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Abstract

The quasi-homogeneous approximation, often used but never rigorously justified, is carefully derived for primary,
three-dimensional, scalar radiation sources. The derivation indicates that nonradiating quasi-homogeneous sources do
not exist. The relevance of this result and its derivation for the inverse source problem is discussed. © 2001 Elsevier

Science B.V. All rights reserved.
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1. Introduction

Consider the following question: Can an ob-
server, given measurements of the wave field
(acoustic, electromagnetic, or otherwise) generated
by a three-dimensional primary radiation source
(deterministic or random), determine worthwhile
information about the structure of that source?
Such an inverse problem is of potential importance
in acoustics, optics, astronomy, and the earth sci-
ences.

The near unanimous answer given to the above
question by a wide variety of authors over the past
30 years is “no”’ [1]. The hypothetical existence of
the ironically-named nonradiating sources [2], i.e.
sources which produce no radiation outside their
domain of support, implies that the inverse source
problem is nonunique.
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Nonradiating sources have been described for
both scalar [2] and electromagnetic [3] radiation
problems, and are a general feature of many sys-
tems with wavelike behavior. ' They have been
shown to exist in deterministic systems, in ran-
domly fluctuating systems [5], and even in one-
dimensional wave systems [6,7]. This widespread
and very robust nonuniqueness in the inverse
source problem has left it more a curiosity than a
field of research.

However, it is known that for incoherent
sources, whose spatial correlation properties may
be represented by a delta function, the inverse
problem is unique [8]. For such sources, a band
limited version of the source intensity can be recon-
structed from measurements of the cross-spectral
density of the field. This uniqueness is not sur-
prising in light of the fact that nonradiating

"' See Ref. [4] for a list of wave systems which exhibit

nonradiating behavior.
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sources arise from a complicated interference phe-
nomenon [9].

Furthermore, several papers have suggested
that the inverse source problem for quasi-homo-
geneous sources is unique, allowing reconstruction
of the source intensity or spectral degree of co-
herence from field cross-spectral density measure-
ments, if one has sufficient prior knowledge of the
source [10,11]. A quasi-homogeneous source is one
whose cross-spectral density is well approximated
by the form

r,+r
WQ(I‘171’27(U)ZIQ(%»(U)NQ(U—ILCU% (1)

where Iy, the source intensity, is a slowly varying
function of position compared to the width of the
spectral degree of coherence y, (see Fig. 1). Such
sources, which have an extremely small coherence
volume, are said to be globally incoherent. Sources
with delta correlations, as mentioned above, are a
subclass of the set of quasi-homogeneous sources.

The quasi-homogeneous approximation has
been used quite often since its introduction, both
in modeling scatterers [12-14] as well as modeling
sources [15]. It has also been used to elucidate the
foundations of radiometry [16-18].

As prevalent as it has been in statistical optics,
however, the quasi-homogeneous approximation
has not as yet been put on firm mathematical
ground. It seems that only one other paper to date
has examined its foundations, and only for the
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Fig. 1. Illustrating the conventional requirement for the validity
of the quasi-homogeneous approximation. At a given frequency
o, the spectral density Ip(r,®) must be a ‘slowly varying’
function of position relative to the spectral degree of coherence
Ho(r, @).

class of Gaussian Schell-model sources [19].
Probably because of this, the question of unique-
ness in the quasi-homogeneous inverse source
problem is still open, ? and few attempts have been
made to investigate possible methods of inversion.
In this paper we will present an analysis of
the quasi-homogeneous approximation for three-
dimensional statistically stationary radiation
sources in the space-frequency domain. From this
analysis we find that nonradiating quasi-homoge-
neous sources do not exist. This result suggests
that the inverse source problem is unique for the
class of quasi-homogeneous sources. Furthermore,
our analysis of the quasi-homogeneous approxi-
mation leads to simpler methods, requiring less
prior knowledge, of solving the inverse quasi-
homogeneous source problem than those presented
in earlier work. These results therefore broaden the
class of sources for which the inverse source
problem is known to be uniquely solvable to in-
clude the class of quasi-homogeneous sources.

2. Derivation of the quasi-homogeneous approxima-
tion

Consider a three-dimensional, primary, ran-
dom, scalar radiation source ¢(r, ), confined to a
domain D (see Fig. 2). We assume that its fluctu-
ations are stationary, at least in the wide sense [21,
Section 2.2]. The mutual coherence function of the
source distribution is defined by the formula

Lo(r,r2, 1) = (q"(r1,)q(r2, 1 + 7)), (2)

where the angular brackets denote ensemble av-
eraging. This function describes the correlation of
the source fluctuations at pairs of points within the
source. More useful for our purposes, however, is
the cross-spectral density, defined as the Fourier
transform of the mutual coherence function viz.,

Wo(ri, 1, ) = % /FQ(rl,rz,r)e”’” dr. (3)

The cross-spectral density may be expressed in
the form

2 Though one earlier paper [20] hinted that a certain class of

quasi-homogeneous sources must radiate.
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source ¢(r,f)

Fig. 2. Illustrating the notation used in describing radiation
from a primary source g(r, 7).

r17r27 \/[Q l'], \/[Q 1'2, .uQ I, n,o )
= hQ(rla )hQ(rZa )/’LQ(rhrZaw)a (4)

where ho(r,w) = \/Ip(r,w). Because of the as-
sumed stationarity, different frequency compo-
nents of the cross-spectral density are uncorrelated;
we will therefore confine our analysis to a single
frequency component and will not display the
dependence of the various quantities on w. In
Eq. (4), Ip(r) is the source intensity and p,(r, 1)
is the spectral degree of coherence, which is defined
as

WQ (1‘1 ) 1'2)
\/WQ(T],]‘])\/WQ(I‘z,l‘z)
It is to be noted that u,(r;,r;) is undefined for
ri,r; € D. The absolute value of the spectral degree

of coherence can be shown to be restricted to the
range

(5)

:uQ(rl»l‘Z) =S

O<|,LLQ(1'1,I‘2)|<1. (6)

The extreme value zero represents spatial inco-
herence and the value unity represents complete
spatial coherence at frequency o.

For a scalar source of this kind, the cross-
spectral density of the radiated field far from the
source can be shown to be given by the formula
[21, Section 5.2]

2m)° .
Wu(R1517R252) = (R R) eXp [lk(Rz —Rl)]
11442
x Wo(—ksi, ks), (7)

where

( kSl s k52

//WQ 1'1,1'2

x exp | —ik(sy -1y — sy - 11)]
X d r d r (8)

is the six-dimensional spatial Fourier transform of
the source distribution, and k = w/c is the wave
number of the radiation.

It should be clear from Eq. (7) that all informa-
tion about the source structure that is obtainable
from the cross-spectral density of the field is con-
tained within the function Wy, and we will therefore
focus our investigation upon that function.

Substituting from Eq. (4) into Eq. (8), we may
express Eq. (8) in the form

//hQ I hQ I ,uQ(l'l,l‘z)

x exp [ —ik(sy -1y — 81 -17)]
X d }"ld r. (9)

( kSl,kSQ

Let us assume that the source correlations are
homogeneous, i.e. that

to(ri,12) = pio(ra —11) (10)

for all points within the source domain. A source

for which Eq. (10) is satisfied is known as a Schell-

model source. Changing the variables of integra-

tion to

r+n

— 11
2 ’ ( )

we may express Eq. (9) in the form

~ 1

Wo(—ksi,ks;) = — /MQ[k(SZ = s1),1]ug(r)
(2n)

X exp [—ik(s1 +SZ> ~r} d*r,

2
(12)

r=r,—r, R =

where

MK, ] = /hQ<R+%>hQ(R—%)e‘iK'Rd3R.

(13)

It is to be noted that My is of finite extent with
respect to the r variable, because the function A is
of finite extent. Also, because the function 4, is
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nonnegative (hy describing, as before, the square
root of the source intensity), M, satisfies the in-
equality

|Mo[K, r]| <Mp[0,r] for all r. (14)
From these two properties it is clear that if we
define a function B(r) by the formula

B(r) =0 {r: My(0,r) =0}
=1 {r: Mpy(0,r) # 0}, (15)

we may incorporate this function into the inte-

grand of Eq. (12) without changing the value of

that integral. This is allowable because the domain

of support of My(K,r) is always smaller than and

contained within the domain of support of B(r).
On substituting B(r) into Eq. (12), we have

VVQ(—kSI,kSZ> = ﬁ /MQ[k(Sz — sl),r]yg(r)

X exp [—ik(s1 +Sz) -r} d’r,

2
(16)

where we have defined
15(r) = B(r) g r). (17)

From the usual description of the quasi-homoge-
neous approximation, we expect that Eq. (16) will
reduce to a quasi-homogeneous form if Ay is a
“slowly varying” function of position with respect
to the “width” of 7. This is a global requirement,
however, in that it must hold for all locations
within the source domain. It would seem more
appropriate, then, to convert Eq. (16) into an in-
tegral involving the Fourier transforms of Ay and
13- We introduced the function B(r) for this pur-
pose; the function p, is by itself undefined for
values of ry, r, not contained within the domain of
support of B(r) (see Eq. (5)).

As both My, and ,ug are functions of finite sup-
port, they each have a Fourier representation, i.e.

KO) /MQ K07 ] 1Krd3 (18)
and

yin) = [ K oK. (19)

From Eq. (16), we see that I7VQ is the Fourier
transform of a product of two functions. By the
convolution theorem, W, may therefore be written
as the three-dimensional convolution of the Fou-
rier transforms of these functions, so that

( kS],kSz /MQ S2—Sl K]

x ,13 {k(sl +52) —K} &K

0 2
(20)

Substituting from Eq. (13) into Eq. (18), one can
show that M, may be expressed in the form

[l(()7 ] (27'[) ﬁ*Q[le 7%K0]]71Q[7K1 +%Ko]

(1)
Substituting from this expression into Eq. (20),
and changing the variable of integration from K to

—K, we arrive at the result that
_ - 1
WQ(—ksl,ksz) = /hQ |:K - Ek(sz - Sl):|
~ 1
X hg {K +§k(sz - sl)}

< iy [K+ k(202 )] dk.

2
(22)

Eq. (22) is an exact expression for I7VQ, equivalent
to our defining formula, Eq. (9). We have as yet
made no approximations. Because each of the
functions Ay (K) and fiy(K) is the Fourier trans-
form of a function of finite support, each is the
boundary value of an entire analytic function in
three complex variables [22, p. 353]. A conse-
quence of this analyticity is that if /p(r) and ug(r)
are both nonnull functions (which is true if
Wy(r1,12) # 0), then both /y(K) and fiy(K) are
functions of infinite support; neither may vanish
on a domain in K-space larger than a two-dimen-
sional manifold. We will use this property shortly.

Although EQ(K) is of infinite support, it must be
negligible for large values of |K|, because its Fou-
rier transform exists (which suggests that it decays
sufficiently rapidly for large K). Let us assume that
ho(K) is narrow enough that the integrand in
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Eq. (22) is negligible for values of |K| larger than
some parameter o, i.e. that

ho(K) = 0 for all K| > a. (23)

This requirement, which states that /,(r) contains
few high-frequency spatial Fourier components,
suggests that it is slowly varying over spatial dis-
tances on the order of 1/a. It is not then difficult to
show that the integrand in Eq. (22) will be ap-
preciable only for K values such that |K| <a. We
have already noted that fij[k((s) +s,)/2) + K] is
the boundary value of an entire analytic function
of three complex variables; it follows that it is
differentiable to all orders and can be expanded in
a Taylor series around the point K = 0, i.e. that

k(M 5) + K] = 3 v

X ﬁg (K) |K’:k(sl +s7)/2° (24)

If o is sufficiently small, the first term of this series
will dominate the integral in Eq. (22). This con-
tribution, which we denote by W, may be written
as

~ ~ 1
WQO(—ksl,ksz) = /h; {K - Ek(Sz - Sl)}

~ 1
X hg {K +§k(sz — sl)]

x i [k(sl JZFSZ)] &K, (25)
The term involving /i, is now independent of K,
and may be removed from the integrand. The in-
tegral may then be evaluated using the definition
of the Fourier transform of 4y, and WQO may be
written as

(ks kse) = Folk(sn — sl (25,

2

(26)
where
~ 1 .
oK) =— /IQ(r)e"K"d3r (27)

(2m)

is the Fourier transform of the source intensity
Io(r).

Eq. (26) is equivalent to the Fourier transform
of the cross-spectral density of a quasi-homoge-

neous source, as can be seen by substituting Eq. (1)
into Eq. (8). Note that this result differs from the
usual statement of the quasi-homogeneous ap-
proximation by the appearance of the function ﬂg,
rather than the ill-defined ji,. The quasi-homoge-
neous approximation therefore consists of using
only the first term in the Taylor series expansion
of ﬁg in the Fourier domain. As can be seen by
considering Eq. (22), this approximation is only
valid when /if(K) is constant within a sphere of
radius o centered on K = k(s; +s;)/2. If the ap-
proximation is to be valid for all directions s; and
sy, then [if(K) must be nearly constant within
every sphere of radius « for all K values such that
|K| <. Thus the value of f}(K) cannot change
significantly over any distance o, although it may,
for small o, change considerably over a distance k.
This assumption will form the basis of our analysis
of the inverse quasi-homogeneous source problem,
discussed in Section 4.

It is to be noted that these statements are in
agreement with the usual justification of the quasi-
homogeneous approximation, because of the re-
ciprocal nature of a function and its transform. If
g’é(K) is very slowly varying in comparison to
ho(K), then hy(r) must be very slowly varying in
comparison to ug)(r).

It would be remiss to talk about the quasi-
homogeneous approximation and properties of
quasi-homogeneous functions without some dis-
cussion of conditions under which a given source
cross-spectral density is quasi-homogeneous. We
will discuss this problem in Appendix A.

3. The nonexistence of quasi-homogeneous nonradi-
ating sources

Two conclusions may be immediately drawn
from our careful analysis of the quasi-homoge-
neous approximation. First, it is to be noted that a
given source cross-spectral density will factorize in
the form of Eq. (26) only if ﬁg(K) is constant for
all K values. Formally, the inverse Fourier trans-
form of a constant function is proportional to a
delta function, and therefore a cross-spectral
density will only factorize if it is delta correlated.
For any other source with a sufficiently narrow
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correlation function uf(r), this factorization is
only approximate.

Second, it is to be noted that since the functions
fig and I, are each the boundary value of an entire
analytic function in three complex variables, nei-
ther function may vanish throughout a region of
K-space with dimensionality greater than that of a
surface, and likewise their product may only van-
ish on surfaces in K-space. It is therefore not
possible for WQ0 to vanish for all pairs of directions
s; and s,, unless WQO vanishes identically. Therefore
nonradiating quasi-homogeneous sources do not
exist.

This result has important consequences for the
inverse source problem. The nonexistence of non-
radiating quasi-homogeneous sources suggests
that, if a source is quasi-homogeneous, some un-
ique information about the source structure can be
determined from measurements of the radiated
field outside the source. We will discuss precisely
what structural information can be recovered in
the next section.

4. The inverse problem for quasi-homogeneous
sources

In Section 2, we derived the quasi-homogeneous
approximation through a careful analysis of radi-
ation from globally incoherent sources. From this
derivation we demonstrated the nonexistence of
nonradiating quasi-homogeneous sources. This
result suggests that the radiation of every quasi-
homogeneous source possesses a unique ‘‘signa-
ture” that distinguishes it from every other, and
that by measurements of the radiation emitted by
such a source we may determine some of its
structural features. We now consider briefly what
sort of structural information may be obtained.

We have seen that when a source is quasi-
homogeneous, the function [)(K + Ko) must be
effectively constant for all |K| < , for every |Ko| <
k. Then the cross-spectral density of the field far
from the source is proportional to WQ0 (—ksy, ksy),
given by Eq. (26).

Let us assume that measurements of the cross-
spectral density of the field of a quasi-homoge-
neous source have been made for all directions s;

and s,. If we consider only field data for directions
of observation such that

2
’kSI +SZ‘ g(xz’ (28)
the Fourier transform of the spectral degree of
coherence will be effectively constant over this
range and may be replaced by its value at the or-
igin, f},(0). The function WQO(—ksl,ks2) may then
be written as

W (—ks1,ksy) = Iplk(sy — s1)]ii(0). (29)

The inequality (28) is equivalent to considering
only directions of observation in the range

4k — 4o <IP|sy — 81| <4k, (30)

where the upper limit is determined by the maxi-
mum value of k|s; — s].

Using the values of (s, — s;) given by Eq. (30),
we may determine, up to an arbitrary multiplica-
tive constant ji7)(0), the Fourier components of
Ip[K] which lie within the spherical shell defined
by Eq. (30). From this information we may use
Fourier inversion to reconstruct a ‘“high pass”
filtered version of the intensity function, Ip(r).

This reconstruction procedure has only two
undetermined parameters which are unobtainable
from field measurements: the value of ji5)(0), as
mentioned above, and «, which determines the
allowed Fourier components, as in Eq. (30). Ear-
lier quasi-homogeneous inversion methods de-
scribed in the literature require knowledge of the
value of ji,(K) over a continuous domain, either
throughout the volume |K| <k [10] or along a ra-
dial line within that volume [11].

It is to be noted, however, that in deriving the
quasi-homogeneous approximation, we have as-
sumed that 7, (K) is negligible for all |K| > «; this
suggests that Ip(K) is negligible for all |K| > 2a
(this can be shown by using the convolution the-
orem on Iy(r) = |hy(r)[*). In order, then, that our
reconstruction contains nonnegligible Fourier
components of the source intensity /y(r), we re-
quire that 4k> — 40 <402, i.e. that

o > U (31)

This requirement indicates that the usefulness
of reconstruction methods for quasi-homogeneous
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sources depends upon the relation between the
width of I, and the wavelength /. = 2n/k. Other
reconstruction schemes may be used which take
better advantage of the relative values of these
parameters, as well as the width of ,ug.

We have so far only considered reconstruction
of the intensity of the source; we now briefly ex-
amine the possibility of reconstructing the spectral
degree of coherence. Let us assume that we know
the source intensity /y. For a quasi-homogeneous
source, the Fourier transform of the source in-
tensity is negligible for all |[K| > 2u; therefore the
only field data available for reconstructing the

degree of coherence is that for which
k|Sz — S]| < m1n[2fx,2k} = ﬂ (32)

Eq. (32) may be rewritten to show that the only
nonnegligible field data is that for which

e B
4

‘gk (33)

This formula defines a spherical shell within which
are all the Fourier components which may be used
to reconstruct the spectral degree of coherence.
The radial width of this shell, however, is always
comparable to «. For the quasi-homogeneous ap-
proximation to be valid, however, ﬁ‘g must be
constant across any radial distance «. The Fourier
information available for reconstruction of the
spectral degree of coherence, then, contains little
or no information about that function’s radial
structure, and will not give an accurate recon-
struction. From this argument it seems evident
that the spectral degree of coherence cannot be
reliably reconstructed for quasi-homogeneous
sources.

Acknowledgements

This research was supported by the Engineering
Research Program of the Office of Basic Energy
Science at the Department of Energy under grant
DE-FGO02-90ER 14119 and by the Air Force Of-
fice of Scientific Research under grant F 49620-96-
1-400.

Appendix A. Conditions for quasi-homogeneity

We have seen that the requirement for the va-
lidity of the quasi- homogeneous approximation is
that the function jif)[K + Ko] be effectively constant
for every value of K such that [K|<a, for any
|Ko| <k. In this appendix we will express this
condition in a form which may be used in a
straightforward manner to determine if a given
correlation function may be considered quasi-
homogeneous.

Instead of using the complete Taylor expansion
for the spectral degree of coherence given by Eq.
(24), let us consider the finite Taylor expansion
given by

1
- 0

ip[Ko + K] = ji5[Ko] + / alﬂQ[lK + Kol dl.
0

(A.1)

This expansion of fi}, can be verified directly by
carrying out the integration on the right-hand side
of Eq. (A.1). The first term of this expansion re-
sults in the quasi-homogeneous approximation,
and the second term is the correction to this ap-
proximation. It is therefore clear that a require-
ment for the validity of the quasi-homogeneous
approximation is that

1'\~
| o 1K + Ko dl|

e

<1 forall K|<a, [Kol<k.

(A.2)

This requirement guarantees that the quasi-
homogeneous term will dominate the integral in
Eq. (22) for all directions of observation s; and s;.
How small, in fact, the correction term must be to
obtain a good solution to the inverse problem will
evidently depend upon the desired accuracy of the
reconstruction. In this sense the correction term
may be considered “noise” in the field data.
We may use the triangle inequality, viz.

1
IK+K dl‘ /
’/ aifel/K +Koldl|< |

0 .

di/
alt

B [/K + Ko

(A.3)
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to simplify Eq. (A.2). It follows then that a weaker
condition for the validity of the quasi-homoge-
neous approximation is that

Jy | A1 + Ky | di

7(K0)|

<1 forall [K|<a, [Kol<k.

(A4)

Because ji))(K) is the boundary value of an entire
analytic function, it is everywhere continuous. It
follows from this result that |(3/07)fig,(/K + Ko)] is
a continuous real function of the integration
variable /. Therefore by the fundamental theorem
of calculus, we may write

1
0 _, 0 .
— i, IK+ K dl:’—,uB IK+K ,
/o e e L
where 0 <7, (K) < 1. (A.5)

This theorem states that the value of this dimen-
sionless integral is equal to the value of the inte-
grand evaluated at some point within the range of
the integration. Using the chain rule for differen-
tiation, we may rewrite this derivative in the form

0. B x!
aﬂg(lK‘FKO) =K VK’:“Z(K +Ko)lw-; (A6)

our condition for the quasi-homogeneous ap-
proximation then becomes

‘K -V fig (K + K0)|K’:[1(K)K‘

‘ﬂg(Ko)’
for all |K|<a, [Ko|<k. (A.7)

< 1

This inequality may be simplified further. We note
that the maximum value of K| is o, so if

’K - Vi fig (K + Ko) i, <K>K’
o

ﬁg(Ko)’
for all |K| <o, |Ko|<k (A.8)

<1

is satisfied, then Eq. (A.7) is satisfied. Here Kisa
unit vector in the direction of K. Also, if inequality
(A.8) is satisfied for every / between 0 and 1, and
not just /;, then the inequality (A.8) will be satis-
fied. A final condition is therefore

K Vi (K e,

1
(Ko g
for all |K|<a, |Ko|<k. (A9)

This condition suggests that the absolute value of
the gradient of fi, must be sufficiently small for all
measurable values of K. This is essentially the
same statement, expressed mathematically, that ﬁ’é
must be smoothly varying over all measurable
values of K; for this reason, we may consider Eq.
(A.9) to be a general requirement for the validity
of the quasi-homogeneous approximation. We may
use this equation to determine whether a given
model correlation function is or is not well de-
scribed by the approximation.
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