Nonpropagating string excitations
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It is shown that certain force distributions applied to a finite portion of an infinitely long string do
not produce any excitation outside the region of the applied force. The existence of such
nonpropagating excitations is demonstrated by a simple example, and two general theorems
concerning their nature are proven. Some analogies between nonpropagating string excitations and
fields produced by nonradiating sources are noted. © 1998 American Association of Physics Teachers.

It has been known in radiation theory for some time that  duce no displacement of the string at any point outside the
there are localized source distributions which do not produce  region of the applied force, and we derive general theorems
a field outside the domain of the source (see, for example, concerning such situations. These theorems are one-
Refs. 1-4). In this paper we show that analogous situations  dimensional analogues of theorems encountered with nonra-
exist for waves on an infinitely long string. Specifically, we  diating sources (usually discussed in three dimensions).
show that there are localized force distributions which pro- We consider an infinitely long flexible string under tension
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T and with mass per unit length u, undergoing small dis-
placements y(x,t) from the equilibrium position, driven by a
force density f(x,t) (force per unit length) and localized in
the region asx=<»b. The displacement obeys the wave
equation5
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Restricting ourselves to simple harmonic driving forces,
f(x,t)=Re{f(x)e"*"}, )

where Re denotes the real part, the steady-state solution
y(x,t) of Eq. (1) will have the same time dependence,

y(x,t)=Re{y(x)e "'}, 3)

and Eq. (1) then reduces to the one-dimensional inhomoge-
neous Helmholtz equation,
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where k is the wave number,
w
k=;, v= T/;L (53)

and
q(x)=—f(x)IT. (5b)

We will call g(x) the effective force density, or simply the
force density.
The outgoing solution of Eq. (4) is well known to beb
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For displacements to the right (x>b) and left (x<a) of the
region of the applied force, y(x) reduces to

eikx b o,
y(x)|R=2ik J’ q(x")e™* dx' @)
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It is apparent from Egs. (7) and (8) that the excitations will
vanish everywhere outside the force region asx<b if

q(k)=0, g(-k)=0, )

with k given by Eq. (5a), and g(k) is the Fourier transform
of the force density, i.e.,

_ 1 b .
K== [ awe (10)

Nontrivial force densities that satisfy Eq. (9) will generate
displacements of the string only within the region of the
applied force, and will not produce any displacement outside
it. We will refer to such a situation as a nonpropagating
string excitation.

As a simple example of a nonpropagating excitation, let
a=-—L, b=L, L>0, and let the force be constant through-
out this domain:

Qo when |x|<L,

q(x)= 0  when |x|>L. (1)
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Upon substituting from Eq. (11) into Eq. (10) and requiring
that the two conditions (9) be fulfilled, we find that nontrivial
solutions occur if and only if

kL=nmr, (12)

where n=1,2,... . This result shows that a constant localized
force distribution within the region —L=<x=<L produces a
nonpropagating excitation only for certain special values of
kL. Using this result in the general expression (6) for the
displacement, one readily finds that

20 (1) cos ZE| when [x|<L
—(=1)" cos —| when |x|=
0 when |x|>L.

(13)

This displacement, along with the associated force density, is
shown in Fig. 1 for the cases n=1 and n=2. We note that
the displacement y(x) given by Eq. (13) is continuous ev-
erywhere on the string, in particular at the boundary of the
region of applied force. One can readily verify that the first
derivative dy(x)/dx is also continuous everywhere on the
string. In the Appendix, we demonstrate that this behavior is
a general property of excitations due to piecewise continu-
ous, localized force distributions. This fact leads to the fol-
lowing theorem about nonpropagating string excitations.

Theorem 1: A nonpropagating excitation on an infinitely
long string and the piecewise continuous force distribution,
assumed to be confined to a finite region a<x<b, which
generates it are related by the inhomogeneous Helmholtz
equation (4), subject to the boundary conditions

dy| _dy

dx| _~ dx
x=a

y(a)=y(b)=0, =0. (14)

x=b

This theorem implies that the nonpropagating excitations are
solutions to an overspecified Sturm-Liouville boundary-
value problem, because only one of the two sets of boundary
conditions (14) is required for a unique solution of the equa-
tion. Using Theorem I, one can construct numerous ex-
amples of nonpropagating string excitations. The theorem is
a one-dimensional analogue of a theorem in radiation
theory,* as is the following one.>

Theorem II: A force distribution, assumed to be confined
to a region a<x<b, which generates a nonpropagating ex-
citation on a infinitely long string, related by Eq. (4), is
orthogonal to every solution of the homogeneous Helmholtz
equation with wave number k.

To establish this theorem, let y(x) be a nonpropagating
excitation and q(x) the force distribution which generates it,
and let u(x) be any solution of the homogeneous Helmholtz
equation,

d*u )

a{ +k“u=0. (15)
We first multiply Eq. (4) by u(x) and Eq. (15) by y(x) and
subtract the equations from each other. We then obtain the
identity

d?y d*u
Uo7y Ef=q(x)u(x). (16)

On integrating both sides of Eq. (15) with respect to x
over the range a<x<b and then integrating by parts on the
left we obtain the relation

Berry et al. 122



a(x)/Q,

124

0.84

0.6+

0.4+

0.2+

Y, (A,

(b)

Fig. 1. Force density distribution g(x), shown in (a), which produces nonpropagating excitations (b):

nmx
Yax)=A, 1—(—1)" cos A when |x|<L
=0, when |x|>L,

with A,,=Qo/(n1r/L)2, k=nw/L, forn=1 and n=2.

b
[ dy du a7

b
Uy 2}-] = L g(x)u(x)dx.

According to Theorem I, the left-hand side of Eq. (16) van-
ishes and consequently
b
J q(x)u(x)dx=0, (18)
as asserted by Theorem II.

We conclude by noting that in the example that we have
presented, the force density which produced the nonpropa-
gating excitation is quite simple [see Egs. (11) and (12)].
This force density is, of course, not the only one with these
properties. Any localized force density which is a piecewise
continuous function of x and which obeys the conditions (9)
will produce nonpropagating excitations on the string.
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APPENDIX: CONTINUITY OF y(x) AND dy(x)/dx

Let g(x) be a piecewise continuous function on a finite
interval a<x=<b, with its only discontinuities at the points
Xo=da, X|,X3,..., X,=b. It is clear from the integral repre-
sentation (6) that y(x) is continuous at every point on the
line, and one can readily deduce from that equation that its
first derivative is continuous at every point with the possible
exception of the points x;, j=0,1,...,n, where g(x) is dis-
continuous. Now consider
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Xj‘q Xj-q

xj+52 2
f y q(x)dx
Xj— €
(j=0.,1,...,n), (A1)

with €,=0, €,=0, which follows from the differential equa-
tion (4). From this equation it is clear that

y’(x)lxj+e2-y'(-x)|xj—el
xjte xjt ey
= —kzj y(x)dx+J q(x)dx
xj-cl Xj-€|
(j=0,1,...,n).

Because y(x) is continuous and g(x) piecewise continuous,
it is evident on proceeding to the limits €,—0 and €,—0
that y’(x) is also continuous at the points of discontinuity of
q(x).
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