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Image reconstruction in spherical-wave intensity
diffraction tomography
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A reconstruction theory for intensity diffraction tomography (I-DT) has been proposed that permits reconstruc-
tion of a weakly scattering object without explicit knowledge of phase information. We investigate the I-DT
reconstruction problem assuming an incident (paraxial) spherical wave and scanning geometries that employ
fixed source-to-object distances. Novel reconstruction methods are derived by identifying and exploiting tomog-
raphic symmetries and the rotational invariance of the problem. An underlying theme is that symmetries in
tomographic imaging systems can facilitate solutions for phase-retrieval problems. A preliminary numerical
investigation of the developed reconstruction methods is presented. © 2005 Optical Society of America

OCIS codes: 110.6960, 290.3200, 120.5050.
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. INTRODUCTION
iffraction tomography1–4 (DT) is a well-established im-
ging method used to determine the complex-valued
efractive-index distribution of a weakly scattering object.
he success of DT imaging in optical applications has
een limited because it requires explicit knowledge of the
hase of the measured wave fields, which can pose well-
nown experimental difficulties.5 To circumvent the
hase-retrieval problem, a theory of intensity DT (I-DT)
as been proposed6,7 that replaces explicit phase mea-
urements on a single detector plane by intensity mea-
urements on two or more different parallel planes at
ach tomographic view angle. Because I-DT addresses a
undamental inverse scattering problem, advancements
n I-DT reconstruction theory will benefit a wide range of
oninterferometric optical and coherent x-ray imaging
odalities. In addition to improving the efficacy of exist-

ng imaging applications,5,8–10 such advancements may
rompt novel applications. The original I-DT reconstruc-
ion theory assumed plane-wave irradiation and directly
elated the intensity measurements at a given tomogra-
hic view angle to certain spatial-frequency components
f the object function. Accordingly, the phase-retrieval
roblem is solved implicitly in I-DT during the process of
econstructing the object function. Unlike phase-retrieval
ethods based on the transport-of-intensity equation,11,12

he transmitted wave fields are not required to be
araxial in I-DT.
We have recently generalized I-DT reconstruction

heory to the case where the probing wave field is a
pherical wave produced by a point source located a finite
istance from the scatterer.13 The spherical-wave I-DT re-
onstruction theory13 employed assumptions regarding
he placement of the point source and detector planes that
oincided with those of a previous study of spherical-wave
1084-7529/05/122651-11/$15.00 © 2
T.14 As in the plane-wave case, explicit phase measure-
ents were replaced by measurements of the transmitted
ave-field intensities on different parallel detector planes
t each tomographic view angle.
A distinct feature of the spherical-wave I-DT recon-

truction theory was that it required the point-source-to-
bject distance to be changed in a prescribed way before
he intensity measurement on the second detector plane
as acquired (at each tomographic view angle). This re-
uires an extra degree of motion in the tomographic scan-
ing that is undesirable because it can introduce errors

nto the measurement data and/or increase the time
eeded to perform the imaging scan. We demonstrated
hat, in principle, image reconstruction in spherical-wave
-DT could be accomplished assuming scanning geom-
tries that had fixed source-to-object distances. However,
xplicit methods used to perform such image reconstruc-
ions were not identified.

In this paper we address the tomographic reconstruc-
ion problem for spherical-wave I-DT assuming scanning
eometries that have fixed source-to-object distances. Al-
hough we are interested in studying optical wave fields
hat possess polarization, we will be considering only
eak scattering problems in which a scalar description of

he wave field is adequate (see Ref. 15, Section 13.1). The
eed to vary the source-to-object distance between inten-
ity measurements is circumvented through the identifi-
ation and exploitation of tomographic symmetries and
he rotationally invariant nature of the problem. Two re-
onstruction methods are derived that are equivalent
athematically but utilize different sets of symmetries

mplicitly. The reconstruction methods are predicted to
roduce virtually identical images when applied to consis-
ent measurement data, but distinct images when applied
o inconsistent (e.g., noisy) measurement data. Prelimi-
005 Optical Society of America
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ary numerical investigations of the developed methods
re presented to demonstrate their use and corroborate
ur theoretical assertions.

. BACKGROUND
elow we review the salient features of spherical-wave

-DT reconstruction theory as described in Ref. 13. To fa-
ilitate the description of the tomographic scanning geom-
try, we introduce a rotated Cartesian coordinate system
= �x ,yr ,zr�, shown in Fig. 1, which is related to a refer-
nce system r= �x ,y ,z� by a rotation about the x axis such
hat yr=y cos �+z sin � and zr=z cos �−y sin �. The angle

is measured from the positive y axis. Throughout this
aper, coordinates that have a subscript r will be associ-
ted with the rotated system. The unit vectors s1, s2,r���,
nd s0,r��� indicate the directions of the positive x, yr, and
r axes, respectively. Unless it is needed, the � depen-
ence of the unit vectors s2,r��� ,s0,r��� will be suppressed.

. Review of Spherical-Wave Intensity Diffraction
omography
onsider the tomographic measurement geometry illus-

rated in Fig. 2. An incident spherical wave of the form

Ui�r� =
exp�jk�r − r0��

�r − r0�
, �1�

ith an assumed time dependence of exp�−j�t�
j��−1�1/2�, is employed to probe the scattering object.
ere, r0= �0,0,−z0� denotes the location of the point

ource that is expressed in the �x ,yr ,zr� rotated coordi-
ate system at orientation �, and k=2� /� and � denote
he wavenumber and the wavelength of the probing field,
espectively. The intensities of the forward-scattered
ave fields are measured on the detector planes zr=d and

ig. 1. Rotated coordinate system used to describe the tomogra-
hic measurement geometry.

Fig. 2. Measurement ge
r=d+�. These intensity measurements will be denoted
y the functions Iz0

�x ,yr ,� ;d� and Iz0
�x ,yr ,� ;d+��, re-

pectively, where the coordinates x and yr describe loca-
ions on each detector plane. Note that a subscript has
een added to these functions to make clear the depen-
ence of the measured intensities on the source location
0 (which can be different for the two measurements). By
imultaneously rotating the point source and the mea-
urement planes about the x axis (by varying the tomog-
aphic view angle �), a set of intensity measurements is
cquired that can be used to reconstruct an estimate of
he object function f�r�. The object function is related to
he complex-valued refractive-index distribution n�r� as

f�r� =
k2

4�
�n2�r� − 1�. �2�

Beyond the scatterer, the total wave field can be ex-
ressed as

U�r� = Ui�r�exp��z0
�r��, �3�

here �z0
�r� is a complex phase function. Let

z0
�x ,yr ,� ;zr� denote �z0

�r� evaluated on a plane of con-
tant zr and define

�̂z0
�u,vr,�;zr� =

1

�2��2 � �
R2

dxdyr�z0
�x,yr,�;zr�

�exp�− j�ux + vryr�� �4�

nd

F̂�K� =
1

�2��3�
R3

dr f�r�exp�− jK · r� �5�

s the two-dimensional (2D) and three-dimensional (3D)
ourier transforms of �z0

�x ,yr ,� ;zr� and f�r�, respectively.
t proves convenient to define a modified complex phase
unction as

Qz0
�x,yr,�;zr� =

�z0
�x,yr,�;zr�

�rd − r0�
, �6�

here rd��x ,yr ,zr� denotes a point on the plane zr=d. We
ssume that the object is weakly scattering and the first-
rder Rytov approximation15 for the forward-scattering
roblem is valid. Additionally, we assume that both the
ource and the observation locations are sufficiently far
rom the scattering object so that the paraxial approxima-
ion may be used in the description of the incident wave
eld Ui�r� and the Green’s function that is associated with

of spherical-wave I-DT.
ometry
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he (linearized) forward-scattering problem. Under these
onditions, the generalized Fourier diffraction projection
heorem14 indicates that

�7�

here

� �� z0

zr + z0
	1/2

�8�

s a scale parameter associated with the position of the
ource and detector plane,

w� ��k2 − 
u

�
�2

− 
vr

�
�2	1/2

, �9�

nd Q̂z0
�u ,vr ,� ;zr� denotes the 2D Fourier transform of

z0
�x ,yr ,� ;zr�. Throughout this paper, we will assume

hat w� is a real-valued function of u and vr, i.e., �u /��2

�vr /��2	k2. This reflects the fact that the contribution
f evanescent wave modes to the measurement data is as-
umed to be negligible. Equation (7) demonstrates that
he Fourier components of the modified phase function

z0
are directly related to the 3D Fourier components of

he object function that reside on a shifted semiellipsoidal
urface that intersects the origin and has an orientation
. For convenience, we will employ the notation

F̂�u/�2,vr/�
2,�� � F̂
 u

�2s1 +
vr

�2s2,r + �w� − k�s0,r�
�10�

o denote the Fourier components of the object that reside
n this surface. Note that for the plane-wave case ��=1�,
he surface reduces to the usual Ewald semisphere.2 If
he modified phase function Qz0

is known at a collection of
omographic view angles �, a certain band-limited region
f 3D Fourier space can be specified. From this Fourier
ata, an estimate of f�r� can be determined by use of a
pherical-wave DT reconstruction algorithm.16

In spherical-wave I-DT, only the intensity Iz0
�x ,yr ,� ;zr�

f the forward-scattered wave field is assumed to be mea-
urable on a plane of constant zr. Because the complex
hase remains unknown, Eq. (7) cannot be employed di-
ectly for image reconstruction. An intensity data func-
ion can be defined as

Dz0
�x,yr,�;zr� =

1

�rd − r0�
ln�Iz0

�x,yr,�;zr��, �11�

hose 2D Fourier transform in the plane of constant zr is
enoted by D̂ �u ,v ,� ;z �. We have shown13 that
z0 r r
D̂z0
�u,vr,�;zr� =

�2��2j

z0w��2 �F̂�u/�2,vr/�
2,��exp�j�w� − k�zr�

− F̂*�− u/�2,− vr/�
2,��exp�− j�w� − k�zr�
,

�12�

here � denotes the conjugate of a complex-valued quan-
ity. Equation (12) relates the wave-field intensity on a
lane of constant zr to a linear combination of spatial-
requency components of the object function. This equa-
ion demonstrates clearly why, in general, frequency com-
onents of f�r� cannot be reconstructed from a single
ntensity measurement.

. Image Reconstruction: Geometries with Variable
ource-to-Object Distances
or a fixed source-to-object distance z0, let us consider
hat intensity measurements are acquired on the two
lanes zr=d and zr=d+���
0�. Let

�1 �� z0

d + z0
	1/2

, �2 �� z0

�d + �� + z0
	1/2

escribe the scale parameters associated with the two
easurements [see Eq. (8)]. According to Eq. (12),

z0
�x ,yr ,� ;d� and Iz0

�x ,yr ,� ;d+�� are related to the ob-
ect function as

D̂z0
�u,vr,�;d� =

�2��2j

z0w�1
�1

2 �F̂�u/�1
2,vr/�1

2,��exp�j�w�1
− k�d�

− F̂*�− u/�1
2,− vr/�1

2,��exp�− j�w�1
− k�d�
,

�13�

ˆ
z0

�u,vr,�;d + �� =
�2��2j

z0w�2
�2

2 �F̂�u/�2
2,vr/�2

2,��

�exp�j�w�2
− k��d + ���

− F̂*�− u/�2
2,− vr/�2

2,��

�exp�− j�w�2
− k��d + ���
. �14�

quations (13) and (14) reveal that the measurements
z0

�x ,yr ,� ;d� and Iz0
�x ,yr ,� ;d+�� define a system of two

quations with four unknowns, where the unknown quan-
ities F̂�u /�1

2 ,vr /�1
2 ,��, F̂*�−u /�1

2 ,−vr /�1
2 ,��,

ˆ �u /�2
2 ,vr /�2

2 ,��, and F̂*�−u /�2
2 ,−vr /�2

2 ,�� represent
istinct spatial-frequency components of the object that
e wish to determine. These frequency components reside
n semiellipsoidal Ewald surfaces as defined by Eq. (10).
ote that this indeterminacy occurs because �1��2.
To circumvent this problem, before acquiring the inten-

ity measurement on the plane zr=d+�, we proposed13 to
hange the source-to-object distance to the value z0�
z0�d+�� /d. In this way, �2=�1, and Iz0

�x ,yr ,� ;d� and
z0�

�x ,yr ,� ;d+�� define a system of two equations with
wo unknowns whose solution yields
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F̂�u/�1
2,vr/�1

2,�� =
D̂z0

�u,vr,�;d� − D̂z0�
�u,vr,�;d + ��exp�j�w�1

− k���z0�/z0

j�2��2 exp�j�w�1
− k�d��1 − exp�j2�w�1

− k����/�z0w�1
�1

2�
. �15�
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rom this Fourier data, a spherical-wave DT reconstruc-
ion algorithm14,16,17 can be employed to determine (an es-
imate of) the object function f�r�.

To use Eq. (15), the source-to-object distance must be
hanged from z0 to z0� before we acquire the intensity mea-
urement on the plane zr=d+�. This introduces an extra
egree of motion in the tomographic scanning procedure
hat is undesirable because it can introduce errors into
he measurement data and/or increase the time needed to
erform the imaging scan. We have demonstrated13 that,
n principle, image reconstruction in spherical-wave I-DT
an be performed by use of a conventional in-line mea-
urement geometry in which the source-to-object distance
0 remains fixed. However, explicit reconstruction formu-
as used to achieve such reconstructions were not identi-
ed. This task is accomplished in the remainder of the pa-
er.

. FOURIER SPACE SYMMETRIES IN
PHERICAL-WAVE INTENSITY
IFFRACTION TOMOGRAPHY
elow we identify some explicit Fourier space symmetries

hat will facilitate the derivation of the reconstruction for-
ulas in Section 4. These symmetries can be interpreted

s tomographic symmetries in the sense that they relate
alues of the Fourier data F̂�· , · ,�� that correspond to dif-
erent tomographic view angles �. As before, for a fixed z0,
et �1 and �2 denote the scale factors associated with the

easurements on the planes zr=d and zr=d+�, respec-
ively. Note that �1
�2 because �
0. By definition [see
q. (10)], we know that, for a fixed �, the functions

ˆ �u /�1
2 ,vr /�1

2 ,�� and F̂�u /�2
2 ,vr /�2

2 ,�� describe Fourier
omponents of the object function that reside on different
emiellipsoidal surfaces. These surfaces coincide only at
he origin of Fourier space �u=vr=0�. However, by rotat-
ng one of the surfaces about the u axis (the direction s1),
he two surfaces can be made to intersect at prescribed lo-
ations.

ig. 3. Intersection of the ellipsoidal surfaces S1 and S2 with a
lane of constant u in the 3D Fourier space (u=0.3 in this ex-
mple). The diagram was generated using k=1, and S1 and S2
orrespond to values �=0.7 and �=0.5, respectively.
To facilitate the discussions that follow, let S1 and S2
enote the 2D surfaces (of the semiellipsoids) that repre-
ent the domains of the functions F̂�u /�1

2 ,vr /�1
2 ,�� and

ˆ �u /�2
2 ,vr /�2

2 ,��, respectively, for a fixed �. An example of
he intersection of S1 and S2 with a particular plane of
onstant u is shown in Fig. 3. In the plane defined by
·s1=u /�1

2, let A and C denote the two points of intersec-
ion of S1 with a circle of radius R that is centered at the
rigin of this plane (see Fig. 3). In this plane, the points A
nd C correspond to locations �A=−�vr /�1

2�s2,r+ �w�1
k�s0,r and �C= �vr /�1

2�s2,r+ �w�1
−k�s0,r, respectively, and

herefore

R ��
 vr

�1
2�2

+ �w�1
− k�2	1/2

. �16�

imilarly, let B and D denote the two points of intersec-
ion of S2 with the same circle of radius R. The locations
f points B and D in the plane K ·s1=u /�1

2 are given by
B=−�vr� /�2

2�s2,r+ �w�2
� −k�s0,r and �D= �vr� /�2

2�s2,r+ �w�2
�

k�s0,r, respectively, where

w�2
� ��k2 − 
u�

�2
�2

− 
 vr�

�2
�2	1/2

nd

u� = u
�2

�1
�2

. �17�

he frequencies vr� must be real valued and satisfy the
ondition

R = �
 vr�

�2
2�2

+ �w�2
� − k�2	1/2

. �18�

It can be seen from Fig. 3 that by rotating S1 by an
ngle −�� about the u axis, point A on S1 can be made to
oincide with point B on S2. Similarly, if S1 is rotated by
n angle �� about the u axis, point C on S1 coincides with
oint D on S2. It can be verified that these observations
esult from the symmetries

F̂�u/�1
2,vr/�1

2,� + ��� = F̂�u�/�2
2,vr�/�2

2,��, �19�

here

vr� = sgn�vr��− b + �b2 − 4ac�1/2

2a
	1/2

, �20�

ith sgn�v ��1 for v �0 and −1 otherwise, and
r r
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a = 
 1

�2
4 −

1

�2
2�2

, �21a�

b =
4k2

�2
4 − 2
R2 + 
u�

�2
�2�
 1

�2
4 −

1

�2
2� , �21b�

c = 
u�

�2
�4

+ 2R2
u�

�2
�2

+ R4 − 4k2R2 �21c�

see Appendix A for details). The angle �� is given by

�� = − arctan
 vr�/�2
2

w�2,r� − k� + arctan
 vr/�1
2

w�1
− k� . �22�

hen �u /�1�2+ �vr /�1�2	k2, vr� and �� are real-valued
unctions of u, vr, �1, and �2.

Equation (19) relates the Fourier components on S1
nd S2 that reside on the same halves of the Ewald sur-
aces [i.e., vr and vr� have the same sign in Eq. (19)]. How-
ver, by rotating S1 by an angle �� about the u axis, as
efined in Fig. 3, point C on S1 can be made to correspond
o point B on S2. Similarly, by rotating S1 by an angle −��,
oint A on S1 can be made to correspond to point D on S2.
t can be verified that these observations result from the
ymmetries

F̂�u/�1
2,vr/�1

2,� − ��� = F̂�u�/�2
2,− vr�/�2

2,��, �23�

here

�� = − arctan
 vr�/�2
2

w�2
� − k� − arctan
 vr/�1

2

w�1
− k� . �24�

rom these observations, it can be seen that one can find
nformation about a particular Fourier component of the
bject function in numerous distinct intensity measure-
ents. No single intensity measurement or pair of mea-

urements can determine this Fourier component; how-
ver, it can be determined by combining many intensity
easurements in a nontrivial way. We consider two strat-

gies for doing this in the next section.

. RECONSTRUCTION METHODS
ere we derive and investigate two novel reconstruction
ethods for spherical-wave I-DT assuming scanning ge-

metries with fixed source-to-object distances z0. To ac-
omplish this, we exploit the Fourier space symmetries
escribed in Section 3 and an invariance property of the
ourier integral (specifically, the Fourier-shift theorem).
or convenience, we will define

D̂�u,vr,�;zr� �
D̂z0

�u,vr,�;zr�z0w��2

�2��2j
exp�− j�w� − k�zr�.

�25�

n terms of this data function, according to Eq. (12), the
ntensity measurements acquired on the planes zr=d and

=d+� are related to the object function as
r
D̂�u,vr,�;d� = F̂�u/�1
2,vr/�1

2,�� − F̂*�− u/�1
2,− vr/�1

2,��

�exp�− 2j�w�1
− k�d�, �26�

here �u /�1�2+ �vr /�1�2	k2 and

D̂�u,vr,�;d + �� = F̂�u/�2
2,vr/�2

2,�� − F̂*�− u/�2
2,− vr/�2

2,��

�exp�− 2j�w�2
− k��d + ���, �27�

here �u /�2�2+ �vr /�2�2	k2.

. Reconstruction Method 1
n this subsection we employ the set of symmetries de-
cribed by Eq. (19) to derive a method for reconstruction
f f�r�. A second reconstruction method that exploits the
ymmetries given by Eq. (23) is developed in Subsection
.B.
Consider Eq. (27) evaluated at the frequencies u=u�

nd vr=vr�:

D̂�u�,vr�,�;d + �� = F̂�u�/�2
2,vr�/�2

2,��

− F̂*�− u�/�2
2,− vr�/�2

2,��

�exp�− 2j�w�2
� − k��d + ���, �28�

here we recall that w�2
� denotes w�2

evaluated at the fre-
uencies u=u� and vr=vr�. By making use of the symmetry
roperty in Eq. (19), Eq. (28) can be expressed as

D̂�u�,vr�,�;d + �� = F̂�u/�1
2,vr/�1

2,� + ���vr��

− F̂*�− u/�1
2,− vr/�1

2,� − ���vr��

�exp�− 2j�w�2
� − k��d + ���, �29�

here the dependence of �� on vr has been made explicit
although its dependence on u, �1, and �2 remain sup-
ressed), and the property ���−vr�=−���vr� has been uti-
ized. Because of the presence of the �� terms in Eq. (29),
qs. (29) and (26) still represent a 2�4 system that can-
ot be solved uniquely.
Because D̂�u ,vr ,� ;zr� is a periodic function of �, it can

e expressed as the Fourier series

D̂�u,vr,�;zr� = �
n=−





D̂n�u,vr;zr�exp�jn��,

here
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D̂n�u,ur;zr� =
1

2�
�

0

2�

d� D̂�u,vr,�;zr�exp�− jn��. �30�

n substituting from Eq. (26) into Eq. (30), one obtains

D̂n�u,vr;d� = F̂n�u/�1
2,vr/�1

2� − �F̂−n�− u/�1
2,− vr/�1

2��*

�exp�− 2j�w�1
− k�d�, �31�

here

F̂n�u/�1
2,vr/�1

2� =
1

2�
�

0

2�

d� F̂�u/�1
2,vr/�1

2,��exp�− jn��.

�32�
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Similarly, on substituting from Eq. (29) into Eq. (30),
ne obtains

D̂n�u�,vr�;d + �� = exp�jn���vr��F̂n�u/�1
2,vr/�1

2�

− exp�− jn���vr���F̂−n�− u/�1
2,− vr/�1

2��*

�exp�− 2j�w�2,r
� − k��d + ���. �33�

e now find that Eqs. (31) and (33) represent a linearly
ndependent system of two equations with two unknowns
hat can be solved to determine
F̂n�u/�1
2,vr/�1

2� =
D̂n�u,vr;d� − D̂n�u�,vr�;d + ��exp�jn���vr� + 2j�w�2,r

� − k��d + �� − 2j�w�1
− k�d�

1 − exp�2j�n���vr� + �w�2,r
� − k��d + �� − �w�1

− k�d��
�34�
or �u /�1�2+ �vr /�1�2	k2. Equation (34) represents the
ought-after reconstruction formula. From knowledge of

ˆ
n�u /�1

2 ,vr /�1
2�, or equivalently

F̂�u/�1
2,vr/�1

2,�� = �
n=−





F̂n�u/�1
2,vr/�1

2�exp�jn��, �35�

n estimate of f�r� can be reconstructed by use of a
pherical-wave DT reconstruction algorithm.16,17

. Reconstruction Method 2
n this subsection we employ the set of symmetries de-
cribed by Eq. (23) to derive a second reconstruction
ethod.
Consider Eq. (27) evaluated at the frequencies u=u�

nd vr=−vr�:

D̂�u�,− vr�,�;d + �� = F̂�u�/�2
2,− vr�/�2

2,��

− F̂*�− u�/�2
2,vr�/�2

2,��

�exp�− j�w�2,r
� − k��d + ���. �36�
y making use of the symmetry property in Eq. (23), Eq.
36) can be expressed as

D̂�u�,− vr�,�;d + �� = F̂�u/�1
2,vr/�1

2,� − ���vr��

− F̂*�− u/�1
2,− vr/�1

2,� + ���vr��

�exp�− 2j�w�2,r
� − k��d + ���, �37�

here the dependence of �� on vr has been made explicit
although its dependence on u, �1, and �2 remain sup-
ressed), and the property ���−vr�=−���vr� has been uti-
ized.

On substituting from Eq. (37) into Eq. (30), one obtains

D̂n�u�,− vr�;d + �� = exp�− jn���vr��F̂n�u/�1
2,vr/�1

2�

− exp�+ jn���vr���F̂−n�− u/�1
2,− vr/�1

2��*

�exp�− 2j�w�2,r
� − k��d + ���. �38�

e find now that Eqs. (31) and (38) represent a linearly
ndependent system of two equations with two unknowns
hat can be solved to determine
F̂n�u/�1
2,vr/�1

2� =
D̂n�u,vr;d� − D̂n�u�,− vr�;d + ��exp�− jn���vr� + 2j�w�2,r

� − k��d + �� − 2j�w�1
− k�d�

1 − exp�2j�− n���vr� + �w�2,r
� − k��d + �� − �w�1

− k�d��
�39�
or �u /�1�2+ �vr /�1�2	k2. From knowledge of
ˆ

n�u /�1
2 ,vr /�1

2�, an estimate of f�r� can be reconstructed
y use of a DT reconstruction algorithm.

. Comments on the Reconstruction Formulas
s discussed in Subsection 2.B, for a scanning geometry

n which the source-to-object distance z is fixed, the two
ntensity measurements acquired on the zr=d and zr=d
� at a given tomographic view angle do not determine
niquely any of the Fourier components of the object func-
ion. To circumvent this difficulty, the reconstruction for-
ulas derived in Subsections 4.A and 4.B make use of

ymmetries that relate Fourier components of the object
unction that reside on the two Ewald surfaces (corre-
ponding to scale parameters � and � ) at different to-
1 2
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ographic view angles. An important feature of the angu-
ar shifts denoted by �� and �� in Eqs. (19) and (23),
espectively, is that they do not depend on the tomogra-
hic view angle �. This reflects that the I-DT imaging
odel is rotationally invariant. Because of their invari-

nce to angular shifts, reconstruction formulas for deter-
ination of the Fourier series expansion coefficients

ˆ
n�u /�1

2 ,vr /�1
2� were determined readily. The proposed re-

onstruction methods for spherical-wave I-DT are funda-
entally distinct from other I-DT reconstruction methods

n the sense that they employ measurements from all to-
ographic view angles �� �0,2�� for reconstruction of

ny specified Fourier component of the object function.
The inversion formulas given in Eqs. (34) and (39) are

quivalent mathematically. In the absence of data incon-
istencies and finite sampling effects, they will yield iden-
ical estimates of F̂n�u /�1

2 ,vr /�1
2�. However, when the data

ontain inconsistencies, Eqs. (34) and (39) will generally
roduce distinct estimates of F̂n�u /�1

2 ,vr /�1
2�. This is be-

ause Eqs. (34) and (39) exploit different Fourier space
ymmetries and therefore utilize different components of
he measurement data to form the estimates of
ˆ

n�u /�1
2 ,vr /�1

2�. Numerical examples of this are provided
n Section 5.

Equations (34) and (39) contain poles whose locations
epend on d, �, k, and the measurement geometry (more
pecifically, �1 and �2). Because the collection of poles rep-
esents a set of measure zero, this presents no math-
matical difficulties. In theory, the spherical-wave I-DT
econstruction methods specify exactly the same object
unction as the conventional spherical-wave DT method
n Ref. 14. However, the poles can pose considerable prac-
ical difficulties when the methods are applied to dis-
retely sampled and inconsistent measurement data.
irst, the poles are not uniformly spaced, and are gener-
lly difficult to avoid when we attempt to determine

ˆ
n�u /�1

2 ,vr /�1
2� at uniformly spaced values of u and vr.

imply setting F̂n�u /�1
2 ,vr /�1

2�=0 at the location of the
oles can lead to inaccuracies in the reconstructed image.
econd, even if the poles are avoided, data errors can be
reatly amplified when the denominators of Eqs. (34) and
39) take on small values, which occurs in the vicinity of
oles. These observations indicate that the reconstruction
ethods will need to be regularized in practical applica-

ions. We refer the reader to Ref. 18 for an introduction to
egularization methods applied to imaging problems. Al-
ernatively, these problems can be circumvented if a third
easurement plane is employed. Because the locations of

he poles depend on d and �, the poles and their immedi-
te neighborhoods can be avoided by use of an appropri-
te pair of detector planes. A simple demonstration of this
mplementation strategy is demonstrated in the next sec-
ion. As in the plane-wave I-DT theory,6,7 the zero-
requency component of the object function remains unde-
ermined.

. NUMERICAL RESULTS
e conducted a preliminary numerical investigation of

he two spherical-wave I-DT reconstruction methods de-
eloped in Section 4.
. Phantom and Simulation Data
he 2D mathematical phantom shown in Fig. 4 was uti-

ized in our simulation studies. The length of the long axis
f the largest ellipse (i.e., the background ellipse) was
.92 mm, and the refractive-index values of the object are
ndicated in Fig. 4. The 2D scanning geometry is de-
cribed in Fig. 5. The point source ��=1�10−5 m� was lo-
ated at zr=−z0=−0.04 m and three detector planes were
ositioned behind the object at zr=0.04, 0.044, and 0.05 m
i.e., d=0.04 m, �1=0.004 m, and �3=0.01 m in Fig. 4).
he three detector planes correspond to scale parameters
1=0.707, �2=0.690, and �3=0.667, respectively, via Eq.

8). Each detector array had a length of 5.12 cm and con-
ained 2048 elements (therefore the detector sampling in-
erval was �yr=25 �m).

Because the phantom was comprised of uniform el-
ipses, its 2D Fourier transform was known analytically.
he intensity data Iz0�yr ,� ;zr� on the three detector ar-
ays were calculated by use of Eqs. (11) and (12), with the
and x dependencies of the equations omitted. Intensity

ata were calculated at 360 evenly spaced tomographic
iew angles over the interval �0,2��. Note that the phan-
om was, by construction, a weakly scattering object. The
eleterious effects of strong scattering19,20 are not inves-
igated in this work. To investigate the noise propagation
roperties of the reconstruction methods, the intensity
ata were treated as realizations of an uncorrelated
aussian stochastic process that was characterized by its
ean � and standard deviation �. When generating the

oisy data, � was set equal to the noiseless value of
�yr ,� ;zr� at a given detector location and � was chosen to
atisfy � /�=1.0%.

. Reconstruction Procedure
et D̂�vr ,� ;d�, D̂�vr ,� ;d+�1�, and D̂�vr ,� ;d+�3� denote

he Fourier data functions, as defined in Eq. (25), that
orrespond to the three detector planes. (Here and else-
here, the u dependence of the equations will be omitted

or this 2D example.) When computing these data func-
ions, the one-dimensional fast-Fourier-transform (FFT)
lgorithm was employed to compute D̂z0�vr ,� ;zr� [Eq.
12)] at uniformly spaced values of vr from knowledge of

z0�yr ,� ;zr� [or equivalently, I�yr ,� ;zr� via Eq. (11)] at
niformly spaced values of yr. From the set of uniformly
paced values of vr, the set of nonuniformly spaced values

r� was computed by use of Eq. (20). Let D̂�vr� ,� ;d+�1�
nd D̂�vr� ,� ;d+�3� denote the Fourier data functions
valuated at the nonuniformly spaced frequencies vr�.
hese data function values were determined by first in-
reasing the sampling density of the uniformly spaced
ata D̂�vr ,� ;d+�1� and D̂�vr ,� ;d+�3� by a factor of 8 (by
ero padding in the spatial domain), followed by a linear
nterpolation operation. In a similar way, the data func-
ion values D̂�−vr� ,� ;d+�1� and D̂�−vr� ,� ;d+�3� were de-
ermined. The Fourier series expansion coefficients
ˆ

n�vr ;d�, D̂n�vr ;d+�1�, D̂n�vr ;d+�3� D̂n�−vr� ;d+�1�, and
ˆ

n�−vr� ;d+�3� were calculated by applying the FFT algo-
ithm to the sampled angular coordinate ��� of the corre-
ponding data functions.
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To demonstrate the feasibility of the proposed recon-
truction methods, a simple strategy for utilization of the
ntensity data measured on the three detector planes was
dopted. Let

Fn
�i��vr/�1

2� �
Nn

�i��vr�

Dn
�i��vr�

, �40�

here Nn
�i��vr� and Dn

�i��vr� represent the numerator and
enominator, respectively, of Eq. (34) or Eq. (39) for the

�1� 2

ig. 4. (a) Real component of the phantom object. (b) Imaginary
a). (d) Profile through the central row in (b).

ig. 5. Shown is the 2D scanning geometry employed in the nu-
erical simulations. Intensity data were acquired on three detec-

or planes at each view angle.
ases where �=�i, i=1,3. Therefore Fn �vr /�1� is ob- a
ained by use of intensity data on detector planes one and
wo, and Fn

�3��vr /�1
2� is obtained by use of intensity data on

etector planes one and three. Although an estimate of
n�vr /�1

2� could also be obtained by use of intensity data
n the second and third detector planes, we do not make
se of this fact here.
As discussed previously, the motivation for employing a

hree-detector-plane geometry is to avoid the problems as-
ociated with the singularities in the reconstruction for-
ulas. In our reconstruction procedure, we implemented

he following simple rule to achieve this:

Fn�vr/�1
2� = �Fn

�1��vr/�1
2� : �Dn

�1��vr�� � �Dn
�3��vr��

Fn
�3��vr/�1

2� : otherwise. � .

�41�

n this way, for a given frequency component vr, Fn�vr /�1
2�

s determined by use of the detector plane pair that avoids
ncountering a singularity and minimizes the amplifica-
ion of data inconsistencies. From the estimated
n�vr /�1

2�, an estimate of the object function f�r� was ob-
ained by use of the DT reconstruction algorithm in Ref.
1. The matrix size of the reconstructed images was
048�2048 pixels, but only an 81�81 pixels subregion
hat contains the object is shown. Using these procedures,
mages were reconstructed from the noiseless and noisy
imulated data sets by use of reconstruction methods 1

nent of the phantom object. (c) Profile through the central row in
compo
nd 2.
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. Reconstructed Images
oiseless reconstructions of the scattering object are

hown in Fig. 6. The real and imaginary components of
he refractive-index distribution n�r� reconstructed from
oiseless data by use of method 1 are shown in Figs. 6(a)
nd 6(b), respectively. The corresponding images recon-
tructed by use of method 2 are shown in Figs. 6(c) and
(d). Profiles through the central rows of Figs. 6(a) and
(c) are represented by the solid and dashed curves, re-
pectively, in Fig. 7(a). Profiles through the central rows
f Figs. 6(b) and 6(d) are represented by the solid and
ashed curves, respectively, in Fig. 7(b). Because the pro-
les are nearly identical, the dashed curves are obscured

n these figures. These results reveal that, in the absence
f data noise, reconstruction methods 1 and 2 produce im-
ges that are nearly identical and represent low-pass-
ltered estimates of the true refractive-index distribution.
his is consistent with our claim that the methods are

dentical mathematically.
Noisy reconstructions of the scattering object are

hown in Fig. 8. The real and imaginary components of
he refractive-index distribution n�r� reconstructed from
oisy data by use of method 1 are shown in Figs. 8(a) and
(b), respectively. The corresponding images recon-
tructed by use of method 2 are shown in Figs. 8(c) and
(d). Profiles through the central rows of Figs. 8(a) and
(c) are represented by the solid and dashed curves, re-
pectively, in Fig. 9(a). Profiles through the central rows
f Figs. 8(b) and 8(d) are represented by the solid and
ashed curves, respectively, in Fig. 9(b). These results re-
eal that, in the presence of data noise, reconstruction
ethods 1 and 2 have a visually different response to that

oise. This is so because the methods exploit different
ourier space symmetries and therefore utilize distinct

ig. 6. (a) Real and (b) imaginary components of the refractive-
ndex distribution n�r� reconstructed from noiseless data by use
f method 1. (c) and (d) The corresponding images reconstructed
y use of method 2.
ig. 7. (a) Profiles through the central rows of Figs. 6(a) and 6(c)
re represented by the solid and dashed curves, respectively. (b)
rofiles through the central rows of Figs. 6(b) and 6(d) are rep-
esented by the solid and dashed curves, respectively. In both
raphs, the dashed curves are completely obscured by the solid
urves.
ig. 8. (a) Real and (b) imaginary components of the refractive-
ndex distribution n�r� reconstructed from noisy data by use of

ethod 1. (c) and (d) The corresponding images reconstructed by
se of method 2.
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omponents of the measurement data to form the recon-
tructed images.

. SUMMARY
ecause it permits measurements of the wave-field phase

o be replaced by measurements of the wave-field intensi-
ies, spherical-wave I-DT may be useful for tomographic
ptical imaging of semitransparent objects. A distinct fea-
ure of the previously proposed13 spherical-wave I-DT re-
onstruction method was that it required the source-to-
bject distance of the scanning geometry to be changed in
prescribed way to acquire the intensity data at each to-
ographic view angle. This requires an extra degree of
otion in the tomographic scanning that is undesirable

ecause it can introduce errors into the measurement
ata and/or increase the time needed to perform the im-
ging scan. Although we demonstrated theoretically that
pherical-wave I-DT could be implemented with scanning
eometries that had fixed source-to-object distances, ex-
licit methods for reconstructing images were not identi-
ed.
In this paper we developed tomographic reconstruction
ethods for spherical-wave I-DT assuming scanning ge-

metries that have fixed source-to-object distances. The
eed to vary the source-to-object distance between inten-
ity measurements was circumvented by the identifica-

ig. 9. (a) Profiles through the central rows of Figs. 8(a) and 8(c)
re represented by the solid and dashed curves, respectively. (b)
rofiles through the central rows of Figs. 8(b) and 8(d) are rep-
esented by the solid and dashed curves, respectively.
ion and exploitation of tomographic symmetries and the
otational invariance of the problem. Two reconstruction
ethods were derived that are equivalent mathemati-

ally but utilize different sets of symmetries implicitly.
reliminary numerical investigations of the developed
ethods were presented to demonstrate their use and

orroborate our theoretical assertions.
An interesting and unique characteristic of the devel-

ped reconstruction methods is the manner in which they
tilize the available intensity measurements. In most of
he existing in-line holographic, or phase-retrieval-based,
omography techniques,5,7,22–24 the intensity measure-
ents acquired at a given tomographic view angle are

rocessed independently of the intensity measurements
cquired at all other view angles. For example, in phase-
ontrast tomography, two intensity measurements at a
iven tomographic view angle are utilized to determine
he phase of the transmitted wave field at that view
ngle.22–24 In plane-wave I-DT, a Fourier space relation-
hip exists that relates two intensity measurements at a
iven tomographic view angle to certain spatial-frequency
omponents of the object function. The developed recon-
truction formulas for spherical-wave I-DT are expressed
n terms of the Fourier series expansion coefficients of the
bject and data functions. Accordingly, the reconstruction
f the Fourier components of the object function requires
nowledge of the intensity measurements at all view
ngles, and therefore the processing of the intensity mea-
urements at each view angle is not decoupled. To our
nowledge, this is the first work to exploit tomographic
ymmetries for establishing a solution to a phase-
etrieval problem.

Several features of the developed reconstruction meth-
ds remain topics for future investigations. In our simu-
ation studies, a 2D object and three detector planes were
ssumed. It will be important to implement and investi-
ate the methods for the full 3D problem. Additionally,
uitable regularization strategies should be developed
hat can be employed when intensity data on only two de-
ector planes are available at each tomographic view
ngle. Finally, the incorporation and investigation of
ultiple-scattering effects in I-DT is an interesting and

mportant topic for future research.

PPENDIX A
ere we provide a derivation of the frequency variables u�
nd vr� that first appear in Eqs. (19) and (23). Consider
oints A and B that correspond to the intersection of the
urfaces S1 and S2 with a plane of constant u, as de-
cribed in Section 3 and shown in Fig. 3. The locations of
hese points are given by KA= �u /�1

2�s1− �vr /�1
2�s2,r+ �w�1

k�s0,r and KB= �u� /�2
2�s1− �vr� /�2

2�s2,r+ �w�2
−k�s0,r, re-

pectively. On substitution from Eq. (17), KB can be ex-
ressed as KB= �u /�1

2�s1− �vr� /�2
2�s2,r+ �w�2

−k�s0,r. There-
ore Eq. (17) dictates that points A and B reside on the
ame plane of constant u.

For the points A and B to reside on the same circle of
adius R in this plane, vr� must be an appropriate function
f vr, u, �1, and �2. To determine this function, we can em-
loy the observation that v� must satisfy
r
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R2 = 
 vr�

�2
2�2

+ �w�2
� − k�2

= 
 vr�

�2
2� + 
�k2 − 
u�

�2� − 
 vr�

�2
�2	1/2

− k�2

, �A1�

here R is defined by Eq. (16). From Eq. (A1) one finds
hat vr� satisfies the fourth-order equation

a�vr��
4 + b�vr��

2 + c = 0, �A2�

here a, b, and c are defined in Eq. (21). The four roots of
q. (A2) are

vr�
�1� = − vr�

�2� = �− b + �b2 − 4ac�1/2

2a
	1/2

, �A3�

vr�
�3� = − vr�

�4� = �− b − �b2 − 4ac�1/2

2a
	1/2

. �A4�

t can be verified that for �u /�1�2+ �vr /�1�2	k2, vr�
�1� and

r�
�2� are real valued, while vr�

�3� and vr�
�4� are complex val-

ed. Therefore vr�
�3� and vr�

�4� are not meaningful physi-
ally. The fact that there exist two (real-valued) values of
r� that satisfy Eq. (A1) [or Eq. (A2)] reflects that S2 inter-
ects the circle of radius R at two locations, corresponding
o a positive and negative value of vr�. For example, in Fig.
, vr�

�1� and vr�
�2� correspond to the points D and B, respec-

ively.
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