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Abstract

We consider a discrete model of the d-dimensional medium with Hamiltonian
A + v; the lattice potential v is constructed recursively on a nested sequence of
cubes @, obtained by successive inflations with integer coefficients. Initially, the
potential is defined on the cube Qg. At the nth step the potential, which is already
constructed on the cube @Q,_1, gets extended (), _1-periodically to the cube Q;
then its values at m,, randomly chosen points of @),, are arbitrarily changed. This
alternating process of periodic extension and introduction of impurities goes on,
resulting in an (in general, unbounded) potential v. We show that if the size of
the cube @, grows fast enough with n while the sequence m,, grows not too fast,

then the Schrédinger operator A 4 v almost surely does not have eigenvalues.

1 Introduction

We consider a discrete model of the d-dimensional medium with Hamiltonian h, = A+w.
Here A is the lattice Laplacian, and the lattice potential v(-) is the result of the following

recursive process. Consider a nested sequence of cubes @, (n =0,1,2,...) of the form

T, T, ,
Qn = {x cZ% —?<xi§?, i=1,...,d} (1)
whose sides 7;,, € N are such that
T,
eN\{1}, n=1,23,... (2)
Tn—l



Initially, the potential is defined on the cube Q)g. We want to extend it QQg-periodically
to the entire lattice Z¢, but we can only do that in steps: first extend it Qg-periodically
to the cube )q; then extend the resulting potential (Qi-periodically to the cube @Qs;
etc. Assume, furthermore, that the process of periodic extension of the potential from
the cube ,_1 to the cube @), is imperfect: the values of the resulting (), _;-periodic
potential on @), are then changed arbitrarily at m,, points chosen at random so that all
such choices are equiprobable.

The potential v is, therefore, “grown” by the alternating process of periodic extension
and introduction of “impurities”. The Borel-Cantelli lemma guarantees that v(-) is

almost surely well-defined if
3 % < . (3)
In general, the potential v is unbounded.

The goal of this work is to show that if the sequence T, grows fast enough while
the sequence m,, grows not too fast, then almost surely the operator h, does not have
eigenvalues — in other words, there are no localized states.! Before formulating the result
precisely, we will describe our model in an equivalent but more convenient way.

We consider a Schrodinger operator in ?(Z4)
hy = A+, (4)
where A is the lattice Laplacian:

(Ay)(z) = > ylz+2), zeZ

l2lh=1

and v is the operator of multiplication by the function
v(@) =) un(x). (5)
n=0

Here u,(-) is a (T, ..., T,)-periodic function on Z¢, where the numbers T,, € N (n =
0,1,2,...) satisfy the condition (2). We assume that the function u,(-) (n > 1) on
its elementary cell @, defined by (1) vanishes everywhere except for a subset X,, of
(), which consists of m,, points selected at random so that all such subsets of (), are

equiprobable. The values of wu,(-) at those points are chosen arbitrarily. Under the

Note that if m,, = 0 for n > ng, then the potential v is periodic; the spectrum of h, in this case is
well known to be not only continuous (no eigenvalues) but absolutely continuous.



condition (3), the potential v is almost surely well-defined, and the operator h, is an (in

general, unbounded) operator in [2(Z?) with the domain
D(hy) = {y € (Z%): > |v(z)y(z)|* < oc}.
zeZd
In our model, the functions u, (and hence their sum v) are real-valued so the operator
h., is self-adjoint. However, in what follows the functions u, may be complex-valued.
Let
W, =T '1n’T,

(In® z means (Inz)?).

Theorem 1 If

> n Wn
S <o, (6)
n=0 TnJFl

then with probability 1 the operator (4), (5) has no eigenvalues.

Here is a more detailed formulation of Theorem 1. By (Q,F, P) we denote the
probability space of the model. Let the numbers T,, € N (n > 0) satisfy the condition (2),
and X, (w), for each n > 1, be a uniformly distributed random subset of cardinality m.,
of the cube (1). Under condition (6), there is a set Qy € F with P(y) = 1 and the
following property: suppose w € Qo and ug(+), ui(+), us(+), ... are arbitrary complex-valued
functions such that each u,(-) is (T,, ..., T,)-periodic and, if n > 1, vanishes on the set
Qn \ Xy(w); then the operator (4), (5) does not have eigenvalues.

The proof of Theorem 1 is based on a theorem regarding solutions of periodic lattice
equations. Before formulating it, we introduce some notation. For a function y: Z¢ — C
let

olk)= > |y@)? keZ (0<o(k)<oo).

z€Z: xy=k N
Furthermore, we will represent any T' = (T, ...,Ty) € N%in the form T' = (J, K'), where
J={J,....,Jg1) €N tand K € N (sothat J; =T;, i =1,...,d — 1, and K = Ty).
The product J; ... Jy—1 will be denoted by [J].

Theorem 2 For any ¢ > 0, there is v, > 0 such that if y: Z* — C is a solution of
(A +v)y = Ay, where v(+) is a (T4, ..., Ty)-periodic complex-valued function on Z?, and

o(k) < oo forall k € Z, (7)
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then

Y. o(rK)>7.0(0), (8)

1<|r|<pe(J)
where

pe(J) = (c[J]* ?[J]) v (2[]). (9)

Remark. The inequalities (7) hold if and only if (ko) + o(ko + 1) < oo for some
ko € Z. (This follows from the inequalities (34) and (35) below.)

Corollary 1 For any ¢ > 0, there is 7. > 0 such that if v(-) is a (11,...,Ty)-periodic
function on Z¢ and y: Z* — C is a solution of (A +v)y = Ny, then

>, (k) =7e0(0), (10)

K<[k|<pe(J)K

where p.(J) is defined by (9).

The proof of Theorem 2 is based on a lower bound for iterates of a finite-dimensional

linear operator.

Theorem 3 Let A be an invertible linear operator in a finite-dimensional complex vector

space X endowed with a seminorm || - ||. Then for any g > 0 and any § € X

> 1A'EN® > pegll€l?,

1<|1|<(gn2 In? n)vn

where n = dim X and py > 0 is a constant depending only on g.

2 Proofs

2.1 Proof of Theorem 3

Our starting point is the following result that has been useful in the theory of one-

dimensional Schrodinger operators.

Lemma 1 2 Let A be an invertible linear operator in an n-dimensional complex vector

space X, || - || any seminorm on X, and & any vector in X. Then
- 1
igll > =
jmmax (AT > 1€l (11)

2This fact was first noticed, proved and used in [2] in the case where A is a unimodular operator
in a two-dimensional real vector space. That was popularized by B.Simon as “Gordon’s lemma’.
However, the proof that appeared in B. Simon’s textbooks, as well as the general case of the lemma,
actually belongs to E.A.Gorin (unpublished) and was communicated to B.Simon by S.Molchanov
during B. Simon’s visit to Moscow in 1981 (without mentioning Gorin’s name).
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Proof (E.A.Gorin). Let p(z) = Y7_,bpx® be the characteristic polynomial of the
operator A, and ko (0 < ky < n) be such that |by,| = maxo<r<n |bx|. By the Cayley-

Hamilton theorem, p(A)¢ = X7, bpA¥E =0, so that

E=—b A 3 AR == Y (bi/bk) ARG,
0<k<n; k#ko 0<k<n; k#ko
and
[€]] < > |A%¢]), (12)

—ko<I<n—ko; 10
which implies (11). =

Now we will prove Theorem 3. In view of (12), we have:
> Akl > gl (13)
1<)l <n
Denote ||A™¢]|| by a,, for all m € Z. We may assume that ap = 1. Pick an arbitrary
integer k > 1 (its actual value will be selected later). It follows from the inequality (13)
applied to A7 instead of A that

Sta; =1, =12,k

l=—n
(a prime following the summation symbol denotes the omission of the zero value of the
summation index). For any s € Z (s # 0), let ds; be the number of distinct positive
divisors of s (including 1 and |s|). The previous inequality and the Cauchy — Schwartz

inequality imply:

n

a? n
! l'j /
l=—n l'] l=—n

or

n n -1
Z"iz(z’dl.j) . =12k
= : l

=—n

Summation on j, 1 < j < k, gives
kn, CL2 n , -1
Z d—s - D(s) > Z (Z dl.j) , (14)
s=—kn 'S j=1
where ®(s) is the number of representations of s in the form s = [ - j with —n <1 <

n, 1 <j <k. Obviously, ®(s) < d, so that (14) implies

EDS (Z dz-j) - (15)

s=—kn =1 \U=—n
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On the other hand, applying the inequality between the arithmetic mean and the har-

monic mean

D, = de (16)

Note that

where |z ] is the integer part of z. (Proof: rewrite (16) in the form D, = >%_, >F vy,
where y;s equals 1 if 7 is a divisor of s and equals 0 otherwise; then reverse the order
of summation. For a different proof of this simple fact, see [5, Problem VIII 79].) Tt
follows that

P 1
Z; p(lnp +1),
so that (15) and (17) imply:
kn 2
. . k
> — . 1
Szz_,m R 2kn(lnk 4+ 1)(Inn+1) 2n(Ink+ 1)(Inn + 1) (18)

This is true for all integers k& > 1. Now we put k = |gnln®*n Vv 1], where g > 0. The
right hand side of (18) (now depending only on n) is positive for all n > 1; as n — oo,
it approaches g/2 > 0. Therefore, it exceeds some number p, > 0 for all n > 1. This

proves Theorem 3. m

2.2 Proof of Theorem 2

(a) Let y(-) be a solution of the equation (A +v)y = Ay with a (J, K)-periodic v(+) such
that o(k) < oo for all k € Z. By including A in v we may assume that A = 0 so that

(A+v)y=0. (19)
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We will use the representation of any x € Z? in the form x = (j, k), where j =

(j1,- -, Ja1) € Z%71 and k € Z; then (19) takes the form

Y, k+ 1) +y(G k=1 + Y y(i+ees, k) +u(i,k)y(,k) =0, jeZT keZ, (20)
1<s<d—1
e==+1

where e, = (0,...,0,1,0,...,0) € Z%! (1 is in the sth place).
(b) For § = {(0,...,041) € T let
20, k; 0) = y(j, k)™ j e 2, ke Z,
where 1 = v/—1 and
j -0 = jlel —+ ... +jd—19d—1~

The equation (20) implies that

2 k+1)+2(,k—1)+ > ez (j+ees, k) +v(j k)2(j, k) =0, jE€Z", ke
1<s<d-1
e=+1

(21)
(c) Consider the “discrete cylinder” C:

Cy;= Zg_l X 7,

where

75 = (Z)IWZ) % ... x (Z)J41Z) ~ 241G,

Here G'; is the following subgroup of Z4~!:
Gy = {ZE = <I1, . ,C(]d_1> e 741 € NL,..., x4 1 € Jd_1Z}.

The function v(j, k), being (J, K')-periodic, carries over in a natural manner to C, giving

rise to a function V (v, k) (v € Z%', k € Z), which is K-periodic in k:
Vi,k+ K)=V(vk), veZi' kcZ. (22)

(d) For each pair (v, k) € C;, define a function Z(v, k;-) € L?(T%1) as the sum of
the series
Z(v,k;0) =D 2(j. k:0) = D y(j, k)e*™o?, (23)

JjEVv JjEV

which converges in L?(T?!) due to (7).



Fix (v, k) € C;. Summation on j € v in (21) gives the following equation in L?(T9!):

Zwk+1,0)+Z(v,k—1;0)+ Y. e ™ Z(v+tees, k;0)+V (v, k) Z (v, k;0) = 0. (24)
1<s<d-1
e=+1

Each Z(v, k;-), as an element of L?(T?71), is a class of equivalent square integrable
Lebesgue measurable functions on T?!; select a Borel measurable function in this class.
From now on Z(v, k;-) will denote that function on T¢! and each equation (24) will
be considered as a pointwise equation that holds for Lebesgue almost every § € T9-1.
Let B be a full measure Borel subset of T¢! such that for any # € B all the equations
(24) hold.

(e) Pick an arbitrary § € B. For any k € Z, consider a vector
Ck(e) = <Z(V7 k; 9)>yez‘3*1 € M,

where M is the [J]-dimensional coordinate vector space over C with coordinates labeled

by elements of Z4*. The equation (24) can be rewritten in the form

Crr1(0) = —Co1(0) + Li(6)C(0), (25)

where L(#) is the linear operator in M acting on vectors (¢ (I/)>V€Z§—l € M as follows:

(Le@))(r) == > e (v +ees) = V(v k)((v).

1<s<d—1
e==+1

In view of (22), for any k € K
Lk (0) = Li(0).

(f) Let L=M @ M and

£(0) = (G(0), Ce-1(0)) € L.

The equation (25) can be further transformed into

Ee1(0) = Ti(0)&x(0),

where Tj(0) is the following linear operator in L:



Again, T;(9) is K-periodic in k:
Teyxc(0) = T (0). (26)
Let, furthermore,
S(0) = Tk 1(0)Ti2(6) ... T2 (6)To(6).
By (26), we have
&ric(0) = (5(0))"60(0) (27)

for all r € Z.

(g) Let || - || be an arbitrary seminorm in £. Put g = ¢/16, where ¢ is the positive

parameter in Theorem 2. By (27) and Theorem 3,

S &G0 = pell&(0)]1, (28)

1<|r|<B(J)

where

Note that if [J] > 1 then 8(J) < ¢([J]In[J])? V (2[J]) = p.(J), so by (28) we have:

> &x®1* = ugllSo(@)*.

1<|r[<pe(J)

If [J] = 1, the inequality p.(J) > 2 implies that

S lexk@P> X 6x @] > S 1&O)]

1<r[<pe() 1<|r|<2

(the second inequality follows from Lemma 1 with n = 2). Therefore, in all cases

> Ex@)IF = vellé@)], (29)

1<|r|<pe()

where v, = (pte/16) A (1/4).

(h) Choose the following seminorm in £:

1/2
|<Cﬂ7>( > Cﬂ) : (30)

d—1
VvEZLT



Then (29) becomes

) (Z Z(W’K;@)IQ) >y Y 1Z(r,0;0)] (31)

1<r|<pe(J) VEZ?_I VEZi_l

which is true for all § € B.
Now integrate both sides of this inequality over B or, equivalently, over T9!. By

Parseval’s identity, (23) implies that

L, 120k 0)Ra0 = X Iy k)P,

JjEV
so that (31) upon integration gives

> (Z ]y(j,rK)|2> >y Y |y, 0)P,

1<|r|<pe(J) \jezZd~1 jezi—t

or

> o(rK) > 7.0(0).

1<r|<pe(J)

This completes the proof of Theorem 2. m

Remark. The following version of Theorem 2 is true without the assumption (7).

Theorem 4 If y: Z* — C is a solution of (A + v)y = \y, where v(-) is (T,...,Ty)-

periodic on Z?, then for any ¢ > 0

>, (o(rK)+o(rK —1)) 2 7. (0(0) + o(-1)), (32)

1< r[<pe(J)

where p.(J) and . are the same as in Theorem 2.

Proof. We may assume that the left-hand side of (32) is finite. Then
o(K)+o(K —1) < 0. (33)

Let yp = (y(j, k))jeza-1 so that [lyell2 = (o(k))% In view of (20) and Minkowski’s

inequality,

(o(k+1))V2 < (o(k = 1)+ (2(d = 1) + [[v]|o) (0 (K))"? (34)
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and similarly
(o(k = 1))* < (o(k + 1) + (2(d = 1) + [[v]|oc) (o (k)2 (35)

so (33) implies that o(k) < oo for all & € Z. The remaining part of the proof of
Theorem 4 is identical to the proof of Theorem 2 except for the last step when we

choose, instead of (30), the standard Euclidean norm in £:

1/2
<Cﬂ7>|( >G> mlg)

vezd ! vezd!
and, instead of (8), obtain (32). m
Proof of Corollary 1
We may assume that the left-hand side of (10) is finite. Since p.(J) > 2, we have

0(K)+ o(K +1) < co and hence, in view of the inequalities (34) and (35), o(k) < oo
for all £k € Z. Now (10) follows from Theorem 2. m

2.3 Proof of Theorem 1

For all n > 0 and = € Z%, let
() = up() + ... + up(x).
Consider the elementary cell of v,,41(-):
Qua={r€Z% ~T/2<2;<Tn1/2, j=1,...,d}

and the set
L,={xcZ% —W, <xq<W,}.
Let
Wp41 = Pr{XnJrl N Ln §£ (Z)} = Pr{Xn+1 N Rn+1 # (Z)},
where R,+1 = Qny1 N L,. We have

2W, +1

Wp+1 S Mp41 T
n+1
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Indeed, for any point € Q),,41 the probability h,1 of the event z € X, is my 41/ T;f 1
therefore, (36) is a consequence of the following inequalities (in which E denotes the

expectation):
w41 < E[Card(X,11 N Rut1)] = Card(Ry 1) hoyr < (W, + DT By

By the Borel-Cantelli Lemma, (6) implies that with probability 1 there is a random
number N (w) such that X, 1 N L,, = 0 for all n > N(w). Consequently, for alln > N(w)
we have (X, 1UX,12U...)NL, = 0 so that on the set L,, up41(x) = upo(z)=...=0
and, therefore,

v(x) =v,(x) on L, for n > N(w). (37)

Suppose y(+) is a solution of the equation (A + v)y = Ay that belongs to 1?(Z%) so
that

> o(k) < .

keZ
Fix temporarily some n > 0 and denote by y,(-) the function on Z? satisfying the
equation

(A + Un)yn = )‘yn

and such that y,(j,k) = y(j, k) for k = —1,0 and all j € Z91. Such function y, exists
uniquely; put
on(k) = D |yl B, keZ

jezd—l
By Corollary 1 to Theorem 2 (with J = (T,,,...,T,) € N ! and K =T,,), for any
c>0
Z on(rTh) = 7.00(0), (38)

Tn<|k|<ge(n)
where

ge(n) = (c(T22 > TS v (2T 1) T,

and v, > 0. Putting ¢ = (d — 1)72, for large enough n (n > Ny) we have g.(n) =
T2 12T, = W, so that (38) becomes

S oulk) = v04(0), (39)

Tn<[|k|<Wy

where v = y(4_1)-2.
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Due to (37), we have y,(x) = y(z) on the set L, if n > N(w), and hence

>, o(k) =~0(0)

T <|k|<Wn

if n > N(w) V Ny. Therefore, almost surely (a.s.) 3

o(0) <y > o(k) (40)

|k[>Tn

for all large enough n; since Y ez 0(k) < oo and T,, — 0o as n — oo, it follows from
(40) that o(0) = 0, that is, y(j,0) = 0 for all j € Z41,

Similarly, the function y*(j, k) = y(j, k + 1) satisfies the equation (A + v*)y* = \y*,
where v*(j,k) = v(j,k + 1) for all j,k. The potential v* has the same structure as
v, so the inclusion y* € I2(Z?) a.s. implies that y*(j,0) = 0 for all j or, equivalently,
y(7,1) =0 for all j.

Therefore, if (A +v)y = Ay and y € [>(Z%), then a.s. y(4,0) = y(j,1) = 0 for all
j € Z% ' and hence y = 0 on Z¢. This completes the proof of Theorem 1. m

3 Concluding Remarks

1. The transformation of multidimensional lattice equations close to periodic ones
into quasi-1D equations, in combination with lower bounds for solutions of periodic
quasi-1D equations, was first used in [3], where the absence of eigenvalues for a lattice
operator with a fast uniform periodic approximation was proved. This idea was then
used in [1] in a different situation, where the potential is periodic in d — 1 coordinate
directions and admits a fast local periodic approximation in the remaining direction.

2. Since in the model considered above the nonzero values of u,(-) are arbitrary,
the potential v(x) in Theorem 1 can grow (with respect to the distance of x from the
origin) arbitrarily fast on a suitable random subset of the lattice; moreover, by choosing
appropriate (say, nonnegative) values of the summands w,(-) we can make the average

EmGBr ’U(LE')

A== 5]

of v over the cube B, = {z € Z¢|||z]|s < 7} grow arbitrarily fast as r € N goes to oo;

the operator (4) will still have no eigenvalues a.s.

3i.e., for P-a.e. w and any v = ug + u1 + uz + . .., where each u,, (n > 1) vanishes on Q,, \ X, (w).
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3. In the model above, the intersection X, (w) N @,_1 can be nonempty, i.e., the
impurities introduced during the recursive process of the “growth” of the potential can
affect its portions constructed earlier. This will not occur if we modify the definition of
the random set X,,(w) making it a uniformly distributed subset of cardinality m,, of the
set Qp \ @n_1. This change in the model does not affect the validity of Theorem 1 and
requires almost no change in its proof.

4. The model can also be modified by assuming that the function u,(-) representing
the impurities introduced at the nth step (n > 1) is defined as follows: for any point x of
the cube @, u,(z) is a random variable such that Pr{u,(z) # 0} < p,,. The correspond-
ing version of Theorem 1 states: If >-,-¢ Tg;lanan < 00, then with probability 1 the
operator (4), (5) has no eigenvalues.

5. The elementary cell of the function u,(-) does not have to be a cube — it can be

a “rectangular box”

Qn:{xEZd: —7’<3:i§ 2’, i=1,...,d},

where T,,; € N and 7T,,;/T,,—1;, € N\ {1} (i=1,...,d; n>1). Let
T i— 4indl--- Tn,i—lTn,i—i—l o Tn,d

n,

and W,,; = T,,4(T,, ;)* In? T,;. If for somei (1 <i<d)

[o@)

mn+1Wn,i
s MoelVoi
o S PRS

then with probability 1 the operator (4), (5) does not have eigenvalues.

6. It may seem that the absence of localized states in the model is caused by the fast
decay, as n grows, of the “density” of the impurities introduced at the nth step. However,
this is not the case. To see why, consider a deterministic version of the model, in which
the (Ty,,...,T,)-periodic function wu,(-) vanishes on the set L, ; = {x € Z¢: —W,_; <
xq < W,_1} while its values on the set @, \ L,_; are arbitrary. The operator (4), (5)
still has no eigenvalues.

7. The main results of the paper — Theorems 2 and 1 — pertain to the Schrodinger
operator (4), but both theorems (and their proofs) can be adapted to other finite-range
lattice operators, such as A—i—v, where A is the Molchanov-Vainberg Laplacian (diagonal
Laplacian) [4]:

Ay)(z)= Y yl@+z), zez’

ze{-1,+1}d
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8. Although the model considered in the paper is multi-dimensional, the “imperfectly
grown” potentials can also be considered in dimension one. The absence of eigenvalues
in this case is guaranteed by conditions (2) and (6) with W, = 27,,, and follows from
Lemma 1. Combining this with the Simon-Spencer theorem [6] (in dimension one,
potentials that are unbounded on both Z, and Z_ produce no absolutely continuous
spectrum), we obtain yet another class of one-dimensional operators with purely singular

continuous spectrum.
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