optimal stopping problems in the next
chapter.

For deeper insights into the results in this section, we refer to Karatzas [17].



Chapter 3
Optimal stopping problems

Suppose that X = {X;}+>0 is a time-homogeneous strong Markov process defined
on (Q, F,{Fi}t>0, P) with values on (R, B(R)).

Consider the family of measures {P,, z € R} where P, is the distribution law
of the process X starting at Xo = x, that is, P,(Xo = ) = 1. The transition
probability is given by

P(X, € B| Xy =) = Py(X; € B). (3.1)
The family
(Qvfa {ft}tZ(]’ {an T e R}>7 (32)

together with the process X form a Markov family (see Definition 1.5).

Without loss of generality, we take Q = RI9°)_ that is, as the class of all functions
w : [0,00) — R endowed with the o-algebra F generated by the finite-dimensional
cylinders

{weRO®) . u(t) e F,...,w(ty) € Fi;neN},  F CR,
Thus, the Markov process X is the projection process given by
Xi(w) = w(t)

for all t > 0 and w € Q, and the shift operator 6; is well-defined (see (1.9)).
In this chapter we solve the optimal stopping problem of the form

V(z)= sup E,G(X,), (3.3)
0<r<T
where G : R — R is a measurable function, the horizon T" could be infinite, and the
supremum is taken over all stopping times satisfying

Py(r < 00) = 1. (3.4)

Solving the problem (3.3) means to find two things: an optimal stoping time 7* and
the value of V.

Note that, in order for equation (3.3) to make sense, it must to be assumed that
G satisfies the condition

0<t<T

E, ( sup |G(Xt)\> < 00, (3.5)
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for all z € R, with G(X7) :==0if T' = 0.

We give sufficient conditions on the value and gain functions V' and G, respec-
tively, to show the existence of an optimal stopping time. As part of this scheme, we
characterise V' as the smallest superharmonic function dominating G. After that,
we pass to the discounted problem with finite horizon

V(t,z) = sup Eize "G+ 7, Xitr). (3.6)
0<7<T—t

The existence of an optimal stopping time in (3.6) is a consequence of the solution
in the former problem (3.3). Moreover, based on the results of the infinite horizon
case, we find that V is the smallest r-superharmonic function dominanting G.

3.1 Assumptions and the problem

Along this chapter we will work under the following

Assumptions

(A1) The filtration {F;};>0 satisfies the usual conditions: it is right-conti-
nuous, that is,

Fop = )Fe=F, (3.7)

s>t

and Fy contains all P-null sets from F.

(A2) The sample paths of X are right-continuous, that is, if X¢ = = then

tls = X;— X, P, — a.s. (3.8)

(A3) The sample paths of X are left-continuous over stopping times, that is, if
Xo = x then
wmwlir = X; — X5 P, — a.s. (3.9)

The problem

Definition 3.1. Let F': R — R be a measurable function and r > 0. It is said that
F is r-superharmonic if
E,e " F(X,) < F(x), (3.10)

for all z € R and all stopping times o with P,(0c < oo) = 1. If (3.10) holds with
r = 0, then we say that F' is superharmonic.

Notice that if F' is superharmonic, then {F(X¢)}+>0 is a supermartingale. Simi-
larly, if F is r-superharmonic, then {e " F(X;)}:>¢ is a supermartingale.

Recall that a function F' : R — R is lower semicontinuous (Isc) if for every real
sequence {zy} with lim,,_ z, = xo we have

liminf F(z,) > F(xo). (3.11)

n—oo
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Similarly, F' is said to be upper semicontinuous (usc) if for every real sequence {zy,}
with lim,, ., x, = 2o we have

limsup F(z,) < F(zo). (3.12)

n—oo

Consider the problem (3.3) and assume that the gain function G is usc and the
value function V is Isc. Introduce the continuation set

C:={zxeR:V(z)>G(x)} (3.13)

and the stopping set
D:={zxeR:V(zx)=G(z)}. (3.14)

Also, define the first entry time 7p of the process X into D by
Tp = inf{t > 0: X; € D}, (3.15)

which is a stopping time in the light of Assumption (A1).
We will prove that

(i) V is the smallest superharmonic function dominating G.

(ii) The stopping time 7p defined by (3.15) is optimal in (3.3) provided that
P,(tp < 00) =1 for all z € R.

Then, solving the optimal stopping problem (3.3) is equivalent to the problem of
finding the smallest superharmonic function V' dominating G. In that case V =V
and 7p is optimal if P,(7p < o0) =1 for all z € R.

3.2 Superharmonic characterisation of the value func-
tion

The following proposition will be needed. See [31, p. 39] for a proof.

Proposition 3.1. Let F' : R — R be a superharmonic function. If F is lsc then
{F(X¢)}t>0 is a right-continuous Py-a.s. supermartingale for every x € R.

Lemma 3.2. Let F' : R — R be an r-superharmonic with r > 0, and tp the first
entry time to a measurable set D. Assume that P,(tTp < o0) = 1 for all z € R.
Then the mapping

x— Ey(e”""PF(X;,)) (3.16)

18 also an r-superharmonic function.

Proof. The strong Markov property of the process X = {X;};>¢ and properties of
the shift operator imply
E.(e7" Ex, e "™ F(X,,)) = Egle”"™ Ex(e_TTDOGUF(XTD 00y) | Fs)]
= Ey[Er(e77 e P F(Xopos, 1) | Fo)] - (3.17)

= Eze_r(TDoeg—w)F(XTDOGUJrU)-
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Note that
Tpobl,+o=inf{t>0c:X, € D} >1p.

Since e F(X;) is a supermartingale, we conclude that

Epe oot p(X o o) < Epe TP E(X,,), (3.18)
as required. O
Lemma 3.3. For each x € R and each stopping time o, the family

S ={E;(G(X;00,) | Fo) : Tis a stopping time} (3.19)
is upwards directed (see Definition A.1 in the Appendiz).

Proof. Fix x € R and a stopping time . We have to show that given stopping times
T1, T9, there exists a stopping time 7 such that

Eo(G(Xy 00,) | Fo) > En(G(Xr, 005) | Fo) V Ex(G(Xry 005) | Fo).  (3.20)

Recall that X, 00, = X;0p,+5. Define 3; := 7,00, 4+ 0 for i = 1,2, and consider the
event

B = [E.(G(Xg,) | Fo) 2 Bo(G(Xs,) | 7o), (3.21)

Note that B € F, since the expectations conditioned to F, are F,-measurable.
Define

B = p1lp + Balpe, (3.22)

so that § is a stopping time. To see this, note that § <t implies o < t, so that we
have [§ <t] = [3 <t]N[o < t] and then for each ¢t > 0 we have that

B<tl={[B<tinBno<y} | J{[B<tInB°Nlc <t} eF. (323
Moreover, (3 is of the form 8 = 7 00, + o, for some stopping time 7. Indeed,

B=(riob,+0)Ip+ (2005 +0)lpe
=[(r100)Ip + (r2005)Ip:] + 0 (3.24)
= 111y, By + T2ly, (Bey| © O + 0.

It only remains to prove that 7 := 71y (B) + T2lp,(Bc) is a stopping time. Notice
that
HU(B) = [EXOG(XTl) > EXOG(XTZ)] € Fo, (3.25)

where the latter can be seen by writting B = [Ex,G(X,,) > Ex,G(X,)] by the
strong Markov property of X. Thus,

[r<tl={In <Nl Ul <0 los]} € F, (3.26)

for all ¢t > 0, implying that 7 is a stopping time.
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Therefore,

Eiv(G(Xﬁ) ‘ fa) = Ex(G(Xﬁl)IB | ‘7:0) + ELL’(G(Xﬁ2)IBC ’ fo)
= BG(Xs) | F)lp + Eo(G(Xs) | F)lpe (3:27)
= E,(G(Xg,) | Fo) V Ex(G(Xp,) | Fo),

as we require. We used the fact that G(Xg) = G(Xg,)Ip + G(X3s,)Ipe.
O

Theorem 3.4. Consider the optimal stopping problem with infinite horizon T = oo,
that is,
V(z) =sup E,G(X,), (3.28)
7>0
Assume that 'V is lsc, and G is usc and bounded. Then V is the smallest superhar-
monic function dominating G, and Tp in (3.15) is optimal in (3.28) provided that
P,(tp < 00) =1 for all x € R.

Proof. To see that V' dominates G, it is enough to take 7 = 0 in (3.28). We split up
the rest of the proof into two parts. First, we prove that V is superharmonic, that
is, we verify that

E,V(X,) <V(zx), (3.29)

for all stopping times o, and all z € R and that V is the minimal in the class of
superharmonic functions dominating G. Second, we show that 7p is optimal.

First part. Since V is Isc, it can be written as the supremum of a sequence of con-
tinuous functions, implying that V' is a measurable function. Then the composition
V(X,) is also measurable.

Fix z € R and assume that Xy = x. For each stopping time o we have

V(X,) =sup Ex,G(X;). (3.30)
7>0

By the strong Markov property of X,

Ex,G(X;) = E,(G(X; 00,) | F»). (3.31)

o

The supremum of the right hand side in (3.31) may be not well defined. However,
by Proposition A.1, we can write

V(Xs) = ess supTZOEz(G(XT 00y) | Fo). (3.32)
By Lemma 3.3, the family
S ={E;(G(X;00,) | Fo) : Tis a stopping time} (3.33)

is upwards directed, then by Proposition A.2, there exists a sequence of stopping
times {7, : n > 1} such that

V(X,) = lim E,(G(X,, 0b,) | Fs), (3.34)

n—oo
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where {E,(G(X,, 00,) | F5) : n > 1} is increasing Py-a.s. Finally, by the Monotone
Convergence Theorem and the definition of V' we have

E,V(X,) = lim E;G(X7,00,+0) < V(x), (3.35)
proving that V' is superharmonic. We used that X, 00, = X, 00, +0-

If V is another superharmonic function dominating G, we have
E.G(X:) < E,V(X;) < V(x), (3.36)

and taking supremum over all stopping times 7 we get V(z) < V(z), proving the
minimality property of V.

Second part. Fix z € R and suppose that P,(7p < o) = 1. We want to prove
that 7p is optimal in (3.28), that is,

V(l‘) = ExG(XTD)v (3'37)

where 7p is the first entry time to the stopping set D = {z € R : V(z) = G(z)}.
By definition of V, it is clear that V(z) > E,G(X,,). In what follows we prove the
reverse inequality.

Fix € > 0 and define the sets

Ce:={zx eR:V(x) > G(x) + €}, (3.38)
D.:={zx e R:V(x) <G(x) + €}. (3.39)

Note that C. T C and D, | D, as € | 0. Also, define the stopping times
Tp, :=inf{t > 0: X; € D.}. (3.40)
We will show two facts in order to prove V(z) < E,G(X,,). First, we show that
V(z) = E.V(X7p, ), VzeR. (3.41)

Second, we will check that
. 170 as €]0. (3.42)

Thus, if (3.41) and (3.42) hold, we will have

V(r) < B,G(X7p, ) +e (3.43)
< limsup £,G(X;, ) (3.44)
el0
< E;limsup G(X,,_ ) (3.45)
el0
< E,G <lim sup XTD€> (3.46)
€l0
= E,G(X;,), (3.47)

as we require to prove. Equation (3.43) holds by definition of D; in (3.45) we used
Fatou’s Lemma (recall that G is bounded); in (3.46) we used that G is usc; and
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finally, (3.47) follows from the facts that 7p_ T 7p as € | 0 and that the process X is
left-continuous over stopping times (see condition (d) in Section 3.1) were necessary.

Now, to prove (3.41) set

ci= Sgg{G(.r) — B, V(X;p, )} < oo. (3.48)

We can see that c is finite since V (X, ) < G(X;, ) + € and G is bounded. Then
G(x) < E,V(Xrp)+e,  VzeR (3.49)

Given that D, D D, then 7p, < 7p and so P,(7p, < co) = 1. From here, Lemma
3.2 implies that = — EzV(XTDE) is superharmonic, so also is the mapping x +—
E.V(X;p,. )+ c. Since V is the smallest superharmonic function dominating G, we

must have

V(z) < E.V(X:p, )+, VzeR. (3.50)
By definition of supremum, given § > 0 with é < ¢, we can choose y € R such that
G(y) — B,V (Xsp,) 2 c— 6. (3.51)

Thus, from (3.50) and (3.51),
V(y) <Gy) +6 <G(y) +e, (3.52)

which implies that y € D., and then starting the process at y, it enters to D
immediately, that is 7p, = 0. Therefore £,V (X, ) = E,V(Xo) = V(y), so that
(3.51) becomes

0>G(y)—V(y) >c—a. (3.53)
Given that § is arbitrarily small, we conclude that ¢ < 0. Hence, from (3.49),
G(z) < E.V(Xop,)- (3.54)

Since E,V (X, ) is superharmonic and V' is the smallest one which dominates G,
we can see that

V(z) < E.V(X:p,), (3.55)
The inverse inequality in (3.55) follows by the superharmonic definition of V.

Now, let’s proceed to prove (3.42). To do this, first note that over the set D,
we have
V(X)) < G(Xqp,) e (3.56)
Since D, | D, then there exists a stopping time 79 < 7p such that 7p, T 79. From
the left-continuity of X over stopping times and letting € | 0, we have

V(X)) = V(Xr), G(X:p)— G(Xy) P, —a.s. (3.57)
for all x € R. Since V is lsc, G is usc, and (3.56) holds, it follows that
V(X5) < liml%nf V(X:p,) < limsup G(X7, ) < G(X4), (3.58)
€ €l0

which implies V(X)) = G(X;,). Thus, by the definition of D, the process X is in
D at the time 79. This shows that 7p < 7y and therefore 7p = 7.
O
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Remark 3.1. If P,(1p < o) < 1 for some z € R, then there is no optimal stopping
time in (3.28). To see this, suppose that there is an optimal stopping time, say
7*. Then V(X;+) = G(X;+) Py-a.s., otherwise Pp(V(X;+) > G(X;+)) < 1 implies
V(x) > E,V(X;+) > E,G(X;+), but in such case 7* is not optimal. Since 7p is the
first entry time to the set D, from the identity V(X;«) = G(X;+) we must have

™ < 7%, P, —a.s.

The latter implies Py (7" < 00) < 1 for some z € R, which contradicts (3.4).

3.3 The discounted case with finite horizon

Passing to the discounted case

We are interested in solving the optimal stopping problem

V(z) =sup E,(e7""G(X;)). (3.59)

7>0

Based on the results obtained in the last section, we will show that V is the
smallest r-superharmonic function which dominates G, and the stopping time

Tp = inf{t > 0: X; € D}, (3.60)

with D = {x € R: V(x) = G(x)} is optimal in (3.59).

We state the analogue results of the last section for the discounted case and
indicate only the less natural changes that we should make in their proofs.

The following lemma is the analogue of Lemma 3.3.

Lemma 3.5. For each x € R and stopping time o, the family
S ={E, (e G(X, 00,) | F,) : Tis a stopping time} (3.61)
is upwards directed (see Definition A.1).

Proof. Fix x € R and a stopping time . We have to show that given stopping times
T1, To, there exists a stopping time 7 such that

Ey(e"0)G (X, 06,) | F,)

, . (3.62)
> Eu(e ") G (X, 00,) | Fy) V Ex(e ™20 G(X, 0 0,) | F).
Recall that X; 0 0, = X 09, +o. Instead of (3.21), consider the event
B = [ IE(G(Xp,) | Fo) 2 Eo(e"P0G(Xg,) | Fy), (3.63)

where 8; = 7, 00, + o for i = 1,2. Next, it can be shown that § := f1Ig + Polpe is
a stopping time and that it takes the particular form

B = [rlo, )+ T2lo,(Be)] © 05 + 0, (3.64)
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where 0,(B) = [Ex,e” """ G(X+,) > Ex,e”"™G(X.,)] € Fo and
7= [Ty, (B) + 21y, (B)] (3.65)

is a stopping time. The arguments in this part are similar to the ones used from
(3.22) to (3.26).

Since

G(X7 00,) = G(Xr0p,+0) = G(Xp)
= G(Xp,Ip + Xp,1pe) (3.66)
= G(X,Bl)IB + G(Xﬁz)IBc7

T00)

then multiplying by e~ , we can verify that

efr(Toea)G(XT 00,)

= e ") QX5 ) Ip + e "0 G (Xp, ) I e (3:67)
Therefore, using that B € F,,
Eyle "0 G(Xr 0 0,) | Fo]
= E,[e ") G(Xp,) | Follp + Eule ") G(Xp,) | Follpe
= B (e7" M%) (X, 00,) | Fy) V Ep(e7" %) G(X,, 00,) | Fy).
O

The following result was established by Dynkin [7].

Theorem 3.6. Consider the optimal stopping problem with infinite horizon T = oo,
that is,
V(z) =sup E,e ""G(X;) (3.68)
720
where r > 0. Assume that V is lsc, and G is usc and bounded. Then V is the
smallest r-superharmonic function dominating G, and Tp in (3.60) is optimal in
(3.68) provided that Py(Tp < co) =1 for all xz € R.

Proof. First part. We shall prove that V is r-superharmonic, that is, we verify that
E,e "V (X,) < V(x), (3.69)

for all stopping times o, and all x € R.
In equations (3.30)-(3.34) we make the natural changes, like using Lemma 3.5
instead of Lemma 3.3 in equation (3.33). From there, we can write
V(X,) = lim Ey(e "™ G(X, 00,) | Fs), (3.70)
n—oo
where {E (e "% G(X,, 00,) | F,) : n > 1} is increasing P,-a.s. Thus, by the
MCT and the notation X, 00, = X, o0, +0,

Eoe "V(Xy) = lim Eye "7 E (e % Q(X 06, 15) | Fo) (3.71)
= lim E,e "m0t 0G(X, o 1) < V(). (3.72)

n—oo
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Then, V is r-superharmonic. If V is another r-superharmonic function dominating
G, then we have
E,e ""G(X;) < Epe "V (X,) < V(x), (3.73)

and taking supremum over all stopping times 7 we get V(z) < V().
Second part. Now, we want to prove that

V(z) = Ey(e "™ G(X,,)). (3.74)

The definition of the sets C. and D, and the stopping time 7p_ are (3.38), (3.39),
and (3.42) respectively.

It is clear that V(x) > E,(e7"™G(X;,)) by definition of V. It remains to show
the reverse inequality.

First, the following can be verified:

V(z) = Ex(e”"™PV (X7, ), VzeR. (3.75)
To show (3.75), we set

c= ;Sclelg{(?(x) — B (7P V(Xop )} (3.76)

so that the rest of the arguments are verifyied according to the corresponding part
from (3.48) to (3.55) in Theorem 3.4 with the natural changes. Note that here, we
use Lemma 3.2 in place of Lemma 3.2.
Similarly, the fact that
™. T™ as €0, (3.77)

is proved in exactly the same way as in equations (3.56)-(3.58).
Therefore, from (3.75) and (3.77) and the definition of 7p_, we obtain

V(z) = Ex(e”"™<V(X7p,)) (3.78)
< Ep(e"™PeG(Xrp,)) + e EgePe (3.79)
< limsup E;(e”"™P<G(X;,, ) + limsup e Eye™"™Pe (3.80)
€l0 €l0
< Eglimsupe™ "< G(X;, ) (3.81)
el
= E.(e7""PG(X,,)), (3.82)

as required. In (3.81) we used Fatou’s lemma (G is bounded) and P, (7p, < o) = 1.
O

The discounted with finite horizon case

Suppose the horizon is finite, that is, T" < co. Replace the Markov process X; by
the Markov process (¢, X;) with state space [0,7] x R. Thus, the problem (3.59)
becomes

V(t,z) = sup Eize "G+ 7, Xitr), (3.83)
0<7<T—t
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where (¢, x) is the initial state, that is, X; = « under P, ;. The stopping time defined
in (3.15) becomes

p:=inf{0<s<T—t:(t+s,Xs) € D}, (3.84)
where D is given by
D ={(t,z) € [0,T] xR :V(t,x) = G(t,z)}. (3.85)
Set X; = x and define the process Y = {Y, },>0 as
Yy = (t +u, Xiyu), t<u<T. (3.86)

Then Y is a strong Markov process with Yy = (¢,2) = y. Thus, the problem (3.83)
reads
Vi) = swp B, TG(Y,)). (3.87)
0<7T<T—t
Hence, the following theorem can be proved in exactly the same way as Theorem
3.6 with a few changes. For example, instead of taking supremum over all stopping

times 7 > 0, we take supremum over all stopping times 0 < 7 < T — ¢, where ¢ is
fixed.

Theorem 3.7. Consider the optimal stopping problem (3.83). Assume that V is
Isc, and G is usc and bounded. Then V is the smallest r-superharmonic function
dominating G and Tp given by (3.84) is optimal in (3.83).

A particular case

Jaillet, Lamberton, and Lapeyre [16] studied the optimal stopping problem (3.83)
assuming that G is a time-independent function, and X an It6 difussion solving

dX; = M(Xt)dt + U(Xt)dBt, (388)

where B; is a standard Brownian motion with By = 0. Note that X is a time-
homogeneous strong Markov process, so that we can apply the results in the previous
section.

The following property of the value function V' (¢, x) (see [16, Proposition 2.2] for
a proof) will be used in the next chapter.

Proposition 3.8. (Continuity of V) Assume that p(x) and o(x) are bounded
C! functions from R into R with bounded derivatives. Also, assume that G is a
continuous function and that |G(x)| < MeMel for some M > 0. Then, the value
function V(t,z) given by

V(t,z) = sup Ee ""G(Xtyr), (3.89)
0<7<T—t

is continuous in [0,T] x (0, 00).
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Chapter 4
American put option pricing

We know, from Theorem 2.13 and Remark 2.8, that the price of the American
put option with strike price K and finite horizon T, is given by the probabilistic
expression

Aty = sup Ble0{K — 8}, | i, (4.1)
t<r<T

where the stock price process S = {S;}+>0 obeys the SDE
dSt = TSt dt + O'St dBt, (42)

under the martingale measure (see Remark 2.6), and the constant parameters r >
0 and o > 0 are the interest rate in the market and the volatility of the stock,
respectively.

It can be seen ([27, p. 64]) that the unique solution to (4.2) is the geometric
Brownian motion

Sy = Soexp{(r — %(72)15 + 0B}, Vit >0. (4.3)

Since S = {S; : t > 0} is an It6 diffusion, Proposition 1.7 implies that S is a
strong Markov process. Also, note that S is time-homogeneous and its infinitesimal
generator (see Proposition 1.8 ) is

Ls=rz—+4+ 2% 5. (4.4)
Suppose that S; = = and consider the optimal stopping problem

V(t,z) = sup Epze""{K — Siir}, (4.5)
0<7<T—t

where P ; is the law of S starting at S; = x. Then, the above problem and the one
in (4.1) are related as follows:

A(t) =V (t,S,), Vtelo,T]. (4.6)

Set G(z) = (K — x)4 which satisfies the condition |G (z)| < MeMI*! for some
M > 0, and then Proposition 3.8 implies that the value function V' (¢, z) is continuous
on [0,7] x (0,00). Thus, the hypothesis of Theorem 3.7 are covered, so we conclude
that the stopping time

TD:inf{OSUST—tZ(t-i-U,SH_u)ED}, (47)
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is optimal in the problem (4.5), where D is the stopping set

D ={(t,x) € [0,T] x (0,00) : V(t,x) = G(x)}, (4.8)
and its complement, called the continuation set, takes the form

C={(t,z) €]0,T) x (0,00) : V(t,z) > G(x)}. (4.9)

The boundary 9D separating C' and D is the optimal stopping boundary. Then, if we
know this boundary, not only the pricing problem is solved (our primary problem),
but also we are able to give the optimal stopping strategy to exercise the option.

So far, the optimal stopping boundary is given in an implicit way in terms of
the unknown value function V. Thus, our aim in this Chapter is to describe (and
maybe compute) this boundary analytically to get more information about it.

In Section 4.1 we prove further properties of the value function V' and the bounda-
ry. After that, we transfer the optimal stopping problem (4.5) to an analytical
one involving a non-linear system of partial differential equations with a boundary
condition which is initially unknown. Such a system corresponds to a free-boundary
problem and it is obtained by means of the Markovian structure of the price process.

In Section 4.2 we derive an integral equation of V' known as the ezercise premium
representation of V, as a simple (but powerful) consequence of the free-boundary
formulation.

In Section 4.3 we prove that the optimal stopping boundary is the unique solu-
tion, in the class of continuous increasing functions satisfying certain conditions, to
an integral equation derived from the early exercise premium representation.

4.1 Free-boundary problem formulation

Seeking a solution to a free-boundary problem means to solve a (system of) partial
differential equation in a domain whose boundary is a priori unknown (see Proposi-
tion 4.4).

The relashionship between optimal stopping and free-boundary problems comes
from the stochastic representation of solutions to certain partial differential equa-
tions. The first work applying such a relashionship to the pricing of the put option
is due McKean [22].

Most of the results exposed in this section are taken from the book of Peskir and
Shiryayev [31] and the article of Jacka [15].

Sometimes will be convenient to adopt the notation Sii (¢, x) to represent Sy,
with the process starting at S; = z. In this case,

1
Seru = wexp{(r — So")u+ 0By}, (4.10)

where B = {B,,},>0 is a Brownian motion started at zero under P, ,.
Then, the problem (4.5) can be expressed as

V(t,z) = sup Ee "{K — Sii,(t,x)}+. (4.11)
0<T<T—t

Strictly speaking, the expectation above is the conditional expectation under the
martingale measure with respect to 5.
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Proposition 4.1. (i) The function V(t,x) >0 for all0 <t <T and = > 0.
(ii) The mapping x — V (t,x) is conver and decreasing for each t.
(iii) The mapping t — V(t,x) is decreasing for each x.

Proof. (i) Fix 0 <t < T. For all zx < K, V(t,z) > G(z) = (K —x)+ > 0. Then,
suppose that x > K. Define

o:=1inf{u > 0: Sy, < K/2} AN(T —t). (4.12)
Then, we have that

V(t, .T) Z EtweiTOG(SH_U)
> Byge”"T{{K = St} ligmr_g + K/2ljger_y}
> K/QEt’Ie_TUI[U<T_t].

Since
[0 <T —t] = [Styn < K/2, for any u < T — t]

and Siyy ~ Log-N((r — 02/2)u,0?u) under P, then P; ;[Si+., < K/2] > 0 for all
u < T —t which implies P, ;[0 < T —t] > 0 and therefore

Et,areiraj[a<T7t} >0,

as required.

(ii) The decreasing property follows from the expression in (4.10), while the
convexity of V follows direclty from the convexity of G(z) = (K — )4, as we will
see. Take A € (0,1), and z,y € (0,00), then

A (K — Seer}s 4 (L= NEge (K — i)
=Ee "{MK — Spir(t,2) by + (1 = N{K — Ser (8 y) b4}
> Ee”"{K = S (t, Az + (1= Ny) b+
= Eipar(1-ny € AK = Syt

Thus,

AV (t,z)+ (1 —-NV(t,y)

=2 sup {AEjze” "{K = Sir e + (1= A)Eye "{K = Spirfi}
0<r<T—t

> sup Et,)w—l—(l—)\)y e_TT{K - St+7}+
0<r<T—¢

—V(t, Az + (1= N)y).

(iii) We have to show that if s < ¢ then V(¢,2) < V(s,z). This can be seen by
noting that if 7 is a stopping time taken into account in the problem V(t,z), so is
in the problem V' (s, z). In other words, if 7 <T — ¢ then 7 < T — s. O
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Remark 4.1. Tt sounds reasonable that there is a non-zero cost for entering to an
American put contract giving you the right to make a profit, so Proposition 4.1 (i)
confirms our intuition it. Also, note that at time T

V(T,z) =G(x) ={K — x}4, (4.13)

which is zero for all x > K. Intuitively if we are the holder of a put contract, we
would chose to exercise the same day if Sp = x is such that x < K, otherwise we do
not exercise the option.

Our aim is to determine an analytical expression for the stopping rule 7. This
goal takes us to asking about the form of the boundary of the stopping set D, which
in turn coincides with the boundary of C. In what follows we shall show that there
exists a function ¢ — b(t) which describes the boundary separating C' and D. This
function possesses nice properties and will help us to understand the form of the
solution to the optimal stopping problem.

Proposition 4.2. (i) There exists a function b: [0,T] — R4, such that

C={(t,z) €[0,T) x (0,00) : & > b(t)}. (4.14)

(ii) The mapping t — b(t) is increasing and bounded above by K, that is, 0 < b(t) <
K for all0 <t <T with b(T) = K.

Proof. (i) Fix 0 <t < T. Consider the t-section of C,
Cy:={x € (0,00): (t,x) € C}. (4.15)

Note that C; is bounded below by 0. Thus, we take b(¢) to be the lowest bound of
Cy. Next, to see that C' takes the form in (4.14), it is enough to prove that if z € Cy,
then y € C} for any y > .

Let 7p be the optimal stopping time for the problem V' (¢,z). Then,

V(t,y) = V(t,x) =V(t,y) — Ele”"™P{K — Spyr,(t,x)}+]
> E[e_TTD {K - StJrTD (t7y)}+ - {K - St+TD (t,a:)}+]
> Bl (Sparp (8, 2) — Stgrp (8,9))]
+ E[e_TTD {K - St+TD (t’ y)}* - {K - St+TD (ta $)}*]>
since {a —b}+ + {a — b} = a —b. Given that Siir,(t,y) > Sitr, (¢, z) because

of the path form in (4.10), the second expectation on the right-hand side above is
nonnegative, so that we obtain

V(t,y) = V(t,2) = Ele™" ™ (Sttrp (8, 2) = Stirp (£ 9))]

= Bl ( — y)exp{(r — 50%) 0 + 0B, )]

~ (x — ) Elexp{oBr,, — 50°7p)

= (z —y).
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The latter equality holds because exp{cB; — %02 t} is a martingale starting at one.
Since (t,x) € C, we see that V (t,z) > (K — )+ and thus

Vt,y) > (x —y) + V(t, z)
> (z —y) +{K -z}
> (z—y)+ (K —x)
=K —y.

(4.16)

Finally, by Proposition 4.1 (i) one see that V(¢,y) > 0. Thus, V(t,y) > {K —y}+
and so (t,y) € C, implying y € C}.

Note that necessarily we have the strict inequality x > b(t) for all (¢,z) € C.
This is because if z = b(t) happens, it would imply that C is closed, which is not.

(ii) Fix s,t > 0 such that t +s < T and let € > 0. Then (t+ s,b(t + s) +¢€) € C,
so that
V(t+s,b(t+s)+¢€) >GOb(t+s)+e).

By Proposition 4.1 (iii), V(¢,-) > V(t + s, -) and thus
V(t,b(t+s)+¢€) > GD(t+s)+e),
which implies that (¢,b(t + s) + €) € C as well. Hence, one obtain
b(t+ 5) + € > b(t),

and taking € | 0 we conclude that b is increasing.
To see that b is bounded above by K, recall that the pairs (¢, b(t)), with0 <t < T,
belong to the stopping set D. That is,

V(t,b(t)) = G(b(t)).

Since V' (¢,b(t)) > 0, we must have G(b(t)) > 0. But, the only points = € (0, c0)
satisfying G(x) > 0 belong to the interval (0, K'). Moreover, b(t) > 0 for all ¢ since
D contains all the points (¢,z) with 0 < = < b(t). Therefore, we conclude that
0<b(t)<Kforal0<t<T.

All the pairs (T, x) with x € (0, 00) belong to the stopping set D. As we explained
in Remark 4.1, we will make a profit at 7" (starting/ending the contract at the same
time T') only if 2 < K, so that we may guess that b(7T)) = K. This will follow once we
show later that b is continuous so that in the meantime we take b(T') := b(T—). O

The last proposition implies that the stopping set takes the form
D ={(t,x) € [0,T] x (0,00) : z <b(t)} U {(T,x):2z>bT)}, (4.17)

and that the optimal stopping time in (4.7), which we denote by 7, from now on,
is the first time that the process S falls below the boundary ¢ +— b(t), that is, the
stopping time

T =Inf{0 <u<T—t:Su <blt+u)} (4.18)
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is optimal in (4.5). For this reason the boundary t — b(t) is called the optimal
stopping boundary. .
For ease of notation, define the set

S:={(t,x) € 0,T] x (0,00) : z < b(t)}, (4.19)

so that D = SU{(T,x) : = > b(T)}.

In what follows we will prove that the smooth fit condition holds, which claims
that V (¢, x) is continuously differentiable at the boundary b(t). In the next section,
we will see that holding this condition is crucial to derive an important representation
of the value function.

Proposition 4.3. (Smooth fit condition) The function V (t,z) satisfies the smooth
fit condition, that is,

Vit x+) = Vi (t,x—), forz=>5b(t),0<t<T.

In particular,

Ve(t,z) = G'(x) = -1, for z = b(t). (4.20)

Proof. Fix (t,z) € (0,T) x (0,00) such that x = b(t). Since b(t) < K, we have
V(t,y) = K —y for all 0 <y < b(t), so that V,(t,y) = —1. Thus,

Vo(t,z—) = —1. (4.21)

Now, let € > 0 be small enough so that x +¢ < K. Given that G(z +¢) — G(z) = ¢,

then we get
V(t,z+e€)—V(t )

€

> 1

since V' dominates G. By taking € | 0, the limit on the left-hand side exists because
V(t,z) is convex, so that we obtain

Va(t,z+) > —1. (4.22)

Now, we want to verify the reverse inequality V,(t,z+) < —1. Let € > 0 be such
that  + ¢ < K and let 7. be the optimal stopping time for the problem V (¢, z + €).
Then, recalling (4.10), we have

V(t, T + 6) - V(ta JJ)

[T {K = Sir(tw+ €)}4] — Ble7 ™ {K = Spyr,(t,2)}4]

(e ({K = Sty (t, x4+ )} 1 — {K — Sepr. (4, 2) Y4 ) [, (1)< K6
(€77 (Stye(t,x) — Spye(t,z + 6))I[St+7—e (t7$+€)<K]]

VANVAN

E
E
E

. 1
= _EE[e ‘ eXp{UBTe + (T - 502)76}I[St+76 (t,x+e)<K]]

1
< —eE[exp{oB;, — 50275}]

= —67
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Figure 4.1: Smooth-fit

since exp{oB; — %0’21'} is a martingale starting at one. Thus, after division by —e
and taking € | 0, we obtain

Vo(t,z4) < —1. (4.23)
0

Remark 4.2. The smooth fit condition does not hold at ¢t = T, since b(T) = K and
V(T,z) = {K — x}+, so that V,(T,z—) = —1 while V,(T,z+) = 0.

It is important to note that the smooth-fit condition, together with the decreasing
and convex properties of the function z — V (¢, x), imply

Vo(t,z) € [-1,0]. (4.24)
See Figure 4.1.

Proposition 4.4. The value function V is the unique solution ¢ € C12 in C to the
free-boundary problem

Lo(t,x) =0, in C (4.25)
o(t,x) =K —z, x=>0(t), (4.26)

where L is the operator

T. (4.27)

In particular, V, Vor, Vi exist and are continuous in C'.

Proof. The proof relies on Theorem 3.6 of Friedman ! [10, p. 138], see also Karatzas
and Shreve [18, Theorem 7.7].

Take (t,x) € C. Since C is open, we can choose an open rectangle R = (t1,t2) X
(x1,22) such that (¢,2) € R C C. Denote by dRy the set {t = t2} x (x1,22). Thus,

'Set f(x,t) = 0 and g(z,t) = K — x in (3.5) and (3.7) of [10].
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by the result in Friedman we obtain that there exists a unique solution ¢ € C1? to
the free-boundary problem

Lo(t,z) =0 in R, (4.28)
o(t,x) =V (t,z) on IRy (4.29)

Use the notation Syt = Sit4(t, ). Consider the stopping time
Tr:=Inf{0 <u<T —t: S, ¢ R}, (4.30)

representing the first exit time from R. Now, we can apply Dynkin’s formula to the
process e~ " “d(t + u, St1y,), to obtain

E[e_TTR¢<t + TR, St—i—TR)] - (b(ta 1‘)

t+7R ) . (4.31)
= / (LS + 815) {e7"(t + u, Stiu) bdu,
t

Given that (¢ + u, St+y) is in R for all w < 7g, then equation (4.28) tells us that
L ¢(t + u, St4y) = 0, which in turn implies that the integrand in the right-hand
side of (4.31) vanishes as well (after some calculations). Thus, using the boundary
condition (4.29), we have that

&(t,2) = Ele " Ro(t + Tr, Stiry)] = Ele "BV (t + TR, Serp)]- (4.32)

Since the process M, := e*T(“/\TD)V(t + u A Tp, St+unrp) is a martingale?, and
TR A Tp = TR, then

Ele™ "™’V (t + TR, St4rp)] = Ele” PV (t + D, St4+p)] = V (t, 2). (4.33)
Therefore, we conclude that
o(t,x) =V(t,z), (4.34)

and LV (t,z) = 0 hold for arbitrary (¢,z) € C. That V satisfies equation (4.26) is
direct.
O

Remark 4.3. As a consequence of Proposition 4.4, we have that the value and bound-
ary functions, V and b respectively, satisfy

LsV+Vi=rV in C, (4.35)
V(t,z) = K —x for z = b(t), (4.36)
where Lg is given by
o? 5 9
Lszrx%+?x 2 (4.37)
We also see that V € C12 in S, since G(r) = K — x for x < b(t) so that G € C?

and V = G on this region. Thus V € C%? in C US. Moreover, using the fact that
V(t,z) = G(x) for x < b(t), we see that

LV(t,x)=—rK, for all = < b(t). (4.38)

2See Theorem 5.3 page 56 and equations (7.7)-(7.8) of [18]
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Note that (4.38) simplifies to
LsV+Vi—1rV=—1K for all < b(t). (4.39)
We are now able to prove a further atribute of the boundary function.
Proposition 4.5. The mapping t — b(t) is continuous on [0,7T].

Proof. (a) The boundary b is left-continuous:
Fix t € (0,T). Since V; < 0 and V;; < 0 by the monotone properties of V' (see
Proposition 4.1), and

o212

EV:rxVx+TxVxx+‘/}—TV=O in C (4.40)

by Proposition 4.4, we must have that

o?ax?

5 Vaz =1V 20, (4.41)

Define C), := C N {[1/n,n] x [0, K]}. Since V' > 0 and continuous in Cy,

2.2

o°x
inf —— V. (t,z)> inf t,x) > €, > 0. 4.42
(t,gi])ﬂecn 2 Vaa(t, ) (t,;])ﬂecnrv( )2 >0 ( )

for ¢, > 0 small enough.

Now, let N be small enough such that ¢ € (1/N,N]. Then, for any s with
1/N < s < tand z € [b(t—) +n,K] with 0 < n < K — b(t—), we have that
(s,z) € Cn: it is clear that (s,z) € [1/N, N] x [0, K]; to see that (s,z) € C, note
that > b(t—) > b(s), since b is increasing.

Given that V(t,-),G(-) € C? in C and using the Fundamental Theorem of Cal-
culus (FTC), we have that

Vis,z) —V(s,b(s)) = /b(x) Va(s,u)du, (4.43)

and

G(z) — G(b(s)) = b(ﬂf) G' (u)du. (4.44)

Thus, using that V (s, b(s)) = G(b(s)) and summing the last two equalities we get
V(s,z) — G(z) = / (Vi(s, ) — G () }u. (4.45)
b(s)

Applying the FTC to the derivatives V, and G’ and summing up the resulting
equations, we obtain

V(s,z) — G(z) = /b(s) /b(s){V:,;I(s7 v) — G"(v) }dv du. (4.46)
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Now, note that G”(z) = 0 in Cy (since z € [0, K]), thus from equation (4.42) we

see that
Vs, x) / / Via(s,v) dvdu

Z/ / ﬁEN dv du

b(s) Jb(s) TV (4.47)
YR e

= —€ —_——
o2 N bis) LO(s)  w

> 2e
oz N

where a := fbgzs) {b(lT) — %} du > 0. Hence, take a sequence {s,} with s, T ¢. It
follows from the continuity of V' — G that
V(t,b(t=) +n)—-G(t-) +n)

=l {V(s0,00-) 4+ 0) ~ GOG-) 4 M) (4

> %GN >0,
implying that (¢,b(t—) +n) € C so that
b(t—) +n > b(t), (4.49)
for n > 0 arbitrarily small. Hence, we conclude that b(t—) > b(t) and therefore
b(t—) = b(t).

Now, we will set ¢ = T and suppose that b(T) < K. We can proceed with the
arguments as before, until we arrive to (4.48) concluding

V(T,0(T—=) +n) = GO(T—=) +n) >0
so that (T',b(T—)+n) € C, which is a contradiction since (7', z) € D for all . Thus,
given that b is bounded above by K we see that b(T) = K.

(b) The boundary b is right-continuous:
Fix t € [0,T) and consider a sequence {s,} with s, | ¢t. Since (sp,b(s,)) € D
and D is closed, we see that (¢,b(t+)) € D and thus (see equation (4.17))

b(t+) < b(t).
Since b is increasing, we obtain the equality b(t+) = b(t).
The result holds from the conclusions in (a) and (b). O
Until recent years, numerical simulations suggested that the boundary ¢ — b(t)
is convex. In 2004, Ekstrom [8] and Chen et al. [4] independently showed that this
is certainly true.

Finally, we arrive to the following facts. If S; = x, then the price of the American
put option is given by

V(t, IL’) = Etw eiTTb{K - St+7'b}+7 (450)
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Figure 4.2: Geometric Brownian motion Sy, hitting the optimal stopping boundary
t — b(t) at 7.

where the optimal strategy is
7 =1nf{0 <u <T —t: S, <b(t+u)}, (4.51)

and the optimal stopping boundary ¢ +— b(f) has the following properties: it is
increasing, continuous, convex, and 0 < b(t) < K for all 0 < ¢t < T with b(T') = K.

Thus, the optimal strategy to stop the option is to look at the time (in mean) at
which the geometric Brownian motion S = {Si14 (¢, z) },>0 hits the optimal stopping
boundary t — b(t). See Figure 4.2.

Then, the problem of pricing the American put option reduces to find the op-
timal stopping boundary. In the following sections we present an integral equation
involving the boundary b(t).

The free-boundary problem

We are lead to the free-boundary problem for the unkown value function V' and the
unknown boundary b : [0,7] — Ry:

LsV+V,=rV in C, (4.52)
V(t,z) = K —x for z = b(t), (4.53)
V(t,x) > G(x) in C, (4.54)
Vt,z) = G(x) in S, (4.55)
Valt,z) = —1 for x = b(t), (4.56)
where the continuation set C' and the set D = S are given by
C={(t,x) € [0,T) x (0,00) : & > b(t)}, (4.57)

S={(t,x) €[0,T] x (0,00) : = < b(t)}. (4.58)
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The differential operator ILg corresponds to the infinitesimal generator of S given
by

o o? , 0?
Ls=rz-— 4+ —1° ——. 4.59
ST ox + 2% 92 (4.59)
Also, recall for further reference that
LsV+Vi—rV=—rK inS. (4.60)

We will use (4.60) to derive the so called early ezercise premium representation of
the value function in the next section.

The smooth-fit condition (4.56) was first established by Samuelson [34] and then
proved by McKean [22], who solved a similar free-boundary problem for the Ameri-
can call option.

4.2 The early exercise premium representation

In this section we characterise the American put price as a nonlinear integral equa-
tion decomposed as the sum of the European put price and the early ezercise pre-
mium, the latter involving the boundary b(t) implicitly. This decomposition, called
the early exercise premium representation of V, is widely known, probably because
it has a clear economic meaning. It was derived in Kim [20, Equation (12)], Jacka
[15, Equation (2.8)], and others.

The first appearance of the value function as an integral equation with the stop-
ping boundary b(¢) implicit, is due to McKean [22], who also used the derivative ¥'.
The problem with the McKean’s equation is that it is hardly treatable in the context
of numerical valuation because the derivative b’ tends to infinity at maturity 7.

The following important result derived by Peskir in [28, Theorem 3.1 and Remark
3.2] 3 will be crucial in the rest of the Section. It serves as a generalized Itd’s formula
when the differentiabily of the process presents difficulties on certain boundary,
which is our case. To be specific, recall that V€ C%2 on C US. From here, we
cannot conclude directly that V' € C1? in the entire domain (needed to use Ito’s
formula in its standar form), because in principle, the partial derivatives V; and V,,
may diverge when we approach to the boundary b(¢) from C.

Proposition 4.6. (Change-of-variable formula) Consider the Ité diffusion
X = (X¢)e>0 solving
dX; = u(t, Xt)dt + O'(t, Xt)dBt

Let ¢ : Ry — R be a continuous function of bounded variation and define the sets
Hy and Hy as follows:

Hy :={(t,x) e Ry xR:x >c(t)}, (4.61)
Hy :={(t,z) e Ry xR:xz <c(t)}. (4.62)

3Conditions (3.27) and (3.28) in [28] are given, which we replace by the sufficient conditions
(3.35) and (3.36). In this thesis, (3.35) and (3.36) correspond to (4.65) and (4.66) respectively
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Suppose that F' : Ry x R — R is a continuous function satisfying the following
conditions:

FeCY“ on HHU H,,
Lx F + F; is locally bounded on H1 U Ha,
t— F.(t,c(t)L) is continuous,

x +— F(t,x) is conver or concave,

where Lx is the infinitesimal generator of X, and the signs + are simultaneously
equal to either + or —. Condition (4.66) can be relaxed with the condition

Fo.=F+F, on HH UH, (467)

where Fy is nonnegative and Fy is continuous on Hy and Hy. Then, the following
change-of-variable formula holds

t
F(t,X;) = F(0,Xp) + / (Lx F + Fy)(u, Xy,) I[Xu;éc(u)] du
0

t
+ [0 P Xo) T g 4B (.68
1 t
5 | (Pl Xt = Folu X)) o 0655,

where (5,(X) is the local time of X at the curve ¢ given by

C : 1 “ 2 yv2
Eu(X) =P - 161% 26/0 I[C(S)—6<X5<C(S)+€}O- Xids. (4.69)

The proof of Proposition 4.6 is somewhat long and technical, so we refer to [28]
for details and generalizations.

Remark 4.4. The measure (5 (X) takes into account the possible jumps of F, (¢, c(t))
at the boundary c(t). The last integral in (4.68) is a Lebesgue-Stieltjes integral with
respect to the continuous increasing function u +— £5(X).

Now, consider the Ito diffusion S = (S;)¢>0 corresponding to the stock price
process satisfying
dS; = r Sdt + o Sid By, (470)

so that
/,L(t, St) = TSt, and O'(t, St) = O'St. (471)

Also, consider the continuous function b : [0,7] — R which is bounded monotone
(implying bounded variation), and the continuous function V' (see Proposition 3.8).
Set X = 5; ¢ =b; and for ¢,z fixed with 0 < ¢ < T and x > 0, suppose that Sy = z,
and set

F(t + u, St—i—u) == e_r“V(t + u, St—i—u)- (472)

In this case, H; = C and Hy = S, where C' and S are given in (4.57)-(4.58).
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Conditions (4.63), (4.65), and (4.66) hold by Proposition 4.4, Proposition 4.1 (ii),
and Proposition 4.3, respectively. To verify (4.64), we need to check that Lg F' + F}
is bounded on K N (C'US) for each compact set K C [0,T] x (0,00). Note that

0 on C

4.73
—rKe ™ onS. ( )

LSF+Ft:e_’"“(L5V+\/;—rV):{

Now is clear that ILg F'+ F} is locally bounded. Hence, we can apply the change-of-
variable formula to F' in (4.72) and together with (4.73), obtain

T (4 i) = Vitn) — K [ e g s
0

+ / O'St+ve_rv‘/z(t + v, St+v)I[St+v7éb(t+v)]dBv (4.74)
0
1 “ —Trv
+ 3 /0 e " Va(t + v, Sppot) — Vit + v, St+U_)]I[St+v:b(t+'U)]dgg(‘s’)’

The last integral above is zero because of the smooth fit condition, that is, the
continuity of F, on the boundary (see Proposition 4.3). Then, equation (4.74)
becomes

V(t, .%') = e_ruV(t + u, St+u) + TK/ €_TUI[St+U§b(t+U)]d’U
Y 0 (4.75)
— /0 UStJrve_TUVx (t + v, StJrv)I[SHv;éb(t—f—v)}dBv

Take expectation with respect to P;,. Then, the last integral in (4.75) vanishes
since V; € [—1,0]. Thus, after taking u = T' — ¢ and recalling that V(T,z) = G(z),
we obtain the following important result.

Theorem 4.7. (Early exercise premium representation) The value function
V' of the American put option with strike price K, interest rate v, and horizon T,
has the representation

V(t, I‘) = 67T(T*t)Et7g;{K - ST}+

Tt (4.76)
+’T‘KEt71» I:/ (& rv[[St+v§b(t+v)]dU s
0

for all0 <t < T, where b(t) is the optimal stopping boundary.

Note that the first term in (4.76) corresponds to the price of the European put
option, according to the Arbitrage-free pricing theory developed in Section 2.3. The
second term, which is non-negative, is known as the early exercise premium, and
it represents the cost for the advantage over the European option to stop before
maduration T
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4.3 The free-boundary equation

Since V (t,x) = K —x for all z = b(t), from the early exercise premium representation
of V, the following integral equation for b(¢) holds:

K —b(t) =e " T Ey ) {K — Sr}y

Tt (4.77)
+ 7 KE [ /O e " Iis,, , <b(t+u)dV | -

This is called the free boundary equation. It is a nonlinear problem and there is no
a closed form solution.

We are prompted to ask about the uniqueness of the solution of the free bounda-
ry equation, not only for the natural theoretical scheme, but also because this is
important when approaching the solution with numerical methods. Thanks to the
recent work of Peskir in [29], it turns out that the optimal stopping boundary b(t)
is the unique solution of (4.77). We shall state and prove this result in the rest of
the Section.

It is remarkable that a necessary hypothesis to obtain the representation in
(4.76), and then (4.77), is that the smooth fit condition holds for V. Now, we ask
about the inverted reasoning, that is, if a function V is defined as V in (4.76), with
b(t) replaced by c(t) and c(t) holding the same properties that b(t) (we formalise
this idea later), can we conclude that V satisfies the smooth fit condition at c(t)?
The following lemma answers this question.

Lemma 4.8. Let ¢ : [0,T7] — R be a continuous increasing function satisfying
0<c(t) < K forall0 <t <T and suppose that c solves the free boundary equation
(4.77) with c(t) instead of b(t). Let us define the function V as

V(t,a:) = e_T(T_t)Et,m{K —Sr}s

T—t (4.78)
kB {/ e gy <e(t+0) AV | 5
0
for all (t,z) € [0,T) x (0,00). Then Vj is continuous on [0,T) x (0, 00).
Proof. Define the functions
Vit,x): = B {K — St}4, (4.79)
T—t
V2t 2) = / Py (Sere < et + v))dv, (4.80)
0
so that
Vit,z) = e " TV, 2) + rKV2(t, z). (4.81)
We give an analytical expression for V; and V5. First, recall that
2
Styu = zexp{(r — %)u + 0By} ~ Log-N((r — 02 /2)u, o0*u), (4.82)

and thus

log St;“ ~ N((r — 2/2)u, oc%u). (4.83)
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From here we arrive to

1 St " 0'2
Z = p—~C {log; —(r— 2)u} ~ N(0,1) (4.84)

Thus

S t+
Pra(Stvu < elt + ) = Pro (log g A “>>

~ P, (z <- i/ﬂ {log c(t . W e (j)u}) (4.85)
— o <a\1/a {log C“I“) (- (’;)uD ,

From (4.80) and (4.85) obtain

V3(t,z) = /OT_t e P <Uf/{) {log C(t;_ v) _ (r— U;ﬁ;}) dv. (4.86)

With similar arguments it can be seen that

Vl(t,m):/0K<b(a\/;7_t {logK;z —(r—J;)(T—t)}) de.  (4.87)

Now, after some calculations, the partial derivatives of V; and V5 are

Vit z) = —W%/OKqé (U\/% {log K; 2 - ";)(T—t)}) (4.88)
V2t z) = —Jix OT_t e_: ¢ (aiﬁ {log C(t; V) o ";)U}) dv, (4.89)

where ¢(x) = ®'(z). Since ¢(x) is continuous for all 0 < ¢ < T and z > 0, it follows
that V! and V2 are continuous. Hence,

Valt,z) = e "IVt 2) + rK VAL @), (4.90)
is continuous on [0,7") x (0,00) as well. O

As a consequence of the continuity of the functions in (4.88) and (4.89) in the
proof of the last lemma, the function V' (¢, x) satisfies the smooth fit condition at
c(t), that is, z +— V(t,z) is C' at c(t).

Lemma 4.9. Consider the hypothesis of Lemma 4.8 and also take V (T, xz) = G(z)
for all z > 0. Then V(t,z) = G(x) for all x < c(t).

Proof. Consider the sets Hy, Ho defined by

Hy :={(t,z) € [0,T) x (0,00) : x > ¢(t)}, (4.91)
Hy :={(t,z) € [0,T) x (0,00) : & < ¢(t)}. (4.92)
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The following facts are verified in the Appendix C:

Vis CY? on H; and LgV + V;, —rV =0 on Hy, (4.93)
Vis C? on Hy and LgV +V; — rV = —rK on Hs. (4.94)
Also, it can be seen (by direct calculation) that
Viea = W1 + Wa, (4.95)
where W is nonnegative and W5 is continuous on H; and Ho.
Set
F(t+ u,Siry) = e "V (t 4+ u, Stiu)- (4.96)
Then

0 on Hi,
—rKe ™™ on Hs.
The conditions (4.63)-(4.65) are verified for F' using (4.91)-(4.92) and Lemma 4.8.

Also, condition (4.66) holds for F' using (4.95). Thus, we apply the change-of-variable
formula (4.68) to F' to obtain

LsF +F=e "™(LsV+V, —rV) = { (4.97)

eiru‘v/(t + U, Stru) = V(¢ ) — TK/ St+v<C t+v)]dv

+ / (USt-‘rU)e_TUVI(t + v, St+U)I[St+v7éc(t+v)]dBv (4'98)
0

1

+ 5 /0 C_TU[VI(t + v, St+v+) - Vz(t + v, St—i—v_)]I[SHv:c(t—&-v)]dgf;(S)'

Now, suppose that 0 < x < ¢(¢t) and define the stopping time
oc:=1nf{0 <u <T —t: Sy >c(t+u)}. (4.99)

Take u = 0. and expectation E; , in (4.98). Since V, is continuous in all the domain
and V,, € [—1,0] (this can be verified as (4.23), the last two integrals vanish yielding

V(t, .’L‘) = Et’xefr%f/(t + o¢, St+gc) + TKEW [/ eiTUI[SHUSC(HU)]dv . (4.100)
0

Also apply the change-of-variable formula to G:

e TUG(Sprn) = G(z) — 1K / Iis,,, <y
+/0u(<75t+v)€rUG/(St+v)—7[st+v¢c(t+v)]d3v (4.101)
+g | ETIC Suau) = G Sk M. e 465 (S).
Since 0 < ¢(t) < K for all 0 < t < T, we have that G'(¢(t)) = —1. Then
Jo 0S40 VG (Stiu) 15,4y 2ot dBy = — [o 0Stve™ " Iis,, < k)dBy is a martin-

gale under P, ;, and the last integral vanishes. Thus, by making v = 0. and taking
expectation Fy, we find

G(z) = Erze " 7°G(Styo.) + TKEM/ e "s,,,<K)dv. (4.102)
0
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On the other hand, ¢ solves the free boundary equation (4.77) and so V (t, c(t)) =
G(c(t)). This implies that

V(t+ 0¢, Stro.) = G(St4o,)-

Thus, upon substituying (4.102) into (4.100), we have

V(t, ) = Erge” "7 G(Sth0.) + rKEr [/ ervI[St+U§c(t+v)]dU:| ;
0

Oc

Oc
= G(J,‘) _ TKEt’$/ e_rv[[st+v<K]dU + T’KEt@ |:/
0 0

= G(x),
(4.103)
for all 0 < =z < ¢(t). O

e "Vl [sz+v<c<t+v)1dv]

Theorem 4.10. Consider the American put option price

Tt
Vt,z)=e " T IE (K~ Sp)y +1KE;, [/ e "’ I[St+1,§b(t+v)]dU:| :
0

The stopping boundary function t — b(t) is the unique continuous increasing solution
¢:10,T] — R of the free boundary equation (4.77) satisfying 0 < c(t) < K for all
0<t<T.

Proof. Let c¢:[0,T] — R be a continuous increasing function satisfying 0 < ¢(t) < K
for all 0 < t < T and suppose that ¢ solves the free boundary equation (4.77).
Consider the function V' defined in (4.78) and define the stopping time

Te i = 1nf{0 <u< T—1: St—l—u < C(t + U)} (4104)

The proof is organized in three steps. First, we show that V(¢,z) < V(t,z) for all
(t,x) € [0,T) x (0,00); second, it is proved that ¢(t) > b(t); and third, we conclude
that c(t) = b(t).

First step: consider the formula (4.98) for V. After taking u = 7. and expectation
E; ;, the last two integrals vanish obtaining

V(t,x) = Eme_”CV(t + 7¢, St4r,) + rKE}; 5 [/ e " lis,,  <c(t+v)dv| - (4.105)
0

On one hand, Lemma 4.9 implies that V(t,z) = G(z) for all z < ¢(t) and then

V(t + 7¢, St4r.) = G(St4r.). On the other hand, by the definition of 7, the integral
in brackets is zero. Thus,

V(t,z) = By ze "G (Si1r,)- (4.106)

Now, upon recalling that 7, = inf{0 < u < T —t: Sy, < b(t+w)} is the optimal
stopping time for V' (¢, z),

V(t,2) = Erpe "G (Spsr, ). (4.107)
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Hence,
V(t,z) < V(t,x), VY (t,xz)€[0,T) x (0,00). (4.108)

Second step: for 0 < x < b(t) A ¢(t) consider the stopping time
op :=1nf{0 <u <T —t: Sy, >b(t+u)}. (4.109)

Recall equation (4.75) for V. Taking u = o3, and expectation E} 5, leads to
Op
E; e "V (t + ov, St40,) = V(t,x) — TKEM/ e "Vdv. (4.110)
0

Note that I[St+v§b(t+v)] =11n [0, o). )
Now, consider again equation (4.98) for V. After taking u = o3, and expectation
E; ; we obtain

~ ~ o-b
Et,xe_rUbV(t + Op, St+gb) = V(t, x) — TKEt,x |:/ e_MI[Svac(t-s—v)]dU} . (4111)
0

Given that x < b(t) A c(t), then V(t,z) = V(t,x) = G(z). From (4.108) and
comparing (4.110) with (4.111) one has

oy Op
Etﬂ;/ e "Vdv < Et@ |:/ CTUI[St+USC(t+U)]d’U:| . (4.112)
0 0

The left-hand side is positive because o, > 0. On the other hand, Sy, < b(t + u)
from 0 to o3, so in order for equation (4.112) to hold, it must happen that b(t) < ¢(¢)
by the continuity of the functions b and c.

Third step: finally we prove that c(t) = b(t). Assume that there is t € (0,7)
such that c¢(t) > b(t) and take = € (b(t), c(t)). Replace 7, in (4.105) in lieu of 7. to
obtain

“ o Tb
V(t,x) = Eyze” "V (t+ 1y, Siqr,) + TKE; {/ e”I[SHUSC(HUHdv} . (4.113)
0

Since V(t,2) = G(z) for all x < ¢(t) and b(t) < c(t), we have that V (t + 7y, Syr,) =
G(St+r,)- Hence,

b
V(t, (L‘) = Et,xe_r TbG(SH_Tb) + TKEt’I |:/ e_rvI[5t+v<c(t+v)}d’U:| . (4114)
0
From here and using (4.106) and (4.107),

Ty
Et@ |:/ e_TvI[St+v<c(t+v)]dU:| S 0. (4115)
0

But g > 0, so it follows by the continuity of the functions b and ¢ that the expression
above is impossible, and then such a point x does not exist implying that c(t) =
b(t). O
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Chapter 5

Conclusion

The main concern of our work is about pricing the American put and finding an
optimal stopping rule for the holder. Let us give a summary of the results.

After applying the martingale measure one study the problem using the following
model for the stock prices S;,

dSt :TSt dt+O'St dBt, (51)

where 7 is the instanteneous interest rate, o is the volatility of the stock, and B; is
a standard Brownian motion under the martingale measure (see Chapter 2).

Suppose that the stock price starts at time ¢ with the value Sy = z. In Chapter
4 we found that the fair price of the American put option is given by

V(t,x) = Erze "™{K — Siyn t+, (5.2)
where
T, =Inf{0 <u<T —t:S1, <blt+u)} (5.3)

is the first passage time of the geometric Brownian motion S; to the stopping region
S. That is, 7, is the first time that the price process falls below the the optimal
stopping boundary ¢ — b(t). See Figure 5.1.

Note that the American put price and the optimal strategy to exercise the option
are determined by the optimal stopping boundary. As a consequence, it is very
important to obtain an accurate curve describing ¢ — b(¢). From Chapter 4, it turns
out that such function b(t) is the unique solution of the integral equation

K —b(t) = e_T(T_t)Et,b(t){K — St}

T—t
+r KEt,b(t) |:/0 e " I[St+vgb(t+u)]dv:|

— —(T—1) /OK(D <a\/;7—t {logli(;)z e 022)(T - t)}) . (5.4)
- rK/OT—t TP <0’1/’(7 {IOg b(za—)v) - 022)1)}) oo,

O(x) = \/127_ /_96 e %2z (5.5)

To obtain the last equality in (5.4) recall equations (4.86)-(4.87) and replace = by
b(t), and ¢(t + v) by b(t + v).

where
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Figure 5.1: Geometric Brownian motion Sy, hitting the optimal stopping boundary
t — b(t) at 7,. Note that C and S stand for continuation and stopping region,
respectively.

Although the exact analytical expresion for b(t) seems difficult to obtain, one
can approximate such barrier with numerical methods. This is feasible because b(t)
uniquely solves this integral equation, as proved in Theorem 4.10.

Thus, it is relevant to develope efficient numerical methods to approximate the
solution of (5.4). We refer to Goodman and Ostrov [11], Huang et al [14], and the
references therein for a review of different numerical methods.



Appendix A

The essential supremum

Let (Q, F, P) be a probability space and let S = {fa : @ € I} be a non-empty family
of random variables f, :  — R, where I is an arbitrary index set.
If I is countable, then the supremum

J =sup fau (Al)

ael

is measurable.
If I is uncountable, then f is not necessarily a measurable function. Yet, it can
be shown the existence of a measurable function f*: € — R such that

(i) f* > fa P-as. for each a € I.

(ii) If g : © — R is measurable and g > f, P-a.s. for each a € Z, then g > f*
P-a.s.

The function f* is called the essential supremum and is denoted by
ff=esssupS. (A.2)

Proposition A.1. Existence of the essential supremum

Let § = {fo : a € I} be a family of random variables defined on a probability
space (2, F, P), where I is an arbitrary index set. Then there exists a countable set
J C I such that the measurable function

= sup fa (A.3)

is the essential supremum of S, i.e., f* satisfies the conditions (i)-(ii) above.

Proof. Consider the family

S:={g:g9= ma3<fa, J C I finite}. (A4)
ae

Let h : R — R be any continuous, strictly increasing function. Then h o g is
measurable and bounded for each g € § and

B = sgp E(hog) (A.5)

exists and is finite. We can choose an increasing sequence {g,} in S such that

B =supE(hogy). (A.6)
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Define
f*:=supg, = lim g,. (A.7)

Since g, is the maximum of a finite sequence of functions, say g, = maxyej, fo With
Jy, C I finite. Then J = J,, J,, is countable, say

J=A{a, :n>1}, (A.8)

so that
f*=sup fa,. (A.9)

In the following we will show that f* is the essential supremum.
To prove (i), note that the Monotone Convergence Theorem and equation (A.7)
imply
Elho (£ v )] = lim Elho (g, v f)] < 5. (A.20)

for each f € §. Thus the non-negative function

ho(f*V f)—hof* (A.11)
has non-positive expectation, implying that f*Vv f = f* P-a.s. Therefore f* > f
P-as. for each f € S.

Regarding condition (ii), suppose that g : @ — R satisfies (i) as well. Then
g > fa, for each n since f,, € §. This implies

g>sup fa, =%, P —as. (A.12)

O

Sometimes is helpful to express the essential supremum as a limit of functions.
To do this, we need to assume a condition over the family S.

Definition A.1. The family {f, : a € I} is upwards directed if for any o, € I
there exists v € I such that

Iy = faV 3, P —as. (A.13)

We will use the following proposition when proving important results of optimal
stopping problems in Chapter 3.

Proposition A.2. If the family S = {f, : « € I} is upwards directed, then the
countable set J = {v, : n > 1} can be chosen so that

ff=lim f,, P—a.s. (A.14)

with fy, < fyy < -0 Pp-a.s.
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Proof. Let Jy be the initial countable set in (A.8), that is,
Jo = {apn :n > 1},

and f* = sup,, fa,- We construct the set J as follows. Set y; = «;. Since § is
upwards directed, there exists v5 € I such that

f72 = f’y1 N fOél'
Then, inductively choose ~, € I such that f,, > f,._, V fa,_,. Thus,
fuSfe<e,  P-as
and given that f, > f,, we have
li = > fr.
Jim f,, Sup Jom 2 f

Therefore O
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Appendix B
Optimal stopping problems in discrete time

Set 7 = {0,1,...,7T} and let Y = {Yi}ier be an adapted, integrable process.
Consider the optimal stopping problem

V =sup E(Y;). (B.1)
T<T

A solution to (B.1) consists in two things: finding the value of V, and a stopping
time 7* which is optimal in the sense that the supremum is attained. The process
U = {U;}te7, defined below, plays a key role in the solution of the optimal stopping
problem (B.1). Define

Ur =Y (B.2)
Ut:max{)/%u E(Ut+1 ‘Ft)}7 t:07177T_1

w
w

The process U is adapted since E(Uy1 | Ft) is Fi-measurable.
The next result will be used in the following.

Proposition B.1. (Optional Stopping) Let T be a stopping time taking values
on {0,1,...} and let X = {X,}n>0 be a martingale (submartingale, supermartin-
gale). Then the stopped process {Xnar}n>0 5 also a martingale (submartingale,
supermartingale).

See Klebaner [21, p. 85] for a proof.

Theorem B.2. The process U defined by (B.2)-(B.3) is the smallest supermartin-
gale which dominates Y, that is, Uy > Y; for allt € T, a.s.

Proof. The supermartingale property follows directly from the definition. Suppose
that W = {W; };er is another supermartingale that dominates Y. Since Ur = Yr,
is clear that W > Ur. This, combined with the fact that W is a supermartingale,
yields

Wr_1 > E(WT | ‘7:T,1) > E(UT | ‘7:T71)7 a.s.

Moreover, since Wp_1 > Yp_q, it results that
WT_1 > maX{YT_l, E(UT ‘ fT—l)} = UT—17 a.s.

Thus, the proof is completed by backwards induction. ]
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Define
T i=inf{0 <k <T:U; =Yy} (B.4)

Then 7* is a stopping time. To see this, we have to show that [7* = t] is F-
measurable for all ¢ € 7. Indeed,

[T*:O]:[U():Y()]E}-Q,

since Uy and Yp are Fp-measurable. In general, for t = 1,2,...,7T we have
t—1
[ =t = |[([Uk > V]| [ [U: = V3.
k=0

Each of the events in the intersection is Fi-measurable, so does the event [ = {].
Proposition B.1 ensures {Uin;}te7 is supermartingale for each stopping time
7 < T. In particular, the stopped process {Uinr }te7 is a martingale.

Lemma B.3. Let 7 be a stopping time taking values on T, and X = {X;} e an
arbitrary process. For eacht =1,2,...,T,

t
Xine = Xo+ > Trom{Xn — X5} (B.5)
k=1

Proof. We observe the sum on the right-hand side under the following situations.
If 7 > ¢, then

t t
> Trow{ Xk — Xp1} = D> {Xk — Xp1}
k=1 k=1

=X —Xo
- Xt/\T - XO-

If 7=m < t, then

t m
> Tesu{Xe — Xio1} = D> _{Xe — Xp1}
k=1

k=1
=Xm—Xo=X;—Xo
= Xinr — Xo.

O]

Theorem B.4. Let {U;}er be the process defined by (B.2)-(B.3) and consider T*
given by (B.4). Then, the stopped process

{Uinr= bter (B.6)

18 a martingale.
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Proof. We want to verify

E(Ugiyar — Uinrs

Fi) =0, (B.7)
for each t =0,1,...,7 — 1. According to equation (B.5), we have
Utsiyne — Uinrr = e {Us1 — Ui}
Since [7* >t + 1] € F;, by taking conditional expectation we obtain
E(Upsnynr — Uiner | Fo) = Ipesysy E(Uisr — Uy | F). (B.8)

If 7% <t + 1, the right-hand side becomes zero and we are done. If 7* > ¢+ 1, then
by definition of 7% we must have U; > Y; and so

Uy = E(U1 | ).
This implies that the right-hand side in (B.8) becomes zero, as required. O

Theorem B.5. Let U = {U,}1e1 be the process defined by (B.2)-(B.3) and consider
7* given by (B.4). Then, T is optimal for the problem (B.1). Moreover, we conclude
that

V = E(Y:+) = Up. (B.9)

Proof. Let 0 < 7 < T be an arbitrary stopping time. Since U dominates Y by
Theorem B.2, and U is a supermartingale, then

E(Y;) < E(U;) < E(Upr).
Theorem B.1 implies that {Ua;} is a supermartingale. Thus,
E(Uinr) < E(Uonr) = U,
since Fy is the trivial o-algebra and Uy is Fy-measurable. Hence, we get

V =sup E(Y;) < Up. (B.10)
T<T

Now, by definition, U, = Y,«. Thus
E(Y;+) = E(Ur+) = E(Urar+) = Upnre = Up.

where we used that the stopped process {Uin,+} is a martingale. Therefore, 7* is
optimal and
V = E(Y;+) = Up.
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Appendix C

The Cauchy problem

We want to verify the statements

Vis C'? on Hy and LgV +V; —rV =0 on Hj, (C.1)
Vis C%? on Hy and LgV + V; —rV = —rK on Ho. (C.2)

stated in the proof of Lemma 4.9.
Consider the Cauchy problem

Lu+ % = f(t,x) in[0,T) xR, (C.3)
u(T,z) = ¢(x) in R, (C.4)

where L is given by

Ou(t,z) | o%a? QPu(t,x) | Ou(t, )
Lu(t,z) :=rz o + 5 52 + T —ru(t,z), (C.5)

and the Ito diffusion dS; = Sy dt + 0S; dB;. Then (C.5) takes the form

Lu(t,x) = Leu + ng — ru. (C.6)

Under certain conditions (see [10, Theorem 5.3 page 148]), the unique solution
u € CH? of the Cauchy problem (C.3)-(C.4) is given by

T
u(t,z) = By e " T D¢(Sr) — By / e "D (v, 8, )dv. (C.7)
t

Now, we verify (C.1)-(C.2). To do this, set

ft,2) = —rKljp<cu) (C.8)
p(x) = G(z). (C
Then, the unique solution to
ou :
Lsu + 5 U= —1rKIjg<eqy in[0,T) xR, (C.10)

u(T,x) = G(x) in R, (C.11)
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is given by
T—t

u(t, a:) = Et’xe_T(T_t)G(ST) + T’KEWC/ B_MI[Svac(t-s-v)]dv’ (C.12)
0

which coincides with V(t,z) (see (4.78)). Therefore u = V and from (C.10) one
concludes that: on the set H; = {(t,z) € [0,T) x (0,00) : & > ¢(t)},

LsV +V; —rV =0, (C.13)
and on the set Hy = {(t,x) € [0,T) x (0,00) : x < ¢(t)},

LsV 4+ V; —rV = —rK. (C.14)
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