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Abstract

Itis shown that the scattering amplitude for any direction of incidence and any direction of scattering and, consequently, also
the extinction cross-section, of a scattering object may be determined from measurements of the scattered field over a plane at

an arbitrary distance from it.
0 2002 Elsevier Science B.V. All rights reserved.
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A basic quantity in the theory of scattering from a
localized object or from a finite-range potential is the
scattering amplitude. It is defined in terms of the far-
zone behavior of the scattered field. Specifically, let

lll(i)(r,l) — ,g//(i)(r)efiwl, (1)
with
Y@ (r) = ko, 3

(k = w/c, ¢ being the vacuum speed of light) be a
plane monochromatic wave of unit amplitude, incident
on the object in free space, in a direction specified
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by a unit vectorsy. The space-dependent part of the
far field, in the direction specified by a unit vec®r
has the form (see, for example, Section 13.1, Egs. (19)
and (20) of Ref. [1])

eikr

¥ (rs, o) ~ "% 4 £ (s 50)

(kr — 00, sfixed),

r

®)

where f (s, o) is the scattering amplitude. In terms
of the scattering amplitude one may determine the
extinction cross-sectiorp say, by the optical cross-
section theorem viz. (Ref. [1], Section 13.3, Eqg. (18))

4
0= 7|mf(50,50),

where Im denotes the imaginary part.
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In this Letter we show how the scattering ampli- wherer = (x, y, z), So = (sox, Soy, 507), S = (s)’c,s;,s;),
tude fo_r any direction of incidence and any dlrt_actlon of ands’ = m whens;z +52< 1 ands. =
scattering and, consequently, also the extinction cross- < Y Y z
section, may be determined from the knowledge of the i /s/2 + s;Z — 1 whens/? + s;z > 1. The plane waves
scattered field on a plane at an arbitrary distance from i, tne integrand of Eq. (5) for whici{ is real are ordi-
the scatterer. The possibility of determining the scat- nary (homogeneous) waves; those for whitks pure
tering amplitude from measurements at arbitrary dis- imaginary are evanescent waves, whose amplitude de-
tances from the scatterer is perhaps not surprising in cays exponentially with increasing|. The upper or

view of its analytic properties [2]. What is, however, |gyer signs are taken in Eq. (5) according as the point
not so obvious, is that an algorithm may be developed | i in the half-spac®+ or R~ respectively.

which does not include contributions from evanes- The far zone behavior of the angular spectrum
cent waves, i.e., waves whose amplitudes decay eXPO-representation (5) akr — oo in a fixed direction

nentially with increasing distance from the scatterer. specified by a unit vects is known to be (Ref. [7]
Such waves are well-known to introduce instabilities Eq. (3.2-22))

in the solution of inverse reconstruction problems [4].
Because our algorithm does not involve evanescent
waves, it is stable. Our result might be expected to be

useful, for example, in connection with inverse scatter- 5,4 hence according to Egs. (3) and (6), the scattering

ing problems with acoustical waves, because in such amplitude f (s, so) is related to the angular spectrum
cases the far zone may be far outside the laboratory. amplitude by the formula

Our results may also be of interest in the rapidly ex-
panding field of near-field optics [5], as well as in the
new technique of power-extinction diffraction tomog-
raphy [6]. the upper or lower sign being taken on the right
Suppose that the scatterer is located in the strip according as, > 0 ors, < 0.
0<z< Z (see Fig. 1). Let us represent the scattered  With the direction of incidencesy being fixed,
field in the half-spaces < 0 andz > Z, denoted by the spectral amplitude® (s, 5y: S0, Soy) May be
R~ andR™, respectively, by angular spectra of plane determined, for any direction of scattering, from the

®) 2l (4 ikr
Y (rs, so) ~ _Tsza (Sx 5 Sy5 SOx» sOy) P (6)

27i
f(ss0)= —Tsza&’(sx, Sy3 S0x» S0y 7

waves viz. (Ref. [7], Section 3.2) knowledge of the scattered field in any arbitrary plane
0 z = ¢ outside the scatterer (i.e5,< 0 or¢ > Z) by
) & making use of the two-dimensional Fourier inverse of
Y(r; so) = // a7 (sy, Sy Sox» S0y) Eq. (5), viz.
—0o0
27 iks:
s ML g 5) a™ (sx, 5y: s0c. 50y) = k2P (s, ksy; s0; 0)e TR
(8)
! ! where
! I
- | ; + S (u, v; o
92 ! l 7R v (u, v S Czo
| —_—— 6 \\ 1\ 1 i \
| S // YO, y: 500 D@ dedy (9)
4 ! .z (21)
\_ scattering e
So ! objeet .7 ' is the two-dimensional spatial Fourier transform of the
A g ! scattered field in the plane=¢.
\§‘ ! 3 | > From Egs. (7) and (8) it immediately follows that
z= zZ=

the scattering amplitude may be expressed in the form

Fig. 1. lllustrating the notation. f(s8,%) = —Zﬂikszl/}(s)(ksx, ksy; so; ;)e:Fikst“_ (10)
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On substituting from Eq. (10) into the formula (4)
we obtain the following expression for the extinction
cross-section

0 = —812Res, ) (ksox, ksoy; So; £)e T (11)

where Re denotes the real part.

The formulas (10) and (11) are the main results
of this note. They show that the scattering amplitude
for any directions and also the scattering cross-
section can be determined from the knowledge of
a single two-dimensional spatial Fourier component
of the scattered field in any plane= ¢ outside of
the scatterer. In these formulas the upper or lower
sign is taken in the exponents on the right-hand sides
according ag > Z or¢ < 0 respectively.

We stress that Eqgs. (10) and (11) are rigorous
consequences of the theory of potential scattering. It
is to be noted that because in Eq. §7)s necessarily
real, the formulas (10) and (11) do not contain any
contributions from evanescent waves. Consequently
our method for determining the scattering amplitude
and the extinction cross-section from measurements of
the scattered field in any plane outside the scatterer is
stable.

As an example, we consider scattering from a ho-
mogeneous sphere of radiaswith ka = 20 and re-
fractive indexn = 1.4. The scattered field was deter-
mined numerically by a partial wave expansion, and
evaluated on planes perpendicularsoat distances
kd = £25, measured from the center of the sphere.
To demonstrate the stability of the method, complex
Gaussian noise was added to the scattered field with
a variance equal to 10% of the average amplitude of
the scattered field. A discrete version of Eq. (9) was
implemented to determine the Fourier transform of
the scattered field, and the scattering amplitude was
determined using Eq. (10). In Fig. 2 the actual and
reconstructed forms of the scattering amplitude are
shown. In this figure the forward measurement plane

was used, and; = sinfd, wheref is the angle be-
tween the unit vectorsy ands. It can be seen that
there is good agreement between the actual and recon-
structed forms of the amplitude. In Fig. 3 the actual
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Fig. 2. The real and imaginary parts of the scattering amplitude. The
forward measurement plane (in the half-sp&#) was used for

the reconstruction. The dots represent the amplitude reconstructed
using Eg. (10), and the dashed line represents the actual scattering
amplitude determined from the partial wave expansion of the
scattered field. Here | = sing, whered is the angle betweeg,

ands.

We have also determined the extinction cross-

section from Eq. (11) for different sphere sizes. The

results are shown in Fig. 4. We see that there is good

agreement between the true extinction cross-section
and the reconstructed form.

The preceding analysis is rigorous within the frame-

work of the theory of potential scattering. Within the
accuracy of the first-order Born approximation one has
the additional result that (see Ref. [1], p. 713)

and reconstructed forms of the scattering amplitude a® (s, , s, ; sox. s0y)
are shown when the rear measurement plane was used

for reconstruction. Here; = sind’, whered’ is the
angle between-sp ands. Again, we see that there is
good agreement.

ik
27,

Flk(sx — sox), k(sy — soy), k(£s; — s02)],

(12)



228 E. Wolf, G. Gbur / Physics Letters A 302 (2002) 225-228

k Re f(s,8) whereF(Kx, Ky, K;) is the three-dimensional Fourier
: transform of the scattering potentiéilx, y, z), viz.,

10
5 '\'\ ,‘.ﬂs F(KXva»Kz)Z/f/ F(x/,y/,z/)

\lo " * ’7.'\ ‘7)”\
\\‘v \ ! q. / '\ —i(KXX/-‘rKfy/-‘erZ/)
o5 T ‘/‘0.6 e .“’; ' X e y dK, dK, dK..
-5 \;‘ ,,’ \Q.j‘ S_L: Sin 9' (13)
) % W The pair of relations (8) and (12) form the basis of
0 diffraction tomography (see [1], Section 13.2.2).
kImf(s,s
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