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A new theorem concerning nonradiating stochastic sources is derived. The theorem is used to describe sources
that can have a variety of different states of coherence and yet each of them generating a field that is

completely spatially coherent outside the source domain.

The bearing of this result on a basic unsolved

problem is spectroscopy of partially coherent sources is noted. [0 1997 Optical Society of America

Consider a fluctuating source distribution @(r, ¢) that
occupies, for all time, a finite domain D. Here r
denotes a position vector of a point in space and ¢ de-
notes the time. We assume that the source fluctua-
tions are statistically stationary, at least in the wide
sense (Ref. 1, p. 47).

Let Wg(ri,ro,w) be the cross-spectral density
function, at frequency w, of the source distribution.
It is known that under very general conditions Wy
may be expanded in a Mercer-type series, viz. (Ref. 1,
Sec. 4.7.1, and Ref. 2)

Wo(ri, ro, w) = Z/\n(w)¢:(l‘1,w)¢n(l‘2,w), 1)

where the A,’s and the ¢,’s (called the coherent
modes of the source) are the eigenvalues and the
eigenfunctions, respectively, of the integral equation

[D W (r1, 72, @) n(r1, @)A1 = An(@)bn(ra, @), (2)

M(w) >0 foralln. (3)

The radiant intensity J(s, ), i.e., the rate at which
the source radiates energy at frequency w, per unit
solid angle around a direction specified by a unit vector
s is given by the expression (Ref. 1, p. 232, with a
slightly different definition of the Fourier transform)

J(s,w) = Wo(—ks, ks, »), (4)

where

Wo(K1, K, 0) = [ [ Wo(ry, 12, 0)
D JD

X exp[—i(K1 ‘r1 + Ky - r2)]d3r1d3r2
(5)

is the six-dimensional spatial Fourier transform of the
cross-spectral density function and

k=w/c, (6)

¢ being the speed of light in vacuum.
On substituting from Eq. (1) into Eq. (4) it readily
follows that in terms of the source modes ¢,, the radiant
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intensity may be expressed in the form
J(s,0) = D Ao(@)|fu(ks, o), (7
where

$n(K, w) — [D ulr, 0)exp(—iK - O)d’r  (8)

is the three-dimensional spatial Fourier transform of
the source mode ¢, (r, w).

Because according to relation (3) the A,’s are positive
it is clear from Eq. (7) that if the source does not radiate
at frequency w, i.e., if

J(s,w)=0 9
for all directions s, then
$n(K,0) =0 (10)

for all real vectors K or magnitude |K| = & = o/c
and for all n. This requirement implies that the
monochromatic source

@n(r, 1) = ¢n(r, w)exp(—iwt) (11)

itself does not radiate.>* Hence we have established

the following theorem: If a statistically stationary
stochastic source does not radiate at frequency w, all
its coherent modes ¢,(r, w) are nonradiating modes.

It is also known that the field ¢(r, w) generated by
a nonradiating monochromatic source of frequency w
[i.e., by a monochromatic source that generates a field
whose radiant intensity J(s, @) = 0 for all directions s]
vanishes at every point outside the source. Expressed
differently if Eq. (10) holds for all |K| of magnitude
w/c, then®

Yr,w)=0 forallr & D. 12)

We now show that the theorem that we just es-
tablished can be used to describe sources of arbi-
trary states of spatial coherence that produce fields
that are spatially completely coherent outside the
source domain.

0 1997 Optical Society of America



944 OPTICS LETTERS / Vol. 22, No. 13 / July 1, 1997

Consider a stochastic, statistically stationary source
occupying a finite domain D, whose cross-spectral
density has the mode expansion

Wo(r1, s, @) = Ag(@)dg E(r1, 0)pE (rs, ®)

N
+ D (@) (r, ©) R (1, )
n=1 (13)

(ry € D,ry € D), where N is an arbitrary positive
integer. In this expression ¢of(r,w) is a radiating
mode and ¢ (r,w) (n = 1,2,...) are nonradiating
modes.® Obviously only the mode ¢o%(r,w) will
generate a field outside D. Consequently the cross-
spectral density of the field throughout the exterior
of the source domain, i.e., for r1 &€ D, ro & D, will be
given by the equation (Ref. 1, Sec. 4.7.3, and Ref. 7)

Wy (r1, T2, @) = Ao(@)i E(r1, 0)yf (rs, w), (14)
where
i 0) = [ ot o)ZRHEED g0 )
D lr — r/|

Because according to Eq. (14) W, is a product of a
function of r; and of a function of ry, the field is
necessarily spatially completely coherent at frequency
o throughout the exterior of the source domain D
(Ref. 1, Sec. 4.5.3, and Ref. 8). On the other hand,
Eq. (13) does not factorize in this way and, therefore,
the source distribution is necessarily only partially co-
herent.” One can show that as the number N of the
nonradiating source modes is increased, i.e., as larger
and larger numbers of such modes contribute to the
field within the source region and if the coefficients A,
are of the same order of magnitude, the source will be-
come spatially highly incoherent. Yet all such sources
will produce a completely spatially coherent field out-
side the source domain. This fact is illustrated in
Fig. 1. The (nonnormalized) nonradiating modes were
taken to be given by the expression

N-1 1 N-1 )
Benar®) = 3. Tonstr) - a[;[aen] ]remmr),

(16)

where

2

12
Cemn(r) = [;} m]e(kenr)Ye 0,¢), A7)

o ke Jer1(kena)
tn k2 — kep? | Jer1(Rena)l

In Eq. (18) k¢, is the nth zero of the spherical Bessel
function of order ¢, i.e., je(kera) = 0, a is the radius
of the spherical source, and % is defined by Eq. (6).
Using the well-known identity'’

¢

explik ) =47 S S kY6, $)

=0 m=——¢
X Y{"(6r, dr), 19)

where Y;,,(6, ¢) are the spherical harmonics, the func-
tions ¢¢m,(r) defined by Eq. (16) can be shown to be
mutually orthogonal and to satisfy Eq. (10) for nonra-
diating sources.

(18)

The result that we just derived has an important im-
plication for spectroscopy of partially coherent sources.
To see this we set r; = ro = r on the left-hand sides
of Egs. (13) and (14). The expressions then represent
the source spectrum, Sg(r, w), and the field spectrum,
S./, (I‘, w):

(b) 1 radiating mode
+ 1 nonradiating mode

(c) 1 radiating mode
+ 363 nonradiating modes

Fig. 1. Absolute value of the spectral degree of coherence
g (ry,ry, w) (see Ref. 1, p. 171) of spherically symmetric
sources, consisting of suitable linear combinations of a radi-
ating mode and of nonradiating modes. The nonradiating
modes are given by Eq. (16), with appropriate normaliza-
tion and with the choice of ka = 10. It is to be noted that in
(c) the source is highly spatially incoherent. Yet all these
sources produce a completely spatially coherent field out-
side the domain containing the source.



N

Sq(r, ©) = A(@)lpo®(x,0)* + D M@l (x, )2,
n=1

(20)

Sy (r, w) = Ag(w)lyd (r, )2 (21)

Evidently the spectra Sy(r,w) and Sg(r,w) differ
from each other, even in the special cases when the
source spectrum is independent of position r. This
result shows that, in general, one cannot determine
the spectrum of a partially coherent source from
measurements of the spectrum of the radiated field.
This conclusion is perhaps not entirely surprising in
view of the many new results obtained in recent years
regarding the influence of source correlation on the
spectra of radiated fields.!! Clearly the development
of a method for determining the spectra of partially
coherent sources from measurements involving the
radiated field outside the source is a basic unsolved
problem of spectroscopy.
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