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The rotational frequency shift is studied for fields of arbitrary states of coherence and polarization. It is
shown that the power spectrum of the field in the rotating frame is influenced both by the degree of polar-
ization and the degree of coherence. Examples for some model field classes are given. © 2006 Optical Society

of America
OCIS codes: 030.1640, 260.5430.

In contrast to the ordinary Doppler shift, in which
light emitted or absorbed by translating bodies is
frequency shifted with respect to the source, it is
known that there exists a rotational Doppler shift
as well, in which light emitted or absorbed by

rotating bodies can be frequency shifted.?

Such shifts have been studied in both classical®
and quantum mechanical* optical systems.
Rotational Doppler shifts can be considered a special
case of more general rotational frequency shifts, in
which both the central frequency of the spectrum as
well as the line shape are modified in the rotating
frame. These rotational frequency shifts have
two possible contributions, one due to polarization
effects of the field and one due to azimuthal
asymmetry of the field. Recently, researchers demon-
strated that the spatial coherence of circularly
polarized, partially coherent light plays a large
role in the nature and magnitude of fre-
quency shifts.” This observation is significant
both because partially coherent sources of light
are common, and the state of coherence provides
an extra tunable degree of freedom in an optical
system. It is expected that the partial polarization of
the field will also play a nontrivial role in any ob-
served shift; however, no study of partial polarization
has yet been undertaken. In this Letter we present a
unified theory of partial coherence and partial
polarization for rotational frequency shifts. It is
shown that the statistical properties of light have a
unique effect on the field in the rotating reference
frame.

We begin by considering the general statistical
properties of a random electromagnetic beam in a
nonrotating reference frame. In such studies, it is
common to work with the coherence matrix (Ref. 6,
Section 6.5), which measures the correlations be-
tween all linearly polarized components of the field.
It is more convenient for our purposes, however, to
define a coherence matrix in a circular polarization
basis,
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F(rlyr2’ T)
~ <Ei(r1,t1)E+(r2,t2)> <Ei(r1,t1)E_(P2,t2)>
- <Ei(r1,t1)E+(I‘2,t2)> <Ei(r1,t1)E_(r2,t2)> ’

where E (r,¢) is the right-handed or left-handed cir-
cularly polarized component of the field, r=¢,—%;, and
the angular brackets denote ensemble averaging. It
is assumed that the field is statistically stationary in
the nonrotating frame, at least in the wide sense. We
will denote the components of the coherence matrix
by I',, and so on.

We now consider transformation to a reference
frame rotating at frequency (). The rotation matrix in
the circular polarization basis takes on the simple
form

2)

exp[—1Q¢] 0
0 exp[iQt] |

In the rotating reference frame, the coherence matrix
may therefore be written by a similarity transforma-
tion as

T,,exp[iQ7] T, exp[-2iQT]
F(r)(r17r2,TaT) =1 - ~
I'_, exp[2iQT] TI'__exp[-iQ7]
(3)
where T'=(t1+t9)/2,
T;=T[Ro(t)r,Ro(t)rs, 7], (4)

and R (¢) is the rotation matrix for the position vec-
tor

cos Ot sin ¢
. (5)

Ro(t)= {— sin Ot cos Ot

Equation (3) is the most general form of the coher-
ence matrix in the rotating frame and illustrates a
number of significant properties. First, it is to be
noted that there exist two possible contributions to a
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frequency shift of the field: a polarization part (char-
acterized by the exponential factors) and a spatial
part (characterized by the rotation matrices R). For
a general electromagnetic field, rotational frequency
shifts will consist of a combination of these factors.
Second, as has been noted previously,5 the field in the
rotating frame is not in general stationary, as demon-
strated by the presence of the time variable 7' in the
matrix. This can happen if the intensity profile of the
field or its polarization properties are not rotationally
symmetric: for instance, an elliptical beam spot will
be rotating in the rotating frame.

The instantaneous spectral properties of the field
can be characterized by the cross-spectral density
matrix, defined by (Ref. 6, Section 4.3.2)

1 e’
w(r)(r17r27w7T) = 2_ F(r)(rl’r2a 7, T)exp[in]dT' (6)

—00

To apply this equation, we look at some specific ex-
amples.

First, we consider Bessel-correlated fields of arbi-
trary uniform state of polarization and Gaussian in-
tensity. Such a field has a coherence matrix in the
nonrotating frame given by

I'(ry,1y,7) = 1Py exp[- r}/207 exp[ - r3/207]
XJollry - 1|0, ]g(7), (7)

where o7 is the waist size of the beam, o, is the cor-
relation length, g(7) is the complex degree of coher-
ence, and P, is the matrix that describes the polar-

[(1-P)+2Plallg(w+Q

P,(0,T) = .
WO =1 o b exp[2i0T]E (0 -

is a matrix representing the polarization and spectral
properties of the field. If we restrict ourselves to look-
ing at the spectral density of the field, defined as

S(r,0) = Wir,r,0) + Wrre),  (12)

we readily find that

SO(r,w) =1, >, [[(1-P)+2P|al*lg(w+Q-nQ)

n=—0

+[(1=P) +2P|b|2E(w - Q - nQ)]

xexp[-r?/ai ][, (rlo,) 2. (13)
It can be seen that each term of the series expansion
has two contributions to its frequency shift: a spatial
part (indicated by the n{) shift) and a polarization
part (indicated by the single ) shift). The combina-
tion of effects introduces a change in the spectral line
shape, as well as the central frequency. The results
are illustrated in Fig. 1, for a Lorentzian power spec-
trum. Figure 1(a) demonstrates the dependence of
the spectrum of the field on the frequency of rotation
in the rotating frame for circularly polarized light. It

-nQ)
n{)
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ization state of the field. We consider a field that is in
general partially polarized, for which P, may be writ-
ten as (Ref. 6, Section 6.3.3)

10 la|? a’b
Po=(-P)| o 1| +2P] o o | ®8)

where 0<P=<1 is the degree of polarization, P=0
represents an unpolarized field, and P=1 represents
a polarized field with complex polarization vector
(a,b) in the circular basis. The calculation for the fre-
quency shift can be made more tractable by using a
well-known expansion’ for the Bessel function,

Jollry=11l/0,) = X T, (ri/0,) T (rof o )explin(¢y — ¢)],

9)

where r{=(r;, ¢;) in polar coordinates. On convert-
ing our field into the rotating coordinate system (by
the transformation ¢; — ¢;—Q#;) and transforming to
the frequency domain, it is found that

W(’)(rl,rz,w) =1 E P, (o, T)explin(¢py - ¢1)]

n=—o

X exp[ - r2/20%exp[ - ra/207]
X (rifo,)dy(roo,), (10)

where g(w) is the temporal Fourier transform of g(7)
and hence the power spectrum of the field in the non-
rotating reference frame, and

2Pa"bg(w — nQ)exp[- 2107

[(1-P) +2P|b[2]&(w - Q - nQ) (11)

can be seen that there is a uniform frequency shift
due to the state of polarization, as well as a broaden-
ing and distortion of the spectrum that depends on
the frequency of rotation; these results are similar to
those presented in Ref. 5. In Fig. 1(b), the depen-
dence of the spectrum on the degree of polarization
is illustrated for a=0, b=1 (the polarized part
of the field is left-circularly polarized). It can be
seen that the degree of polarization plays a
significant role in the symmetry properties of the
spectrum.

It is to be noted that light that is partially linearly
polarized (for instance, a=b=1/y2) will have a spec-
trum independent of the degree of polarization.

A careful examination of Eq. (13) shows that the ef-
fect of partial polarization and partial coherence in
the rotating frame is to split the spectrum into mul-
tiple, Doppler-shifted copies of the original spectrum.
This can be seen in Fig. 1 though the bandwidth of
the field is large enough that the shifted spectral
lines overlap appreciably. A change in the degree of
polarization can be used to change the relative
weights of these shifted lines, as the next example
demonstrates.
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Fig. 1. Changes in the (normalized) spectrum of a Bessel-
correlated field for (a) a circularly polarized field at differ-
ent rates of rotation () normalized by linewidth Aw and (b)
a partially polarized field with different degrees of polariza-
tion P, with Q/Aw=1. In both cases, r/0,=10, where r is
the radial distance from the center of rotation and o, is the
correlation length. The power spectrum in the nonrotating
frame is Lorentzian.

10 15 20 25
(0 - o)/Aw

-10 -5

Fig. 2. Changes in the (normalized) spectrum of a par-
tially polarized and partially coherent field for P=0.1
(dashed curve) and P=0.75 (solid curve), with Q/Aw=10
and ro,=0.25.

We consider a field with a coherence matrix given
by

I(ry,ry,7) = I)Pod (r1/0,)d (sl o)
Xexpli(¢py - $1)1g(7). (14)

This field is partially polarized and spatially coher-
ent. It follows in a manner similar to the previous ex-
ample that

SO(r,w) = I[J,(r/o,)]X[(1 - P) + 2P|a|*]g(w)
+[(1-P)+2P|b|*15(w - 2Q0)}. (15)

If we consider light that is, in a polarized state, right-
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circularly polarized (a=1, b=0), we have

SO(xr,w) = Io[J,(rlo,) ]
X[(1+P)g(w) + (1 - P)3(w - 2Q)]. (16)

In this case the degree of polarization controls the
weight of two spectral lines, one of which is not fre-
quency shifted and one that is frequency shifted by
2Q). Figure 2 illustrates the power spectrum in the ro-
tated frame for two values of the degree of polariza-
tion. For P=1 there exists only the single, nonshifted
spectral line, while for P=0 there exist two equally
weighted lines, one shifted by 2() and one unshifted.
The unshifted line can be shown to correspond to a
radially polarized field; such fields are known to have
a number of interesting properties, particularly on
focusing.

It is important to note that rotational frequency
shifts appear in fields even when the field is on aver-
age rotationally isotropic. In both examples given,
the degree of coherence is rotationally invariant, and
the polarization state is invariant when the field is
unpolarized. In both examples rotational frequency
shifts appear nonetheless.

Spectral changes related to the statistical proper-
ties of light are not unprecedented. So-called
correlation-induced spectral changes,” in which the
initial state of coherence of a wave field influences its
spectral behavior on propagation, are well estab-
lished.

The introduction of partial coherence and partial
polarization to the study of rotational frequency
shifts introduces new complexity to the problem and
new degrees of freedom to exploit in applying the ef-
fect. Such frequency shifts may prove useful in re-
mote sensing, or in developing new forms of optical
gyroscopes. The study of fields with special coherence
and polarization properties will provide new avenues
of study.

G. Gbur’s e-mail address is gjgbur@uncc.edu. G. S.
Agarwal’s e-mail address is girish.agarwal
@okstate.edu.
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