
10 OPTICS LETTERS / Vol. 24, No. 1 / January 1, 1999
Phase conjugation with random fields and with deterministic
and random scatterers
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The theory of distortion correction by phase conjugation, developed since the discovery of this phenomenon
many years ago, applies to situations when the field that is conjugated is monochromatic and the medium with
which it interacts is deterministic. In this Letter a generalization of the theory is presented that applies to
phase conjugation of partially coherent waves interacting with either deterministic or random weakly scattering
nonabsorbing media.  1999 Optical Society of America
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Since the publication of a pioneering paper by
Zel’dovich and collaborators,1 the possibility of correct-
ing various distortion effects imparted on a beam that
is incident on a scattering medium by the use of the
technique of phase conjugation has been confirmed by
many experiments (see, for example, Refs. 2–4). The
early theoretical analyses of this effect were based
on the paraxial approximation5 or on the first Born
approximation.6 Later treatments were based on
more accurate analyses that took into account higher-
order terms in the perturbation expansion for phase
conjugation involving a broad class of scatterers.7,8

In all of the theoretical investigations of this sub-
ject, it was assumed that the incident field is monochro-
matic and that the scattering medium is deterministic.
The question arises whether these assumptions can
be relaxed, i.e., whether it is possible to eliminate by
phase conjugation the effects of distortion imparted by
the medium on the incident wave when the wave is par-
tially coherent or when the medium is random.9 The
purpose of this Letter is to elucidate these questions.

We begin with a simpler problem, concerning the
effect of phase conjugation on a partially coherent
wave in free space. Consider a statistically stationary,
partially coherent wave field that is incident on a
phase-conjugate mirror, located in the plane z  z1.
For simplicity we assume that the incident field does
not contain any evanescent components and that the
mirror occupies the whole plane.

According to coherence theory in the space-
frequency domain (Ref. 10, Sec. 4.7, especially
Sec. 4.7.2), we may represent each temporal fre-
quency component of the field in terms of an ensemble,
denoted by curly brackets, hU sr, vdexps2ivtdj, of
monochromatic fields, each with the same frequency v.
The phase-conjugate mirror generates a conjugate field
on it surface at z  z1, represented by an ensemble
hU scdsr, vdjzz1 exps2ivtdj, with

U scdsr, vdjzz1  hsvdUpsr, vdjzz1 , (1)

where hsvd denotes the ref lectivity of the phase-
conjugate mirror.
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It will be convenient to decompose the position vector
r into a two-dimensional transverse vector component
r and a longitudinal component z so that r ; sr, zd (see
Fig. 1). Equation (1) then becomes

U scdsr, z1; vd  hsvdUpsr, z1; vd . (2)

According to a theorem derived in Ref. 11 (Theorem 6,
p. 1315), one has for all z # z1,

U scdsr, z; vd  hsvdUpsr, z; vd . (3)

The physically signif icant quantities are, however, not
the individual members U and U scd of the statistical
ensembles which represent the f luctuating incident
and the conjugated fields, respectively, but rather
their correlation functions, such as their cross-spectral
densities [Ref. 10, Sec. 4.3.2 and Sec. 4.7.3, Eq. (4.7–
60)],

W sr1, r2, vd  kUpsr1, vdU sr2, vdl , (4a)

W scdsr1, r2, vd  kU scdpsr1, vdU scdsr2, vdl , (4b)

Fig. 1. Illustrating the notation relating to the behavior
of waves in the vicinity of a phase-conjugate mirror
(PCM). hU sr, vdj and hU scdsr, vdj represent the statistical
ensembles characterizing the incident and the phase-
conjugate field, respectively.
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with the angle brackets denoting the ensemble average.
It immediately follows on substituting from Eq. (3) into
Eq. (4b) and using Eq. (4a) that

W scdsr1, r2, vd  jhsvdj2Wpsr1, r2, vd

when z # z1 . (5)

This relation shows that the cross-spectral density
of the conjugated field throughout the half-space
z , z1 is proportional to the complex conjugate of the
cross-spectral density of the field incident on the phase-
conjugate mirror.12 We note that because the
cross-spectral density is Hermitian with respect to the
interchange of r1 and r2 Eq. (5) may also be expressed
in the form

W scdsr1, r2, vd  jhsvdj2W sr2, r1, vd . (6)

From Eqs. (5) and (6) we may also derive a simple
relation between the spectral degree of coherence
(Ref. 10, Sec. 4.3.2) of the incident field,

msr1, r2, vd 
W sr1, r2, vdp

W sr1, r1, vd
p

W sr2, r2, vd
, (7)

and the spectral degree of coherence of the conjugated
field,

mscdsr1, r2, vd 
W scdsr1, r2, vdp

W scdsr1, r1, vd
p

W scdsr2, r2, vd
. (8)

It follows at once by making use of Eqs. (5) and (6) that

mscdsr1, r2, vd  mpsr1, r2, vd when z # z1 (9)

or, equivalently,

mscdsr1, r2, vd  msr2, r1, vd when z # z1 . (10)

At frequencies for which hsvd is nonzero, Eqs. (9)
and (10) are evidently independent of the mirror ref lec-
tivity. The degree of coherence of the field is, there-
fore, restored frequency by frequency by the phase
conjugation, even though the cross-spectral density
function W sr1, r2, vd may be significantly altered in
some cases.

Suppose next that a partially coherent incident field
is scattered by a deterministic medium and is then
phase conjugated. The conjugated field propagates
back toward the medium and is also scattered by it.
We will examine the relationship between the conju-
gated field after it has been scattered and the incident
field prior to scattering. Because of the complexity
of the problem we will assume that the incident and
the scattered fields do not contain evanescent compo-
nents and that the following additional conditions are
satisfied:

(1) The scatterer is weak in the sense that the scat-
tered field may be described, to a good approximation,
by the first-order Born approximation.

(2) The scatterer is nonabsorbing.
(3) Backscattering of both the incident and the
conjugated fields is negligible.

As before, we represent the incident and the conju-
gated field by ensembles of monochromatic realizations
hU sr, vdexps2ivtdj and hU scdsr, vdexps2ivtdj, respec-
tively. Let us suppose that the scattering medium is
located in the strip 0 , z , L and that the phase-
conjugate mirror, again taken to be infinite, is located
in the plane z  z1 . L (see Fig. 2). It was shown
in Ref. 6, Eq. (3.4), that under the assumptions stated
above, the conjugated field U scdsr, vd at any point in the
half-space z , 0, produced from an incident monochro-
matic field U sr, vd, are related by the equation

U scdsr, vd  hsvdUpsr, vd , (11)

where hsvd is again the ref lectivity of the phase-
conjugate mirror. This equation is identical with
Eq. (3), with sr, zd ; r, and hence the same conclusion
can be derived from it. Consequently, Eqs. (5), (6),
(9), and (10) hold in the half-space z , 0. This result
implies that under the assumptions stated above,
the presence of a deterministic scatterer in the strip
0 , z , L has no inf luence whatsoever on the partially
coherent conjugated field in the half-space z , 0.

Finally, let us consider the situation when the
incident field is partially coherent and the scatterer is
spatially random rather than deterministic but again
satisfies the assumptions stated earlier. The random
scatterer may be characterized by an ensemble of
deterministic scatterers, and the result that we just
derived will hold for each realization of the ensemble
of the scatterer. Consequently, the result just stated
holds not only for phase conjugation with deterministic
scatterers but also with random scatterers, irrespective
of the state of coherence of the incident field.

In the first part of this Letter we considered the ef-
fect of a phase-conjugate mirror on a partially coherent
field in free space. We found simple relations between
the cross-spectral density and the spectral degree of co-
herence of the incident field and of the conjugated field.

In the second part we considered correction by phase
conjugation of distortions imparted on a partially
coherent wave by scattering on a deterministic or
on a random medium. We found that in both cases,
provided that the scatterer is weak and nonabsorbing
and that backscattering is negligible, the distortion

Fig. 2. Illustrating phase conjugation of a partially co-
herent wave scattered by a medium occupying a volume
V . hU sr, vdj and hU scdsr, vdj have the same meaning as in
Fig. 1.
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of the incident field is completely canceled by phase
conjugation.
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