
Lecture 7: Free Electron Model

Drude model: electron gas of density n = 
N/V, V-volume
Classical Maxwell-Boltzmann distribution:

vx

vy

vz

v

dv

dN = fB(v) dv = fB(v) dvxdvydvz

dN

Sommerfeld model: same classical gas, but 
with quantum Fermi-Dirac distribution: 

T0 – temperature determined by the 
normalization:
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Statistical Distributions



Properties of Fermi-Dirac distribution:

Ground state T→0:
For mv2/2 < kBT0 f(v) = 1 – Consequence of Pauli exclusion principle
For mv2/2 > kBT0 f(v) = 0

Transition to Maxwell-Boltzman distribution require T >> T0 whereas in practice 
in metals T << T0 (in Figure T = 0.01T0).

Ground-State Properties of the Electron Gas
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Find at first the energy spectrum and then fill it up by electrons according to Pauli.

One electron wave function without interactions satisfies the time-independent 
Schrödinger equation:



Boundary Conditions

Natural choice, zero conditions, lead 
to standing-wave solutions whereas 
the transport should be discussed in 
terms of running waves.

ψ(x,0,z)=0 ψ(x,L,z)=0

x y

z

L

Born-von Karman (or periodic) 
boundary conditions:

ψ(x,y,z+L) = ψ(x,y,z)
ψ(x,y+L,z) = ψ(x,y,z)
ψ(x+L,y,z) = ψ(x,y,z)

In 1-D case:
ψ(x+L) = ψ(x)

Electron coming to the surface is not reflected back in, but reenters the metal from 
opposite surface. Excludes the surfaces from any role in transport phenomena.



The Solutions are Plane Waves
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- Introduce the momentum operator
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With eigenvalue:
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Can be easily verified by substituting into the equation in a 1-D form. 
The constant was defined due to:

Momentum:

Particles: This allows particle analogy: E = p2/(2m) = mv2/2 – classical result

Matter waves: the plane wave eikr = Const in the plane ⊥ k (since kr = Const) and 
periodic along k with wavelength: λ=2π/k – de Broglie wavelength – quantum result



Discrete Nature of k-vector
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kx = 2πnx/L = 2πny/L = 2πnz/L, where ni - integers

From the boundary conditions: 

kx

ky

2π/L

2-D lattice in reciprocal space
The number of states in a k-space volume (Ω):

Ω/(2π/L)3 = ΩV/8π3, V – init cell volume

The density of k-states is V/8π3

Single k-state



Filling k-space with electrons
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Building the N-electron ground state by placing electrons into single electron levels.
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Since it is a lowest energy state (T = 0) we have a tight packing starting from k=0. 
For large N the occupied region is a sphere in 3-D case.  

kF

The Fermi wave vector

In 2-D:



In 3-D: Number of k-states within the sphere is:
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The surface of the Fermi sphere, which separates the occupied from the 
unoccupied states called the Fermi surface.

pF = hkF/2π - Fermi momentum,    vF = pF/m – Fermi velocity

vF ~ 1%c – Surprising result since in a classical gas v ⇒ 0  if  T⇒0

V - volume of material
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- Fermi energy

Lecture 8: Fermi Surface, Energy, Wavevector, and Velocity



Energy per electron E/N in the ground state and TF

Energy of N electrons inside Fermi sphere:
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Where V/(8π3) – density of states in k-space
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N/V = kF
3/3π2 E/N = (3/5)kBTF, where TF = EF/kB -

Fermi temperature

Define 

Replace summation with integration:

Taking into account that ⇒



What if the temperature is non zero?
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µ - chemical potential

lim f(E) (T ⇒ 0) = 1 for E(k) < µ

= 0 for E(k) > µ

Lim µ (T ⇒ 0) = EF

In fact µ can be changed for increased T, in many cases it can be neglected

Fermi-Dirac distribution:
T = 0

T > 0



Density of States Distribution Function g(E) in 2D Case
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This is always true (any D) since k here is 
a magnitude of the k-vector:
k = (kx

2 + ky
2 + kz
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However expression for dN depends on D. 
In 2D:

dN = 2πk dk (V/8π3)

Leading to:
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Density of states for carriers in structures with different dimensionalities



Lecture 9: Two Models, Nearly Free Electron Model
Two Models

Nearly Free Electrons (Kittel)

Bragg: k = ±G/2 = ±nπ/a

ψ(-)~sin(πx/a) ψ(+)~cos(πx/a)

Tight Binding Model



Nearly Free Electron Model

One-electron effective potential:

Single electron Schrödinger equation:
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U(r) – periodic potential



Bloch’s Theorem
The eigenfunction ψ is a product of a plane wave and a periodic function:

ψnk(r) =  eikr unk(r), where unk has periodicity of Bravais lattice:

unk (r+R) = unk(r) for all R in the Bravais lattice

ψnk(r+R) =  eikR ψ(r) – equivalent formulation of the Bloch’s theorem

The Born-von Karman Boundary Conditions
ψ(r+Niai) = ψ(r), i = 1, 2, 3,… , where Ni – number of primitive cells in “I” direction.

N = N1N2N3 – total number of primitive cells in the crystal

Applying Bloch’s theorem to the boundary condition:

ψnk(r + Niai) = eiN
i
ka

i ψnk(r), i = 1, 2, 3,… ⇒ eiN
i
ka

i = 1

by representing k = x1b1 + x2b2 + x3b3 we have e2πiN
i
x
i = 1 ⇒ xi = mi/Ni, mi = 0, 1, 2,…

The size of the cell in k-space ~ ∆ki = 2π/Li ⇒ Volume of the cell ∆k = (2π)3/V



Solution in 1D case: Kronig-Penney Model





Photonic Band Structure in 1D Case

Degeneracy of the parabolic 
behavior is lifted at k = K/2 = π/a

Expanded-zone scheme

Reduced-zone scheme

Repeated-zone scheme



Photonic Band Structure in 3D Case

FCC

Photonic Band Structure

A.Blanko et al., Nature 405, 437 (2000)

Electronic Band Structure



Lecture 10: The Tight-Binding Method

The Tight-Binding approximation:
• Overlap of atomic wave functions is enough to perturb the picture of isolated atoms
• But not so strong to make the atomic description completely irrelevant
• Reconciliation between contradictory features of atomic and free electron gas models 



General Formulation
Hatψn = Enψn - for bound levels of the atomic Hamiltonian

To calculate corrections the crystal Hamiltonian is represented as:

H = Hat + ∆U(r)

To preserve Bloch description: ψ(r+R) =eikR ψ(r)        (1)

We can try linear combinations of atomic wave functions:
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The Bloch condition (1) is verified for wavefunctions (2)

Since the atomic functions can be slightly different in the presence of ∆U(r) 
the general form of (2) is:

(2)

In its turn: ∑=
n

nnbr )()( rψφ - Linear combination of atomic orbitals LCAO



Wannier Functions

Function φ that play the role of the atomic wave functions are Wannier functions.

If the band formed by these functions is narrow tight-binding band then φ are  very close 
to atomic functions ψn. If it is broad, then these functions will differ.

Any Bloch function can be represented in the basis of Wannier functions. To prove note 
that Bloch function ψnk(r) can be considered as a function of k for a given r. However, 
since it is periodic in k-space, it can be represented as a Fourier series expansion in the 
reciprocal of the receiprocal, i.e., in the real lattice:
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This equation is of the form of Wannier series expansion:

Where fn(R,r) = φn(r-R)

The Wannier functions are orthogonal at different sites. They form a complete 
orthogonal set alternative to Bloch functions.



Wannier Functions with Maxwell Equations



Lectures 11-12: Lattice Vibrations: Phonons

Assumptions

• Mean equilibrium position corresponds to a Bravais lattice site.
• Ions displacements are small compared with the interionic spacing.

Classical oscillations in a molecule

x = x0 sinωt, v = dx/dt= x0ω cosωt, a = -x0ω2 sinωt

Hooke’s Law: F = -Kx

Since F = ma

-Kx0 sinωt = -mx0ω2 sinωt

K = mω2 ⇒ ω = √(K/m)





Normal Modes of a 1- D Monatomic Lattice
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For (n-1)-th term For n-th term

u(na,t)~ei(kx-ωt) - displacements from equilibrium for each ion,
where k = 2π/λ - wavevector. It should not be confused with K – Hooke’s constant.

Assuming that only neighbors interact we can express U as for a system of springs: 

(1)



The Born-von Karman periodic boundary conditions

u([N+1]a) = u(a); u(0) = u(Na)

Joining the remote ends of the chain 
back together by the same spring

Alternative interpretaion: explicit mechanical constraint forcing ion N to interact with 
ion 1 via the same spring K:

u(na,t)~ei(kx-ωt), ei(kx-ωt) = ei(kx-ωt) eikL,

eikNa = 1 ⇒ k = (2π/a)(m/N), where m – an integer



If m = N when k = 2π/a ⇒ λ = a – all atoms are moving in phase…

For this reason instead of 0 < k < (2π/a) we select first Brillouin zone according to:

-π/a < k < π/a – same reasoning as for electronic band structure

-π/a π/a
k

Here we have N states

What are the extreme wavelengths (k-vectors)?

Shortest λ = 2a (m = N/2)
k = +π/a

k = -π/a
L = Na

k = 2π/Na

Longest λ = Na (m = 1),

First Brillouin zone for phonons



Continuing solving equation of motion

Substituting u(na,t)~ei(kx-ωt) in the Eq. (1) and taking into account that

F(na) = M du(na,t)/dt ~ -Mω2 ei(kx-ωt) we have:

Mω2 exp i(kx-ωt) = K[2 exp i(kx - ωt) - exp (ika) exp i(kx - ωt)  - exp (-ika) exp i(kx - ωt)]

Mω2 = 2K[1 - (exp (ika)+ exp (-ika))/2] = 2K [1 – cos ka]
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The solutions are plane waves:

u(na,t) ~ cos (kna-ωt) or sin (kna-ωt) 

Since ω(k) = ω(-k) 



Phonon Dispersion Relations for a 1- D Monatomic Lattice

ε(k) – dispersion relationship:

• ωmax ~ (1012 – 1014) Hz or

λ ~ (5 – 500) µm

hν ~ (2 – 200) meV

• Phase velocity vph = ω/k –
weakly dependent on k

• Group velocity vg = dω/dk,

At long-wavelength limit (k~0):
vg ≈ vph

At k = ± π/a vg ~0

ωmax

vg = dω/dk –
Local slope



Phonon Dispersion Relations for a 3- D Monatomic Lattice

u(na)

1 Longitudinal Mode

∆y

2 Transverse Modes

Which oscillations disturb 
the spring more?

Why longitudinal modes 
have higher energy?



Normal Modes of a 1-D Lattice with a Two Ions Basis

Equilibrium positions are (na) and (na + d). 
Two ions are identical, but d < a/2  ⇒ we have 
G-spring and K-spring.



If these two atoms carry opposite 
charges we may excite this motion 
with a light wave, see top branch 
called optical branch. 

Optical and Acoustical Branchas



Phonon Dispersion Relations for a 3- D Lattice with a Basis

6N degrees of freedom, N 
per branch

3 optical branches interact with light



Lectures 13-15: Lorentz Model of Dipole Oscillators

It does not specify the nature of oscillating dipole and makes very basic 
assumptions about the forces involved. For these reasons it applies to a 
variety of situations:

• Electronic polarization of atoms (visible and near infrared frequencies 
1014 – 1015 Hz):

, where µ ~ me – mass of the electron – small

• Molecular and lattice vibrations (mid and far infrared frequencies 1012 –
1013 Hz):
µ ~ M – mass of the nucleolus – large

• Free electrons: special case since we have no restoring force for a dipole

µ
ω sK

=0



About the model:

Microscopical level: the force E(t) = E0 e-iωt and the solutions x(t) = X0 e-iωt

Basic assumptions: driving, returning and friction forces
Goal: express microscopical dipole moment  p(t) = -ex(t)

Macroscopical level: polarization P = Np and then D = ε0E + P that allows finding 
εr due to the fact that P ~ E and D = ε0 εr E

Dipersive and absorptive properties: language of ε1(ω) and ε2(ω) or n(ω) and k(ω) 



























Multiple Resonances Manifested in Index and Absorption















Comparison with Experimental Data


