WAVE
MOTION

L EI Wave Motion 30 (1999) 125-134

Nonpropagating string excitations — finite length and damped strings
Greg Gbu#, John T. Foley, Emil Wolf &*

a Department of Physics and Astronomy and the Rochester Theory Center for Optical Science and Engineering, University of Rochester,
Rochester, NY 14627, USA
b Department of Physics and Astronomy, Mississippi State University, Mississippi State, Mississippi 39762, USA

Received 16 September 1998; received in revised form 9 December 1998; accepted 16 December 1998

Abstract

The existence of localized nonpropagating displacements of an infinite undamped string generated by a monochromatic
driving force was recently demonstrated theoretically. In this paper, the theory of these nonpropagating excitations is gener-
alized to the cases of (1) strings of finite length, (2) damped strings of infinite length, and (3) strings of infinite length driven
by a force whose oscillations have a finite bandwidth. ©1999 Published by Elsevier Science B.V. All rights reserved.

1. Introduction

In a previous publication [1], it was demonstrated that there exist localized monochromatic force densities which,
when applied to an infinite undamped string, generate no displacement of the string outside the region of the applied
force. These nonpropagating excitations are analogous to localized fields generated by non-radiating sources in
radiation theory, usually discussed in three dimension’.[Plowever, the circumstances under which excitations
of this kind were shown to exist are not in practice realizable. A real string will be finite, and its vibrations will be
damped. Moreover, the oscillations of the driving force will never be strictly monochromatic.

In this paper, we extend the theory of nonpropagating excitations to the cases of (1) strings of finite length, (2)
damped strings of infinite length, and (3) strings of infinite length driven by a force whose oscillations have a finite
bandwidth.

2. Nonpropagating excitations on a string of finite length

We first consider excitations upon a string of finite length, fixed at the endpoiats- L, x = L. The displacement
satisfies the wave equation [3]

2y(x, 1) 3%y(x, 1)
uw -T
a2 dx?

= f(x, 1), )
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whereu is the mass per unit length of the stririf,is the tension in the string, anfi(x, ¢) is the applied force
density (force per unit length). Waves on the string are subject to the boundary conditions

y(=L,t) =y(L,t) =0. @)

To begin with, we restrict ourselves to simple harmonic driving forces, of the form

[, 1) = Re{f(x)e™}, €)
where Re denotes the real part. The steady state solution of Eq. (1) will have the same form, viz.,
y(x, 1) = Re{y(x)e™}. )

Eg. (1) then reduces to the inhomogeneous one-dimensional Helmholtz equation,

d? 2
[a§+k]yu)=qux (5)
subject to the boundary conditions
y(=L)=y(L)=0. (6)
In Eq. (5),
k = (i), V= \/Z’ (7)
v 2
and
).
q(x) = T (8)

Herek represents the wave number antepresents the speed of the propagation of waves on the string.
The steady-state solution of Eq. (5), for a given force dengity localized in the region < x < b, is given by

(3]

b
y(x) :/ G(x, x)gx)dx’, 9)
a
with the Green’s function
1 sink(x + L) sink(x’ — L) —L<x<x' <L
N —_- ’ s
G“”)‘kgn%Lx{smux—meuﬂ+LL ~L<x <x<L. 4o

To begin with, we assume the string is driven off-resonance, ké. ;2 ns, n being any positive integer. In such
a case, the Green'’s function is well-behaved, and the displacement to the right (R) and left (L) of the applied force
is given by the expressions

1 _ b
yX)|R = Cen L sink(x — L) |;/(; sink(x" + L)g(x) dx/] , (12)

1 b )
y)|L = Csn AL sink(x + L) |:/a sink(x" — L)g(x") dx ] . (12)
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Using an elementary trigonometric identity in Egs. (11) and (12), we find that the solutions will be nonpropagating,
i.e.y(x) =0forx < aandx > b, when

b b
/ sinkx'q(x") dx’ = / coskx’q(x)dx' =0 (13)
or, equivalently, when
b iy b ’
/ e—lkx q(x/) dx/ — / elkx q(x/) dx/ — 0 (14)
a a

On comparing these relations with Egs. (9) and (10) of [1], we see that the conditions for nonpropagation on a
finite string with end points fixed are the same as the conditions for an infinite string. This result is perhaps not
surprising, because the nonpropagating solutions vanish identically outside a finite domain and it does not matter
where the ends of the string are, or what boundary conditions are placed upon them. The constraint that the end points
of the string are fixed does not influence the existence of nonpropagating excitations. We might expect, therefore,
that the nonpropagating solutions should be independent of the lehgthtBe string, and be well-behaved even
for values ofk L associated with resonance, i.e. when

2kL = nr. (15)

Using Eq. (9) to determine the displacement in the interior of the region of the applied force (labeled by the
subscript IN), we find that

1 . b . . b
YOIN= o {smkx cossz/ q(x") sinkx’ dx’ — coskx smsz/ q(x") coskx’ dx’
a a
1 b
+§ coskx sin 2ka sgnx’ — x)q(x) sinkx’ dx’
a
1 b
-5 sinkx sin 2kL/ sgnx’ — x)q(x") coskx’ dx’} , (16)
a
where
/ _ 1 x’ > X
s -0 ={ 4 LI an

Since a nonpropagating excitation satisfies Eq. (13), the first two terms of Eq. (16) vanish and the displacement
within the region of the applied force becomes

1 b b
y@)|IN = % {coskx/ sgnx’ — x)g(x") sinkx’ dx’ — Sinkx/ sgn(x’ — x)g (x") coskx’ dx’}

1 b
= sin(k|x — x'|)g (x") dx’, (18)

which, as expected, is independent of the length of the string.

3. Damped strings of infinite length

Let us now return to an infinitely long string, and consider the effect of a damping force per unit Rigtbr
(whereR is a constant) upon the existence and behavior of nonpropagating excitations. In this case we have, instead
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of Eqg. (1), the more general wave equation [3]

8%y (x, 1 3%y (x,t Ay(x,t
YOO 90D Loyt

a1 dx2 at

Restricting ourselves to simple harmonic driving forces and the corresponding steady-state solutions (3) and (4),
Eq. (19) reduces to a one-dimensional inhomogeneous Helmholtz equation with a complex wave number,

f(x, ). (29)

D [ i v = - L2 g, (20)
The solution to Eq. (20) can be shown to%be
1 (% v
Yo =55 P rlg (v, (21)
with

©?  wR 1 R \2]"? 1 R \2]"?
= [—+i—=k |=]||1 — 1 ik |=1]|1 — -1}). 22
P T/M+IT 2 [ +(uw>} T2 [+<Mw>] (e2)
Herek, as before, is given by Eq. (7). This solution Eq. (21) represents exponentially damped waves propagating
away from the region of the applied force. In the limit of weak damping, i.e. when
R < po, (23)

B may be approximated as

1liR R
ﬁ%g-k—l—:k—{—ia, o= —. (24)
v 2uv 21w
This approximation is likely to hold for many situations of practical interest.
To the left (L) and right (R) of the applied force, the excitation is given by the expressions
— @ X X / d /. 25
ol = e [ g0 ds (25)
1 b
y®)r = ﬁelﬁxfa e P g(x)dx'. (26)
These excitations will vanish outside the region of the applied force if and only if
b H / ’
/ ek ey (xydx’ =0, 27
b H ’ /
/ e—lkx +ox q(x/) dx’ = 0, (28)
a

where the expression (24) fgrwas used. The appearance of the terin the exponential term in Egs. (27) and
(28) results in a non-trivial departure from the theory of the undamped string.

2Eq. (19) is an obvious modification of the solution for the undamped infinite string, discussed in [3].
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Fig. 1. The (normalized) amplitud@(xo)|R|/Qox§ of waves propagating to the right of the region of the applied force, evaluated at the
boundaryxg. Though never strictly zero, the wave amplitude has a minimum, approximately when the frequency satisfies Eq. (30). In this

examplepxo = 0.07.

To see the difference, consider the step function force

no_ Qo x| <xo
q(x) = {0 otherwise (29)

In [1], the force density represented here by Eq. (29) was shown to give nonpropagating solutions only for values
of kxg such that

kxo=nn, (=123 ...). (30)

However, we are now interested in learning about nonpropagating solutions which may exist for this force
distribution on a damped string. Using this force density in Egs. (27) and (28), we find that the step function force
will generate nonpropagating excitations if and only if

tankxg + itanhaxg = 0. (32)

This equation can be satisfied only fer= 0, i.e. for the undamped case. On a string with damped oscillations,
the step function force never generates nonpropagating excitations. The special vakiegiwdn by Eq. (30) are

now only approximate minima in the displacement amplitude. In order to see this, let us consider the amplitude of
the field to the right of the region of applied force in the limitas> xo,

1 Qo 4 1/2
X ==~ _e *9[coshxg— cos %xg]/?. 32
|y (x0) IRl AT [ 0 ol (32)
If we vary the wave numbd, we see that for@xp <« 1, the minima of intensity occur roughly at the valueg.af
given by Eq. (30) (See Fig. 1.)
This example raises the question of whether or not nonpropagating excitations can exist on a damped string. It is
clear, though, that the displacemertt) and the force distribution that generates it are still related by a Helmholtz
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equation. Hence, by the same arguments as those given in the Appendix of [1], the field and its derivative must be
continuous at all points. Theorem 1 from that paper can then be modified for the case of a damped string as follows.

Theorem: A nonpropagating excitation on an infinitely long damped string and the piecewise continuous force
distribution confined to the regiam < x < b that generates it are related by the one-dimensional inhomogeneous
Helmholtz equationEq. (20),with complex coefficients, subject to the conditions

dy

y(a) = y(b) =0, &

_ %
T odx

X=a

=0. (33)

x=b

In general, the relation between the displacement of a localized excitation and the force distribution that generates
it, is more complicated for solutions on the damped string, due to the complex coefficient in the Helmholtz equation
(20). One can, however, create nonpropagating excitations with relatively simple force distributions, as the following
example shows. Let

Qo lx] < xo
gix) =1 01 X0 < |x| <x1 (34)
0 x1 < |x|.

Since this force distribution is symmetric about the paint 0, we need only to satisfy one of the Egs. (27) and
(28). We will attempt to choose the coefficients in Eq. (34) to satisfy Eq. (27)

xl H 4 / xO H ! / _XO H / s xl H ’ !
/ eIk)c —ax q(x/) dx/ — QO/ eIkx —ax dx/ + Ql {/ eIk)c —ax dx/ +/ eIk)c —ax dx/} ) (35)
—x1 —X0 —X1 X0
This relation leads, after some calculation, to the formula
.X']_ H ’ ’ 2| . . .
/ e g () dy = T {Q1[ sinkx1 coshax; + i sinhaxy coskx1]
—x1 —o
+[ Qo — Q1] sin kxg coshaxg + i sinhaxg coskxp]} . (36)

To satisfy Eq. (27), we therefore require that the real and imaginary parts of Eq. (36) vanish, i.e. that
Q1 Sinkx1 coshaxy + [Qo — Q1] Sinkxo coshaxg = 0, 37)
Q1 sinhaxy coskxy + [Qo — Q1] sinhaxg coskxg = 0. (38)

This set of equations has many solutions; we will only consider one of them. First, we note that if we choose

x1=%, xg=mmak, n>m>0, (39)

Eqg. (37) is automatically satisfied, and Eq. (38) reduces to

i 01— Qo . sinhaxy

-1 = .
( 01 sinhaxg

(40)

Let us choose botl andrn to be even. The right-hand side of Eq. (40) exceeds unity and it is therefore clear that
there exist choice®o < 0, Q1 > 0 such that Eq. (40), and consequently Egs. (27) and (28), are satisfied. An
example of such a force distribution is shown in Fig. 2; unlike the step function force given by Eq. (29), it generates
true nonpropagating excitations on a damped string.

We may also examine nonpropagating excitations on a finite damped string with fixed end points. It is clear,
though, from the arguments given in this section and in Section 2, that the results are unchanged when the string
is of finite length. The nonpropagating excitations, damped or undamped, are not influenced by the length of the
string.
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Fig. 2. An example of a force distribution which generates nonpropagating excitations on an infinite damped string, as given by Eq. (34). Here
kxo = 27, kx1 = 47, anda/k = 0.01.

4. Quasi-monochromatic driving forces

In [1], it was demonstrated that a monochromatic step function driving force generates nonpropagating displace-
ments only for certain frequencies, given by Eq. (30). We will now consider a similar force distribution on an
infinite undamped string which has oscillations over a range of frequencies, in order to learn how nonpropagating
solutions affect the behavior of waves on the string. More specifically, we consider a simple quasi-monochromatic
force distribution with random phase fluctuatian@) and center frequeneyo, given by the expression

f(x,t) = 2F (x) cos px(¢) — wot], (42)
where
| Fo |x| < xo0
Fx) = { 0 |x| > xo, (42)

andu (¢) is a stationary random function. The second order correlation properties of the force density are characterized
by the function

Lp(x1, x2, T) = (fx(x1, 1) fa(xa, t + 1)), (43)

wherefa (x, t) is the complex analytic sighal representatiorf f, r) [4] and the sharp brackets denote an ensemble
average. It can be shown that, for a quasi-monochromatic signal of the form of Eq. (41), one has to a good
approximation [5]

falx, 1) = F(x)ele®—eor, (44)
On substituing this expression into Eq. (43), one finds that

T f(x1, x2, T) = F(x1) F(xp)(e™'%® gat+0)givor (45)
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Let us assume that the ensemble average in Eq. (45) has the form of a Gaussian distribution, i.e. that
(efia(t)eia(H»t)) _ e7t202/2. (46)
The cross-spectral density of the source is then given by the expression
1

1 [ i
W (a1 52, @) = o / [ f(x1, 2, DEY AT = F(xp) F (x0) —m—e @002, (47)
’ 21 ) o - o
We show in the Appendix that the cross-spectral density of the displacement at points to the right of the source
is given by the formula
(2m)?

Wy (x1, X2, ®) = inff(—k, k, w)e k=32 (48)

whereW ; is the two-dimensional Fourier transform of the force density, i.e.

- 1 00 : _
Wi(—ka, ko, w) = Wﬁm / Wi (x1, x2, a))elklxli'kzx2 dxq dxo. (49)
The total ‘wave intensity’, here labelddx), is given by the formula

I(x) = (yi(x,Dyalx,0)) =T,(x,x,0) = fo Wy(x, x, ) do, (50)

wherey, (x, t) is the complex analytic signal representationy¢f, 7). Substituting from Eqgs. (43),(48) and (49)

into Eq. (50), the wave intensity is found to be given by the expression

Fo [Rlsinkl® 1 oozt gy, (51)

T2 0 k4 \/ZO’

This expression is, of course, only approximate because of the approximation leading to Eq. (44). Any realistic
force spectrum would not include a constént= 0) driving component. In the calculations which follow, we will
neglect all components of the force spectrum beyond a distan@®fh the center frequency.

It is clear from Eq. (51) that for this force density, nonpropagating solutions do not exist. Nevertheless, the
nonpropagating phenomenon still affects the behavior of outgoing waves. To see this, consider a situation as described
above for which the center frequeney of the driving force may be adjusted. If the bandwidth of the driving force
is sufficiently narrow, one would expect the intendity) of the waves propagating away from the region of applied
force to approach local minima as the center frequency approaches values for whiigx&in) = 0, i.e. values
forwhichwg/v — nm/xg. This effect can be seen in Fig. These special frequencies correspond to the frequencies
for which a constant monochromatic force distribution produces nonpropagating solutions.

The example presented here illustrates the phenomenon of correlation-induced spectral changes which has at-
tracted a good deal of attention in recent years [7]. In the present case, the force spectrum is independent of position
throughout the region of the applied force and is given by the expression

I(x) =

1
Sp(r ) = Wrx, x, 0) = | Fol2——e™@=@0%/2% || < xq. (52)

V2ro

The spectrum of waves propagating away from the region of applied force, however, is given by the expression

F2[sinkxo)?2 1 292
S s = W/ ) s X, = —O——e_(w_w()) /26 N
@)= O = 1

which is clearly different from the spectruffy of the applied force.

(53)
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Fig. 3. The normalized intensityof waves propagating away from the region of applied foice, /276 T21 (x)/FZ, scaled by the fourth
power of the center frequenayy, with the choicerxg/v = /4. 1(x) is given by Eq. (51), andlis independent af.
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Fig. 4. The normalized spectrum of the applied force density and the string displacement, with thewghgjee= 4, oxp/v = /4. The

normalized spectrum of the force density is defined by the expressian = (Sy(x, w))/(f0°°Sf (x, ®') dw’) with a similar expression for
sy(w), the normalized string displacement spectrum.
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The normalized spectrg (w) ands,(w) are plotted in Fig. 4 for the case whelgxo/v = 47, oxo/v = /4.
We see that whilst the force spectrum has a single peak, the wave spectrum has two peaks because the frequency
o = 4mv/xg IS nonpropagating.
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Appendix A. Derivation of Eq. 48

In order to derive the formula (48) we will use the space-frequency domain formulation of coherence theory [6].
According to this theory, the cross-spectral density of a fluctuating wavefield sych,a$ may be represented as
an average taken over a suitable chosen ensemble of strictly monochromatic waygfieldse'*'}, all of the
same angular frequeney, in the form

Wy (x1, x2, ) = (7" (x1, ©)§ (x2, ®)). (A.1)
A similar representation exists for the cross-spectral density function of the source
Wy (x1, x2, ) = (f*(x1, ) f (x2, ). (A2)
It follows from Egs. (6) and (8) of [1] that to the right of the sourges b,
gkx b _ .
J(x, w) = _ZikT/a Fx, w)e ™ dy'. (A.3)

Upon substituting this result into the left-hand side of Eq. (A.1) and using Eq. (A.2), we find that

borb R ! (2m)? - it
/ / W (x], xb, @)X 0172 dx] dh = ——— Wy (—k, k, 0)e* 270 (A.4)
a Ja (ZkT)

gk(x2—x1)

Wy(x1, x2, w) = "o

whereW is defined by Eq. (49).
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