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Scintillation of pseudo-Bessel correlated beams in
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The concept of pseudo-Bessel correlated beams is introduced, and their scintillation properties on propagation
through turbulence are investigated. By using the Rytov approximation, the scintillation index of pseudo-
Bessel correlated beams is formulated in weak turbulence. The study of scintillation is extended into strong
turbulence by numeric simulations. It is shown that by choosing an appropriate coherence parameter, pseudo-
Bessel correlated beams have lower scintillation than comparable fully coherent beams in both weak and
strong turbulence. In addition, the configuration of pseudo-Bessel correlated beams is modified by adding a
horizontal beamlet; the scintillation properties of these modified beams are also discussed. © 2010 Optical
Society of America
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. INTRODUCTION
t is well known that optical beams are distorted on
ropagation through atmospheric turbulence, resulting in
cintillation, beam wander, beam spreading, and decrease
f spatial coherence [1]. In particular, the presence of
cintillations— intensity fluctuations arising from the
urbulence-induced random phase modulation— is espe-
ially problematic and is one of the fundamental limita-
ions in the development of free-space optical communica-
ion systems [2].

In the past several decades, a large amount of work has
een done on the scintillation properties of optical beams
n random media. It is now well appreciated that the scin-
illation of a partially coherent beam or partially coherent
ultiple beams can be lower than that of its fully coher-

nt counterpart [3–9]. On propagation through turbu-
ence, a partially coherent beam delivers its energy
hrough multiple incoherent spatial modes, each of which
as its own distinct propagation path and intensity pat-
ern. Because of mutual independence of these modes, the
ntensity of the complete partially coherent beam is the
uperposition of the individual intensity patterns, and on
verage the intensity received by the detector is more uni-
orm. Recently a wave optics simulation approach of par-
ially coherent beams was developed [10] and applied in
he study of their propagation in turbulence [11,12].

So far, most studies on the propagation of partially co-
erent beams in turbulence have focused on the beams
hose spatial correlation function is Gaussian. It has
een shown that the scintillation reduction by a Gaussian
orrelated beam is negligible in the strong turbulence re-
ime ([1] , Chap. 16). However, other beam types have un-
sual propagation properties. Bessel beams, also referred
o as nondiffracting beams, have an invariant field distri-
ution across any plane orthogonal to the direction of
ropagation [13,14]. They are also shown to be able to re-
onstruct their initial intensity profiles after both ampli-
1084-7529/10/122621-9/$15.00 © 2
ude and phase perturbations [15,16]. The counterparts of
essel beams in the partially coherent regime are Bessel
orrelated beams [17]. It has been demonstrated that a
essel correlated beam of infinite size is propagation-

nvariant in free space and in ABCD systems [18,19],
hile a Bessel correlated beam of Gaussian intensity pro-
le remains almost invariant up to a certain propagation
istance [20]. It is also known that Bessel correlated
eams can be used in focal spot shaping [21]. On noting
he unusual properties of Bessel correlated beams in free-
pace propagation, it is natural to consider their scintilla-
ion properties when propagating in turbulence.

Although an elegant modal expansion of Bessel corre-
ated beams was described in [17], it is still relatively dif-
cult to mathematically formulate the scintillation of
essel correlated beams on propagation in turbulence. In

his paper, we introduce the concept of pseudo-Bessel cor-
elated beams by using a discretized form of the Bessel
orrelation function. A pseudo-Bessel correlated beam is
ynthesized by the incoherent superposition of a collec-
ion of beamlets whose wave vectors form a cone. When
he number of constituent beamlets approaches infinity,
he field takes on the form of a Bessel correlated beam.
he scintillation properties of pseudo-Bessel correlated
eams of Gaussian intensity profile are investigated ana-
ytically and numerically. It is shown that with the appro-
riate coherence parameter, pseudo-Bessel correlated
eams have lower scintillation than fully coherent beams
f the same initial intensity profile in both weak and
trong turbulence. It is also found that the maximum
cintillation reduction can be obtained by a pseudo-Bessel
orrelated beam with a finite number of constituent
eamlets. These results suggest that beam arrays gener-
lly perform comparably to or better than continuous par-
ially coherent beams in scintillation reduction. In addi-
ion, the configuration of pseudo-Bessel correlated beams
s modified by adding a horizontal beamlet. The addi-
010 Optical Society of America



t
p
t

2
C
T
t
s

w
p
s
d
r
a

w
�
a
r
s
c
w
p
b

w
k

e
w
f
(
k

w
m
a
c

w

N
l
b
(
w

a
W
b
a
i
c
t
s

h
c
p
B
a

t
w

w
a
G

3
I
W
s
s
l
b

w
a
t
o
W
t

F
t
s
p

2622 J. Opt. Soc. Am. A/Vol. 27, No. 12 /December 2010 Y. Gu and G. Gbur
ional beamlet keeps the scintillation of the modified
seudo-Bessel correlated beams at a low level for a rela-
ively large range of the correlation length.

. MODEL OF PSEUDO-BESSEL
ORRELATED BEAMS
he second-order coherence properties of a wavefield in
he source plane z=0 can be characterized by the cross-
pectral density [22]

W��1,�2,�� = �U��1,��U*��2,���, �1�

here �1 and �2 are the position vectors in the source
lane, and U�� ,�� is a realization of the wavefield at po-
ition � with angular frequency �. Here angle brackets
enote the average over an ensemble of monochromatic
ealizations of the field. The cross-spectral density may
lways be written as

W��1,�2,�� = �S��1,���S��2,�����1,�2,��, �2�

here S�� ,��=W�� ,� ,�� is the spectral density at �, and
��1 ,�2 ,�� is the spectral degree of coherence of the field
t �1 and �2, whose absolute value is restricted to the
ange between 0 and 1. The extreme value zero repre-
ents spatial incoherence and the value unity represents
omplete spatial coherence at frequency �. From now on
e will focus on a single frequency � and suppress its de-
iction in the function arguments. For a Bessel correlated
eam, its spectral degree of coherence takes on the form

���1,�2� = J0� ��1 − �2�

r0
� , �3�

here J0 is the zeroth-order Bessel function of the first
ind, and r0 is the effective correlation length.
When investigating the properties of a partially coher-

nt beam, one important issue is the synthesis of the
avefield such that its cross-spectral density is of a given

orm. For a Bessel correlated beam characterized by Eq.
3), we note that a Bessel function satisfies the well-
nown identity ([23], Chap. 11)

J0� ��1 − �2�

r0
� =

1

2�
	

0

2�

exp
iku� · ��1 − �2��d�u�
, �4�

here k is wavenumber, �u��=1/ �kr0�, and �u�
is the azi-

uthal angle of u�. On substituting Eq. (4) into Eq. (2)
nd discretizing the integral, the cross-spectral density
an be approximated by a finite number of modes as

W��1,�2� � 
n=1

N

An��1�An
*��2�, �5�

here

An��� =
1

�N
�S��� exp�iku�n · ��, �6�

is the number of modes, and u�n= �1/kr0 ,2n� /N� in po-
ar coordinates. It can be seen that a Bessel correlated
eam can be synthesized by the beamlets specified by Eq.
6) when N approaches infinity. As shown by Fig. 1, the
ave vectors of these beamlets form a cone whose vertex
ngle is inversely related to the correlation length r0.
hen N is of finite value, we define a partially coherent

eam whose cross-spectral density is specified by Eqs. (5)
nd (6) as a pseudo-Bessel correlated beam. Figure 1 also
llustrates a potential method to generate a pseudo-Bessel
orrelated beam, i.e., a bundle of fiber lasers arranged ei-
her to directly diverge at angle � or first converge in a
ource plane of angle �.

It is to be noted that the scintillation of beam arrays
as been considered before [24–26]. However such arrays
onsisted of beamlets spatially separated in the source
lane, namely, spatially diverse arrays. The pseudo-
essel correlated beams are directionally diverse beam
rrays whose beamlets propagate in different directions.
In principle the spectral density S��� can be of arbi-

rary profile. In this paper, it is taken to be Gaussian,
hich is

S��� = exp�−
2�2

w0
2 � , �7�

here w0 indicates the width of the Gaussian profile. The
verage intensity in the source plane L=0 is therefore a
aussian, regardless of state of coherence.

. FORMULATION OF SCINTILLATION
NDEX IN WEAK TURBULENCE
e consider a pseudo-Bessel correlated beam whose con-

tituent beamlets are specified by Eqs. (6) and (7) at the
ource plane z=0. On propagation through weak turbu-
ence, the wavefield of the nth beamlet can be represented
y a so-called Rytov series [1],

An��,z� = A0n��,z�exp
�n1��,z� + �n2��,z� + ¯ �, �8�

here A0n�� ,z� is the wavefield of the nth beamlet in the
bsence of the turbulence, and �n1�� ,z� and �n2�� ,z� are
he complex phase perturbations of the first and the sec-
nd order associated with the nth beamlet, respectively.
ith the assumption of weak turbulence, perturbation

erms of order higher than two are neglected.

x

y

zO

x

z
O

kn

θ

ig. 1. Configuration of a pseudo-Bessel correlated beam. kn is
he wave vector of the nth beamlet. kn=kun, and its direction is
pecified by the unit vector un whose projection in the source
lane is u�n. �=2 arcsin��u�n�� is the vertex of cone.
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Because of the mutual independence of the constituent
eamlets, the intensity of the pseudo-Bessel correlated
eam at the receiver plane z=L is

I��,L� = 
n=1

N

In��,L�, �9�

here In�� ,L�= �An�� ,L��2 is the intensity of the nth
eamlet. The intensity fluctuations of the pseudo-Bessel
orrelated beam at the receiver plane are characterized
y the scintillation index which is defined as

�2��,L� =
�I2��,L��

�I��,L��2 − 1, �10�

here the angle brackets stand for the average of the re-
lizations of turbulence. With Eq. (9), the scintillation in-
ex can be rewritten as

�2��,L� =

m=1

N


n=1

N

�Im��,L�In��,L��

�
n=1

N

�In��,L���2 − 1. �11�

Within the framework of the Rytov approximation, the
verage intensity of the nth beamlet �In�� ,L�� and the av-
rage cross-intensity between the mth and nth beamlets
Im�� ,L�In�� ,L�� in Eq. (11) are formulated by (for the de-
ailed derivations, see Appendix A)

�In��,L�� = �A0n��,L��2 exp�2 Re
E1
n��,L�� + E2

nn��,L��,

�12�

Im��,L�In��,L�� = �Im��,L���In��,L�� 	 exp�2 Re
E2
mn��,L��

+ 2 Re
E3
mn��,L���, �13�

here

1
n��,L� = − �k2 exp� ikLu�n

2

2p�L� � 	 
n���d2�

		
0

L

exp�− ik�u�n
2

2p��� �
	exp�− ik����L − ��u�n

2

2p2��� �d�, �14�

2
mn��,L� = 2�k2 exp� ikLu�m

2

2p�L� �exp�− ikLu�n
2

2p*�L� �
		

0

L

exp� − ik

2p����� +
����L − ��

p��� �u�m
2 �

	 exp� ik

2p*����� +
*����L − ��

p*��� �u�n
2 �d�

		 exp�− i
��� − *�����L − ���2

2k �
	exp�i
��� − *����� · �� 	 exp�− i�L

− ��� · �u�m

p�L�
−

u�n

p*�L���
n���d2�, �15�

3
mn��,L� = − 2�k2 exp� ikLu�m

2

2p�L� �exp� ikLu�n
2

2p�L� �
		

0

L

exp� − ik

2p����� +
����L − ��

p��� ��u�m
2

+ u�n
2 ��d�	 exp�− i�L − ��

p�L�
� · �u�m

− u�n��exp�− i����L − ���2

k �
n���d2�, �16�

here p�L�=1+ i2L /kw0
2, ���=p��� /p�L� and 
n��� is the

ower spectrum of the turbulence.

. EXAMPLES AND ANALYSIS
n this paper, the turbulence is modeled by the von Kar-
an spectrum


n��� = 0.033Cn
2
exp�− �2/�m

2 �

��2 + �0
2�11/6

, �17�

here �m=5.92/ lm with the inner scale lm=1 mm and �0
1/ l0 with the outer scale l0=10 m. The scintillation in-
ex of a pseudo-Bessel correlated beam can be numeri-
ally evaluated by substituting Eqs. (12)–(17) into Eq.
11).

Figure 2 shows the on-axis scintillation index of a
seudo-Bessel correlated beam as a function of the rela-
ive correlation length r0 /w0 in weak turbulence when the
umber of constituent beamlets is two. The turbulence
trength parameter is Cn

2 =10−15 m−2/3, and the propaga-
ion distance is L=2 km. The on-axis scintillation index of
fully coherent Gaussian beam with the same width w0 is

hown on the plot as a horizontal line for comparison. Its
cintillation value can be also obtained by numerically
valuating the formulas developed in Section 3 when N
1 and u�=0. It can be seen that a minimum of the scin-

illation for a pseudo-Bessel correlated beam occurs when
0/w0�0.32, providing 50% reduction as compared to the
cintillation of a Gaussian beam alone. The simulated on-
xis scintillation indices of some different r0 /w0 are also
hown in Fig. 2 for comparison. We applied a multiple
hase screen method for the simulations [27], in which
xtended turbulence is modeled by a collection of phase
creens at appropriate distances and with carefully cho-
en statistical properties, and the field undergoes free-
pace propagation between them. The constituent beam-
ets given by Eq. (6) are propagated through the same
ealization of the turbulence, and their intensities are
dded at the receiver plane according to Eq. (9). The
imulated scintillation values are obtained by the en-
emble average of 2000 realizations. As shown by Fig. 2,
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he numeric results have good agreement with the ana-
ytic results obtained by the Rytov theory.

The origin of the minimum scintillation can be under-
tood as follows. In the high-coherence regime (large r0),
he constituent beamlets propagate near the horizontal
xis and through nearly the same region of turbulence.
he scintillation of the pseudo-Bessel correlated beam is
pproximately the same as the scintillation of the hori-
ontal Gaussian beam. On the decrease of coherence, the
patial separation between the beamlets’ propagation
aths is enlarged. Their propagation through the turbu-
ence is less correlated and on average the scintillation of
he pseudo-Bessel correlated beam is reduced. However,
n the low-coherence regime (small r0), the propagation
aths of the constituent beamlets are distant from the
orizontal axis. The scintillation of the pseudo-Bessel cor-
elated beam is increased because of the low intensity de-
ected by the receiver. Therefore there exists an optimal
orrelation length for which the scintillation of the
seudo-Bessel correlated beam is minimum. Beams with
ifferent widths ranging from w0=3 cm to w0=7 cm were
lso studied; the qualitative features described here were
resent in all cases, though the optimal correlation length
aries with beam size.

Figure 3 illustrates the dependence of the on-axis scin-
illation index of a pseudo-Bessel correlated beam on the
umber of its constituent beamlets. The relative correla-
ion length r0 /w0 is 0.33. As N increases, the on-axis scin-
illation index falls and saturates rapidly. When N is
mall, the propagation of the additional beamlets is still
elatively uncorrelated with the propagation of the exist-
ng beamlets, and the scintillation of the pseudo-Bessel
orrelated beam is reduced. However, when N is large, the
dditional beamlets propagate through very similar re-
ions of turbulence as the existing beamlets and make no

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

2 beamlets (theory)
2 beamlets (simulation)
Gaussian (theory)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
r0 w0/

O
n−
ax
is
sc
in
til
la
tio
n
in
de
x

ig. 2. On-axis scintillation of a 2-beamlet pseudo-Bessel corre-
ated beam as a function of the relative correlation length r0 /w0.
ere the wavelength is taken to be �=1.55 �m, and the width of

he beam is taken to be w0=0.05 m. The turbulence strength pa-
ameter is Cn

2 =10−15 m−2/3 and the propagation distance is
=2 km.
 ontribution to the further scintillation reduction. From

ig. 3, it can be seen that the scintillation of a Bessel cor-
elated beam can be studied through the scintillation of a
seudo-Bessel correlated beam with the finite number of
onstituent beamlets. As illustrated by Fig. 4, the maxi-
um scintillation reduction is 79% when the number of

onstituent beamlets is 16. Significantly, this result sug-
ests that the most significant scintillation reduction is
chieved with a finite number of incoherent beamlets, and
hat familiar classes of partially coherent beams, such as
chell-model beams, are in a sense “wasteful.” A Schell-
odel beam can be decomposed using an angular spec-

rum representation into a sum of uncorrelated plane
aves propagating in different directions [28]. Plane
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aves propagating in very similar directions will be af-
ected by turbulence in very much the same manner, and
ill not provide any significant reduction in scintillation.
The analytic formulas for scintillation of pseudo-Bessel

orrelated beams obtained by the Rytov approximation in
ection 3 is valid only in weak turbulence. However the
ultiple phase screen simulation method applied in Fig.
retains its validity for Gaussian beams in the strong

urbulence regime [29]. Now we extend the study on the
cintillation of pseudo-Bessel correlated beams into the
trong turbulence regime by numeric simulations. The
urbulence strength parameter is Cn

2 =10−14 m−2/3 and the
ropagation distance is L=3 km. As shown in Fig. 5, the
imilar behavior of on-axis scintillation index of a pseudo-
essel correlated beam as a function of the relative corre-

ation length r0 /w0 is observed, and the maximum scintil-
ation reduction saturates as the increase of the number
f constituent beamlets N. When N=8, 73.2% scintillation
eduction is obtained when r0 /w0=0.28. Figure 6 illus-
rates the on-axis scintillation index of an 8-beamlet
seudo-Bessel correlated beam as a function of the Rytov
ariance,

�1
2 = 1.23Cn

2k7/6L11/6. �18�

he beam is of the optimal correlation length obtained
rom Fig. 5. It can be seen that the pseudo-Bessel corre-
ated beam significantly outperforms the Gaussian beam.

It is to be noted that Figs. 2, 4, and 5 do not extend to
0/w0=0. In this limit, the beamlets are propagating per-
endicular to the z axis and essentially no light intensity
s reaching the detector. In this case, the scintillations get
rbitrarily large, and we have excluded that limit from
he plots for clarity.
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ig. 5. On-axis scintillation of a pseudo-Bessel correlated beam
s a function of the relative correlation length r0 /w0. The wave-
ength is also �=1.55 �m and the width of the beam is w0
0.05 m. Here the turbulence strength parameter is Cn

2

10−14 m−2/3 and the propagation distance is L=3 km.
. SCINTILLATION OF MODIFIED PSEUDO-
ESSEL CORRELATED BEAMS
s discussed in Section 4, the scintillation of a pseudo-
essel correlated beam increases rapidly if the correlation

ength decreases further after reaching its optimal value.
his arises because the beamlets mostly “miss” the detec-

or, but high variations in intensity are produced when a
eamlet occasionally wanders into its range. To correct
his, we modified the configuration of pseudo-Bessel cor-
elated beams by adding an independent horizontal
eamlet

E��,z = 0� = E0 exp�−
�2

w0
2� , �19�

here E0 is the amplitude. For simplicity, its beam width
s also w0.

It can be shown that the on-axis scintillation index of
he modified pseudo-Bessel correlated beam takes on the
inimum value given by

�min
2 = �

�pb
2 �h

2 − ��pb,h
2 �2

�pb
2 + �h

2 − 2�pb,h
2

if �pb,h
2 � min
�pb

2 ,�h
2�

min
�pb
2 ,�h

2� otherwise
� ,

�20�

hen

E0 =�Ipb��pb
2 − �pb,h

2 �

Ih��h
2 − �pb,h

2 �
if �pb,h

2 � min
�pb
2 ,�h

2�. �21�

n Eqs. (20) and (21), �pb
2 and �h

2 are the on-axis scintilla-
ion indices of the pseudo-Bessel correlated beam and the
orizontal beamlet, respectively. �pb,h

2 is the on-axis cross
cintillation index between the pseudo-Bessel correlated
eam and the horizontal beamlet, which is defined as
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ig. 6. On-axis scintillation of an 8-beamlet pseudo-Bessel cor-
elated beam as a function of the Rytov variance �1

2

1.23Cn
2k7/6L11/6. The relative correlation length is r0 /w0=0.28

nd the other parameters are the same as in Fig. 5.
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�pb,h
2 =

�IpbIh�

�Ipb��Ih�
− 1. �22�

pb and Ih are the on-axis intensities of the pseudo-Bessel
orrelated beam and the horizontal beamlet. The factor
in
�pb

2 ,�h
2� takes the minimum between �pb

2 and �h
2. In

ddition, with the assumption of isotropic turbulence, it
an be shown that �pb,h

2 =�n,h
2 , where

�n,h
2 =

�InIh�

�In��Ih�
− 1 �23�

s the on-axis cross scintillation index between the nth
eamlet of the pseudo-Bessel correlated beam and the
orizontal beamlet.
In weak turbulence, the minimum on-axis scintillation

ndex of the modified pseudo-Bessel correlated beams [Eq.
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0
20)] can be numerically evaluated by the formulas drived
n Section 3. It is illustrated as a function of the relative
orrelation length r0 /w0 in Fig. 7. The corresponding op-
imal amplitude E0 is also shown. The number of con-
tituent beamlets of the pseudo-Bessel correlated beam is
6. It can be seen that when coherence is relatively high,
he minimum on-axis scintillation index of the modified
seudo-Bessel correlated beam is the on-axis scintillation
ndex of the pseudo-Bessel correlated beam itself because

pb
2 ��pb,h

2 and �pb
2 ��h

2. Therefore there is no need to add
he additional horizontal beamlet in this regime. However
n the low-coherence regime, �pb,h

2 �min
�pb
2 ,�h

2�, the ad-
itional horizontal beamlet keeps the scintillation of the
odified pseudo-Bessel correlated beams at a low level for
relatively large range of the correlation length r0. If r0

urther decreases, we can anticipate that the detected on-
xis intensity is dominated by the additional horizontal
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eamlet, and the on-axis scintillation index of the modi-
ed pseudo-Bessel correlated beam increases and ap-
roaches �h

2 eventually.
Figure 8 illustrates the minimum on-axis scintillation

ndex of the modified pseudo-Bessel correlated beams as
ell as the optimal amplitude E0 in strong turbulence;

hese quantities are obtained by numeric simulations.
he number of constituent beams of the pseudo-Bessel
orrelated beam is eight. A behavior similar to that of Fig.
is observed.

. CONCLUSIONS
e have investigated the scintillation properties of

seudo-Bessel correlated beams of Gaussian intensity
rofile in both weak and strong turbulence. With an ap-
ropriately chosen coherence parameter, it is demon-
trated that such beams have lower scintillation than
omparable fully coherent Gaussian beams.

It is noted that the scintillation rapidly decreases to an
symptotic limit as the number of beamlets is increased.
his suggests that, in general, the optimal scintillation
eduction can always be achieved with a relatively small
nd finite number of such beamlets, and that partially co-
erent fields with more complicated coherence properties
ill not provide significant improvement.
We have also studied the scintillation properties of

seudo-Bessel correlated beams combined with a central
orizontal beamlet. The additional beamlet keeps the
cintillation of the so-called modified pseudo-Bessel corre-
ated beams at a low level for a relatively wide range of
alues of the correlation length r0.

Although the spectral density S��� is chosen to be
aussian, the synthesis method of Bessel correlation ap-
lied in this paper can be used to study the propagation of
essel correlated beams of other intensity profiles

hrough the atmosphere. For instance, the constituent
eamlets could be taken to be of nonuniform polarization
30], or of Bessel–Gaussian form [28,31].

PPENDIX A: DERIVATION OF E1
n, E2

mn,
ND E3

mn

n this Appendix, we derive the expressions for E1
n, E2

mn,
nd E3

mn given above [Eqs. (14)–(16)]. They are the
econd-order statistical moments, which are defined as

E1
n��,L� = ��n2��,L�� +

1

2
��n1��,L��2, �A1�

E2
mn��,L� = ��m1��,L��n1

* ��,L��, �A2�

E3
mn��,L� = ��m1��,L��n1��,L��. �A3�

he expressions for the average intensity �In�� ,L�� [Eq.
12)] and the average cross-intensity �Im�� ,L�In�� ,L��
Eq. (13)] can be obtained by the similar derivations as
hown in [1] and [24], respectively.

By the Rytov approximation, the wavefield in the tur-
ulence can be expressed by Eq. (8). For the nth beamlet
pecified by Eqs. (6) and (7), it can be shown that by using
he angular spectrum theory the wavefield at the receiver
lane z=L in the absence of the turbulence is

A0n��,L� =
1

�Np�L�
exp�ikL

−
�2

p�L�w0
2�exp� i�2ku�n · � − kLu�n

2 �

2p�L� � .

�A4�

he first-order complex phase perturbation term �n1�� ,L�
an be evaluated by the following equation [[1], Chap. 5,
q. (36)]

�n1��,L� =
k2

2�
	

0

L

dz	 exp�ik�L − z�

+
ik�s − ��2

2�L − z� � A0n�s,z�

A0n��,L�

n1�s,z�

L − z
d2s. �A5�

1�� ,z� is the turbulence-induced refractive index fluctua-
ion, which can be written in the following form:

n1��,z� =		 exp�i� · ��dv��,z�, �A6�

here dv�� ,z� is the random amplitude of n1�� ,z�. On
ubstituting Eqs. (A4) and (A6) into Eq. (A5), we arrive at
after integrating with respect to the variable s]

�n1��,L� = ik exp� ikLu�n
2

2p�L� �
		

0

L

exp� − ik

2p�z��z +
�z��L − z�

p�z� �u�n
2 �dz

			 exp�−
i�z��L − z��2

2k �exp
i�z�� · ��

	 exp�−
i�z��L − z�

p�z�
� · u�n�dv��,z�, �A7�

here again �z�=p�z� /p�L�. E2
mn can be obtained by sub-

tituting Eq. (A7) into Eq. (A2). With the relationship

�dv��,z�dv*���,z��� = Fn��, �z − z������ − ���d2�d2��,

�A8�

here � is the Dirac delta function and Fn�� , �z−z��� is a
wo dimensional spectral density of the turbulence, we
ave, after some calculations,

E2
mn��,L� = k2 exp� ikLu�m

2

2p�L� �exp�− ikLu�n
2

2p*�L� �
		

0

L	
0

L

exp� − ik

2p�z��z +
�z��L − z�

p�z� �u�m
2 �

	 exp� ik

2p*�z ��z� +
*�z���L − z��

p*�z � �u�n
2 �dzdz�
� �
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			 exp�−
i

2k

�z��L − z� − *�z��

	�L − z����2�exp�− i� · �L − z

p�L�
u�m

−
L − z�

p*�L�
u�n��exp�i
�z�

− *�z���� · ��Fn��, �z − z���d2�. �A9�

ow we replace the integration variables z and z� by �
�z+z�� /2 and �=z−z�. With the assumption that the tur-
ulence is delta correlated in the propagation direction,
n�� ,�� has appreciable values only when ��0. Thus we
an extend the integration on � from −� to � without sig-
ificant error and let z�z���. With these approxima-
ions and the relationship between Fn�� ,�� and the power
pectrum of the turbulence 
n���,


n��� =
1

2�
	

−�

�

Fn��,��d�, �A10�

q. (A9) can reduce to the expression

E2
mn��,L� = 2�k2 exp� ikLu�m

2

2p�L� �exp�− ikLu�n
2

2p*�L� �
		

0

L

exp� − ik

2p����� +
����L − ��

p��� �u�m
2 �

	 exp� ik

2p*����� +
*����L − ��

p*��� �u�n
2 �d�

		 exp�− i
��� − *�����L − ���2

2k �
	exp�i
��� − *����� · ��exp�− i�L

− ��� · �u�m

p�L�
−

u�n

p*�L���
n���d2�, �A11�

hich is Eq. (15) for E2
mn. Equation (16) for E3

mn can be
btained by a similar derivation, except that the following
elationship is used:

�dv��,z�dv���,z��� = Fn��, �z − z������ + ���d2�d2��.

�A12�

For E1
n defined as Eq. (A1), it has been shown that it is

quivalent to the ensemble average of the second-order
ormalized Born perturbation term [[1], Chap. 5, Eqs.
35) and (39)]. Therefore, it can be derived by using the
ollowing equation [[1], Chap. 5, Eq. (40)]:

E1
n��,L� =

k2

2�
	

0

L

dz	 exp�ik�L − z� +
ik�s − ��2

2�L − z� �
	

A0n�s,z�

A0n��,L�

��n1�s,z�n1�s,z��

L − z
d2s. �A13�

n substituting Eqs. (A4), (A6), and (A7) into Eq. (A13),
e have, after integrating with respect to the variable s,

E1
n��,L� = − k2 exp� ikLu�n

2

2p�L� �	0

L

dz	
0

z

dz� exp�−
ik

2 � z�

p�z��

+
��z − z��

p2�z��
+

�L − z�

p2�z� �u�n
2 �

				 	
−�

�

�dv��,z�dv���,z���

	exp�−
i��z − z����2

2k �
	exp�−

i��z − z��

p�z��
�� · u�n�

	exp�−
i�L − z��� + ����2

2k �exp�−
i�L − z�

p�z�

	�� + ���� · u�n�exp
i�� + ���� · ��, �A14�

here =p�z� /p�L� and �=p�z�� /p�z�. Equation (A14) can
e simplified by using the relationship Eq. (A12) and the
imilar approximations as applied in the derivation of

2
mn. Recognizing that ��1 and the integration on � is

rom 0 and �, it can reduce to

E1
n��,L� = − �k2 exp� ikLu�n

2

2p�L� � 	 
n���d2�

		
0

L

exp�− ik�u�n
2

2p��� �
	exp�− ik����L − ��u�n

2

2p2��� �d�, �A15�

hich is Eq. (14).
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