ENDPOINT-HOMOGENEOUS FANS

WILL BRIAN AND RENE GRIL ROGINA

ABSTRACT. A fan F is endpoint-homogeneous if for any two endpoints
e,e’ of F, there is a homeomorphism % : F — F such that hi(e) = ¢’.

We prove there are uncountably many distinct homeomorphism types
of endpoint-homogeneous smooth fans. To do this, we associate to each
such fan F a topological invariant, in the form of an equivalence class
EPG(F) of subsets of [0, 1] describing how the endpoints of F limit
onto any given blade of F. We describe precisely all the uncountably
many different classes that can arise as EPG(F) for some endpoint-
homogeneous smooth fan . We also prove the existence of %—homo—
geneous smooth fans for all n > 5.

1. INTRODUCTION

A topological space X is homogeneous if for any x,y € X, there is a home-
omorphism /4 : X — X such that h(x) = y. This property expresses that X has
an especially rich group of self-homeomorphisms.

Many continua fail to be homogeneous, but still have very rich self-
homeomorphism groups. The class of fans, the main object of study in this
paper, contains many examples of this kind. A fan cannot be homogeneous.
It has one “top” point, many endpoints, and many points that are neither.
These three classes of points are topologically defined, and consequently
are invariant under homeomorphisms. Nevertheless, some fans, such as
the Cantor fan and the Lelek fan, have extremely rich self-homeomorphism
groups (see [2], [S]).

A fan F is called endpoint-homogeneous if for any two endpoints e,e’ of
F, there is a homeomorphism % : F — F such that h(e) = ¢’. Equivalently, F
is endpoint-homogeneous if for any two “blades” of the fan (arcs connecting
the top of the fan to some endpoint), there is a self-homeomorphism of F
that restricts to a homeomorphism between these two blades.

Let F be an endpoint-homogeneous fan and E its set of endpoints. Be-
cause any blade of F can be mapped to any other blade with a homeomor-
phism of F, there is a set X C [0, 1] such that for every blade B of F, there is
a homeomorphism B — [0, 1] mapping BNE \ B onto X. We define EPG(F)
to be the class of all such X. Thus EPG(F) is a topological invariant of F
describing how the endpoints of F limit onto any given blade of F.
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In this paper we work towards a classification of endpoint-homogeneous
smooth fans. Our main results in this direction are:

(I) A set X € [0,1] is a member of the invariant EPG(F) of some
endpoint-homogeneous smooth fan F if and only if X = [0, 1], X =0,
X = {1} or X is a closed subset of [0, 1] such that 0 € X and 1 is not
a cluster point of X.

(2) Inparticular, there are uncountably many such X C [0, 1] up to home-
omorphism, while the members of EPG(F’) for some fixed F are all
pairwise homeomorphic. It follows that there are uncountably many
homeomorphism types of endpoint-homogeneous smooth fans.

The proof of (1) spans Sections 3 and 5. Section 3 is devoted to proving the
“only if” part of (1): i.e., that if X € EPG(F) for some smooth fan F then
X must have one of the types listed above. This is stated as Theorem 3.8 at
the end of Section 3. The results leading up to Theorem 3.8 give us some
idea of what F must look like, depending on EPG(F):

(3) Suppose F is a smooth endpoint-homogeneous fan and X € EPG(F).
o If X =0 then F is an n-od, if X = {1} then F is the Cantor fan,
and if X = [0, 1] then F is the Lelek fan (Proposition 4.1).
o If 1 ¢ X then E(F) is relatively discrete (Proposition 3.1 and its
proof).
o If 1 € X then E(F) is uncountable (Proposition 3.4) and is dense
in itself.

Section 5 deals with the “if” part of (1): 1.e., it gives constructions of
smooth fans F' with X € EPG(F) whenever X has one of the types listed
above. The case with 1 ¢ X is dealt with in Theorem 5.1, and the case with
1 € X is dealt with in Theorem 5.2. Result (2), stated as Theorem 5.4 below,
follows relatively easily from (1).

We conjecture that if F and G are smooth fans and EPG(F) = EPG(G) #
{0}, then F and G are homeomorphic. The case EPG(F) = {0} is something
of a degenerate case; there are countably many homeomorphism types of
smooth fans for which the endpoints do not accumulate onto any blades
(namely those fans with finitely many blades, also known as the n-ods, with
n > 3). If true, this conjecture, combined with statement (1) above, would
give an exact classification of all endpoint-homogeneous smooth fans.

We do not say much about non-smooth fans, but we do provide a few ex-
amples of non-smooth endpoint-homogeneous fans. Some of these exam-
ples contrast with our results for smooth fans, showing that the smoothness
hypotheses cannot be removed. For instance:

(4) There is a fan F with [1/2,1] € EPG(F); in particular, for a non-
smooth fan F, the members of EPG(F) do not have to be among
the sets described in statement (1) above (Example 7.4).

A natural weakening of homogeneity is %—homogeneity. A space X is

%-homogeneous if there is a partition of X into n sets such that x,y € X lie in
the same partition piece if and only if there is a homeomorphism /2 : X — X
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with h(x) =y. Equivalently, X is %—homogeneous if the homeomorphism
group of X has exactly n distinct orbits with respect to its natural action on
X.

As mentioned above, fans have 3 distinct classes of points that are in-
variant under homeomorphisms: the top, the endpoints, and everything else
(usually called the ordinary points). Thus %—homogeneity is essentially the
strongest weakening of homogeneity that can apply to fans. But it is per-
haps too strong. In [2], Acosta, Hoehn, and Juarez completely classify all
%-homogeneous smooth fans. Other than the simple n-ods (again something
of a degenerate case), the %—homogeneous smooth fans come in precisely
4 homeomorphism types: the Cantor fan, the Lelek fan, and two others.
Interestingly, they also prove that no smooth fan is %—homogeneous. Com-
plementing this result of theirs, we show:

(5) Forevery n > 5, there is an endpoint-homogeneous, %-homogeneous
smooth fan.

The construction for odd 7 is found in Theorem 6.1, and the more difficult
construction for even n in Theorem 6.2.

Note that endpoint-homogeneity is a strict weakening of %—homogeneity:
we require only that the set of endpoints (but not its complement) be an
orbit of the homeomorphism group. This way of weakening %-homogenei-
ty brings us from having only 4 nontrivial examples to having uncountably
many.

It is worth mentioning that }l—homogeneity is a broadly studied topic in
continuum theory, not just with n = 3 and not just with fans. One notable ex-
ample is [3], which provides a complete classification of all %—homogeneous
dendrites. The introduction of [3] contains an extensive list of papers on the
topic of %—homogeneity.

It is also worth mentioning that the opposite of endpoint-homogeneous
fans was studied by Hernandez-Gutiérrez and Hoehn in [13]. They define a
fan F to be endpoint-rigid if every self-homeomorphism of F restricts to the
identity map on the set of endpoints of F. They construct many examples
of such fans, including several where the set of endpoints of the fan (with
the rest of the fan removed) is a homogeneous space.

The characteristic set EPG(F), as described above, is not well-defined for
all smooth fans, but only those for which no two blades can be distinguished
by looking at limits of endpoints. (We do not know whether this latter class
is actually larger than the class of smooth endpoint-homogeneous fans.) The
fans with this property were first defined in [12], where the fans F' such that
X € EPG(F) are called the X-endpoint-generated fans (below also X-EPG
fans). These arise in a classification of the Mahavier products obtained from
a pair of lines meeting at the origin. (In all but a few cases, it is an X-EPG
fan.) This classification is the main result of [12] and [6]. The work in the
present paper arose from the desire to classify those X for which smooth
X-EPG fans exist.
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2. DEFINITIONS AND PRELIMINARIES

In this section we give some definitions, notation, and preliminary results
that are used throughout the paper. All undefined notions can be found in
[14]. In what follows, we usually write / to denote the unit interval [0, 1].

Definition 2.1. A continuum is a non-empty compact connected metric
space. A dendroid is an arcwise connected continuum such that the in-
tersection of any two of its subcontinua is connected. A fan is a dendroid
with exactly one ramification point ¢, which is called the fop of the fan. 4

Observe that dendroids generally, and fans in particular, are uniquely arc-
wise connected, which means that if X is a dendroid and x,y € X with x # y,
then there is exactly one arc in X whose endpoints are x and y.

Definition 2.2. Let F be a fan. A point e € F is an endpoint of F, if it is
an endpoint of every arc in F that contains it. The set of all endpoints of F
is denoted E(F). A fan F is endpoint-homogeneous if for any e,e’ € E(F),
there is a homeomorphism 4 : F' — F such that h(e) = ¢’. 4

As examples of endpoint-homogeneous fans, let us mention the Lelek fan
and the Cantor fan described in Section 4.

Definition 2.3. Let X be a dendroid. Given x,y € X with x £y, let [x,y]

denote the unique arc in X with endpoints x and y. If x =y, let [x,y] = {x}.
If 7 is the top of a fan F and e € E(F), then [t,e] is a blade of F. The set

of all blades of F is denoted B(F). =

Definition 2.4. A fan F with top ¢ is smooth if for any convergent sequence
(x,,: n e N) of points in F,

lim,, 01, X,] = [2,1iMy, 00 X,

where the limit on the left is taken with respect to the Hausdorff metric. 4

Two non-smooth fans

The following definition first appeared in [12].

Definition 2.5. Let F be a fan with top 7. Given X C I, we say F is an X-
endpoint generated fan (or an X-EPG fan) if for every B € B(F), there is a
homeomorphism ¢ : I — B such that ¢(0) =¢ and ¢[X]=BNE(F)\B. A
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For example, n-ods are (-EPG fans, the Cantor fan is a {1}-EPG fan, and
the Lelek fan is a I-EPG fan. In fact, Charatonik’s characterization of the
Lelek fan shows it is the only /-EPG smooth fan.

Observation 2.6. If F is an endpoint-homogeneous fan, then there is some
X C I such that F is an X-EPG fan.

Hence, to understand endpoint-homogeneous fans, one must understand
X-EPG fans. This raises several questions:

o For which X C I is there an X-EPG fan? An X-EPG smooth fan?

o For which X C I can such a fan be endpoint-homogeneous?

o If there is an X-EPG fan for some nonempty X C /, is it unique up
to homeomorphism?

As mentioned in the introduction, a significant part of this paper is devoted
to fully answering the first two of these questions. We record for now two
basic observations in this direction.

Observation 2.7. If there is an X-EPG fan, then X is closed.

Observation 2.8. Let X and Y be closed subsets of 1. The following state-
ments are equivalent:

(1) There is an order-preserving homeomorphism h : I — I such that
h[X]=Y.

(2) Some X-EPG fan is a Y-EPG fan.

(3) Every X-EPG fan is a Y-EPG fan.

In light of this observation, we define the following topological invariant.

Definition 2.9. Two subsets of I are equivalently embedded if there is an
order-preserving homeomorphism / — I mapping one onto the other. This
is an equivalence relation on subsets of 1.

If X C I and F is an X-EPG fan, we define EPG(F) to be the equivalence
class of X under the “equivalently embedded” relation. .

Note that X = {0}, Y = {1/2}, and Z = {1} are all homeomorphic to each
other, but not equivalently embedded in /. As we shall see, there are X-
EPG and Z-EPG smooth fans, but they look very different (the former have
countably many blades and the latter uncountably many, for example); and
there are no Y-EPG smooth fans at all.

We end this section with describing a general technique of constructing
continua of interest to us. This technique does not originate here. It is used,
for example, by Aarts and Oversteegen to study the Lelek fan in [1], or
by Herndndez-Gutiérrez to study endpoint rigid fans in [13]. At any rate,
the technique essentially amounts to just a clever use of polar coordinates.
We present the basic idea here, in order to keep our paper reasonably self-
contained.
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Definition 2.10. Let 7y and 7, denote the natural coordinate projection
maps I X1 — I; i.e., m(x,y) = x and m(x,y) = y whenever (x,y) € 2 It
CcPandyel, letCy={x: (x,y) € C}=m(m; ' (») NC).
Let K C I denote the Cantor set. A comb over K (or, in context, simply a

comb) is a closed subset C C I? such that

() Co=1,

(2) Cy is a subset of the Cantor set K for all y € (0,1],

(3) if y; <y, then Cy, 2 Cy,, and

(4) |Cy| > 2 for some y € (0,1].
Given a comb C, let F¢ denote the space obtained by collapsing I X {0} to
a point. This space is called the fan of the comb C. Similarly, if F is a fan
and C is a comb such that F¢ = F, then C is called a comb of F. 4

Formally, we take F¢ = {t}UC \ I x{0}. In other words, the points of F¢
are literally equal to the points of C with the X-axis removed, plus one extra
point ¢, the top of the fan. The natural quotient map is

@) = z ifm(z) >0,
TI=3r ifmz) =0.

qc

Observation 2.11. There is a largest comb, namely
Cx =I1x{0}UKx(0,1],
and the fan of this comb is (homeomorphic to) the Cantor fan.

A proof of the following fact can be found in [9, Theorem 9], [8, Propo-
sition 4], or [11, Corollary 4].

Proposition 2.12. A space is a smooth fan if and only if it is homeomorphic
to a subcontinuum of the Cantor fan and has a ramification point.

A version of the following theorem can be found as Lemma 2.1 in [13].

Theorem 2.13. If C is a comb, then F¢ is a smooth fan. Conversely, if F is
a smooth fan then there is a comb C C I? such that Fc ~ F.

Proof. Let C be a comb. As a closed and connected subset of Ckg, its quo-
tient F¢ is therefore a subcontinuum of the Cantor fan. By requirement (4)
in the definition of a comb, it is clear that F¢ contains a triod. As a sub-
continuum of the Cantor fan, this means that F¢ is necessarily a smooth fan
itself (by Proposition 2.12).
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For the second assertion of the theorem, suppose F is a smooth fan. By
Proposition 2.12, F is a subcontinuum of the Cantor fan, which we may
(and do) view as the fan of the comb Cg described in Observation 2.11. Let
q : Ck — F¢, denote the quotient mapping from the Cantor comb Ck onto
the Cantor fan F¢,, and let C = q‘l(F ). It is not difficult to check that C is
a comb over K, and the fan of this comb is F. O

Observe that combs are dendroids. In particular, we may (and do) use the
notation [z,z’] to denote the unique arc in a comb with z and 7z’ as endpoints.

Definition 2.14. Let C be a comb, and suppose that (x,y) is an endpoint
of C with y > 0. Then [(x,0),(x,y)] is called a blade of C, specifically the
blade of C at x, and (x,y) is called the tip of the blade. If C has a blade at
some x € K, then the blade at x is denoted B,. The set of all blades of C
is denoted B(C), and the set of all points that are the tip of some blade is
denoted &(C). 4

Observe that |B(C)| > 3, for any comb C, by part (4) of the definition of
a comb. Of course combs have teeth, not blades, but the following observa-
tion shows why we have chosen this terminology.

Observation 2.15. Let C C I? be a comb. Then
(1) If B € B(C) then qc[B] € B(F¢), and if B’ € B(F¢) then there is
some B € B(C) with qc[B] = B'.
(2) &) = E(Fo).

In other words, blades of C correspond naturally to blades of F¢, and the
tips of those blades correspond naturally (in fact, are equal to) the endpoints
of Fc. Note that &C) and E(C) may not exactly be equal, but they are
nearly so: E(C) € E(C) CE(C)U{(0,0),(1,0)}. In other words, it is possible
that (0,0) and (1,0) are endpoints of C, but these two points are the only
possible difference between E(C) and &(C). Whether these points are in
E(C) depends on whether C has blades at O or 1.

We close this section with an observation concerning what a comb of an
X-EPG fan must look like.

Observation 2.16. Let C C I? be a comb and let X C I.

(1) Fcis an X-EPG fan if and only if for each for each B € B(C) there exists
a homeomorphism ¢p : I — B such that ¢p(0) € I X {0} and ¢p(X) =
BN&EIC)\B.

(2) If Fc is an X-EPG fan then (I x{0}) NE(C) # 0 if and only if 0 € X.

3. SETS THAT DO NOT WORK FOR EPG(F)

This section is devoted to restrictions on X, i.e., showing that certain X C /
can never be EPG(F) for a smooth fan F, giving the proof of one direction
of the first main theorem listed in the introduction. Along the way, we also
find that the features of X can yield information about what F* would need
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to look like if X = EPG(F). In the next section, we construct examples of
X-EPG fans for every X that is not ruled out in this section.

Proposition 3.1. If F is an X-EPG fan and 1 ¢ X, then E(F) is relatively
discrete and hence countable.

Proof. Because F is X-EPG and 1 ¢ X, no member of E(F) is a limit point
of E(F). O

Lemma 3.2. Let C be a comb, and suppose Fc is an X-EPG fan. If 0 ¢ X
and X # 0, then n1[E(C)] is homeomorphic to the Cantor space.

Proof. Observe that every blade of C contains exactly one member of E(C).
Consequently, 7y restricts to an injection on &(C). We claim that 71 [E(C)]
is closed and has no isolated points.

To see that 1 [E(C)] is closed, note that if 0 ¢ X then yg = inf 72 [E(C)] > 0
by Observation 2.16. But then 71[E(C)] = Cy,, which is compact.

To see that 71[E(C)] has no isolated points, let x € E(C). If X # 0, then
By, (x) contains a cluster point of &(C) \ By (v). Since 7r1_1(7r1(x)) = B, (x)
this shows that 71 (x) is a cluster point of 1 [E(C)].

Thus 71[E(C)] 1s a compact, non-empty, metrizable space with no iso-
lated points, and hence is homeomorphic to the Cantor space by the well-
known characterization of Brouwer’s (see, e.g., [14, Theorem 7.14, page
109)). O

Corollary 3.3. Suppose F is an X-EPG smooth fan. If X # ) and 0 ¢ X,
then E(F) is uncountable.

Proof. Using Theorem 2.13, let C be a comb such that F' = Fc. By the
previous lemma, 71[&E(C)] is homeomorphic to the Cantor space, which
means &(C) is uncountable. But E(F¢) = E(C), so E(F) is uncountable. 0O

Contrast the following proposition with Proposition 3.1.

Proposition 3.4. Let F be an X-EPG smooth fan with 1 € X. Then E(F) is
uncountable.

Proof. Applying Theorem 2.13, let C be a comb such that F¢c ~ F. We wish
to show &(C) = E(F¢) is uncountable. Fix yg > 0 such that some e € EC)
has m(e) > yg, and let

& =1{ee&(C): m(e) > yo} = EC)NU X (yo, 1]).
Because 1 € X and F is X-EPG, &(C) has no isolated points. Because E is a
(relatively) open subset of E(C), & also has no isolated points.

Arguing exactly as in the third paragraph of the proof of Lemma 3.2, but
with & in the place of &(C), one can show that 7 [g] has no isolated points
and hence is uncountable. _

If x € m[&], then there is some y > yo such that (x,y) € & Because C
is closed and &(C) C C, this means (x,y) € C. Because y > yg > 0, this
implies C has a blade at x. Thus C has a blade over every member of 7 [g].
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Combined with the previous paragraph, this shows C has uncountably many
blades, which means &(C) is uncountable. O

The following is the main lemma of this section. It shows how the Baire
Category Theorem restricts the shape of combs, and consequently of the
smooth fans obtained from those combs. Note that the lemma applies to all
combs over the Cantor set, not just those giving rise to EPG fans.

Lemma 3.5. Let C be a comb, and let (xq,yo) be a point of C\ E(C) with
vo > 0. Then there is an x € m1[E(C)] such that {x} X (yo, 1] contains exactly
one point of E(C), namely the endpoint of the blade over x.

Proof. Because yg > 0, the horizontal section Cy, is a subspace of the Cantor
space K, which is O-dimensional. This implies that there is a basic clopen
set V C K with xg € V such that (V x{yg}) NE(C) = 0. Let

E=8C)Nn(Vx(yo, 1] = {(x,y) €eEC): xe€Vand y > yo}.

For each x € 1 [E], let [m,, e,] denote the minimal segment in / that contains
(vo, 11N m[ByNE(C)]. Note that the endpoint of By is in B,y N %, SO €y
is simply the Y-coordinate of the endpoint of B,.

Because xo € V and (x,y0) € C\ &C), the endpoint of the blade By, is
a member of E. Hence E # 0, and E is a nonempty compact set. Further-
more, if (x,y) € E then y = Yo, so there is a blade over X. Thus m [E] C
{x: there is a blade over x} = 71 [E(C)].

If m, = e, for some x € 7| [E], then x € m1[E(C)] and {x} X (v, 1] contains
exactly one point of &(0), namely the endpoint of B,. In other words, if
m, = e, then the conclusion of the lemma holds at x. To complete the proof,
we show it is impossible to have m, < ey for all x € m; [E].

Aiming for a contradiction, suppose m, < e, for all x € m; [E]. Define

Ly = {xem[i]: ex—My > 1/k}

for each k € N. Because m, < e, for all x € 7;[E], we have m1[E] = Ukent Lk-

Suppose (x,: n € N) is a sequence of points in 711 [E] converging to some
point x. Then {(xy,ex,): n € N) and {(xn,my,): n € N) are both sequences in
E, and because E is compact, all the subsequential limits of these sequences
are in E. In particular (x,limsup,_, ey, ), (x, liminf,,_,c m,, ) € E. It follows
that limsup,,_, ey, < e, and liminf,_,. m,, > m,. This shows that each of
the Ly is a closed subset of 71 [E].

Thus m[E] is a nonempty compact set, and the union of a countable se-
quence Li,L;,L3,... of closed sets. By the Baire Category Theorem, there
is some k such that L; contains a nonempty, relatively open subset U of
m[E].

Set m = inf{m, : x € U}, and choose x € U so that m, < m+ ﬁ Because

(x,my) € E there exists a point (x",e,) € ENU at distance less than %{ from

(x,my). Then ey < my + %{ <m+ % Since m < my < e, it follows that

ey —My < % As x’ € U C L, this is a contradiction. O
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Proposition 3.6. Suppose X € EPG(F) for some smooth fan F. If 0 ¢ X # 0,
then X = {1}.

Proof. Let C be a comb for F. Because 0 ¢ X, Observation 2.16(2) states
(Ix{0)NE(C) = 0. Because I is compact, there means that there is some
yo > 0 with E(C) C I % (o, 11.

Fix any xo such that C has a blade at xo. The endpoint of By, is in
&(C), so its Y-coordinate is >yg. In particular, (xg,yo) € C \%. Applying
Lemma 3.5, there is some x € m1[&E(C)] such that {x} X (yg, 1] contains ex-
actly one point of &(C), namely the endpoint of By. By our choice of yq in

the previous paragraph, this implies B, N&E(C) contains only the endpoint of
By. By Observation 2.16(1) and the fact that X # @, this means X = {1}. O

Proposition 3.7. Suppose X = EPG(F) for some smooth fan F, and X # 1.
Then 1 is not a cluster point of X.

Proof. Let C be a comb for F. Fix any xg such that C has a blade at xy.
Because X # I, Observation 2.16(1) implies there is some yy > 0 such that
(x0,y0) € C \%. Applying Lemma 3.5, there is some x € 71 [E(C)] such
that {x} X (yo, 1] contains exactly one point of E(C), namely the endpoint of
By. Applying Observation 2.16(1) again, this shows there is some nonempty
open interval (z, 1] € I such that XN (z, 1] contains only one point. Therefore
1 is not a cluster point of X. O

This finishes the proof of the main results in this section, which are col-
lected together and summarized in the following theorem:

Theorem 3.8. Suppose X C I and there is an X-EPG smooth fan. Then
X=1X=0, X={1}, or X is a closed subset of I such that 0 € X and 1 is
not a cluster point of X.

Let us point out that Example 7.4, the non-smooth fan mentioned in the
introduction that violates the conclusion of the main theorem of this section,
also violates the conclusion of Propositions 3.6 and 3.7, and Lemma 3.5.
Thus the “smooth” condition cannot be removed from any of these results.
We do not know if the Baire Category argument from Lemma 3.5 can be
extended somehow to tell us something about non-smooth fans.

4. EXAMPLES AND FIRST CONSEQUENCES

In this section we present a few examples of endpoint-homogeneous
smooth fans. Many familiar smooth fans are endpoint-homogeneous. Inter-
estingly, these familiar examples all have the property of being the unique
X-EPG smooth fan for some X, except in the degenerate case X = 0.

o The simple n-ods are the only 0-EPG fans. This is because, if F is a
0-EPG fan (smooth or not), then E(F) has no accumulation points,
and as F is compact, this means E(F) is finite.

o The Lelek fan is the only /-EPG smooth fan. This is immediate
from Charatonik’s well-known characterization of the Lelek fan.
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o The star (drawn below) is the only {0}-EPG smooth fan (see [3,
Theorem 4.2]).

o The shrinking Cantor fan (also drawn below) is the only {0, 1}-EPG
smooth fan (implicit in [2, Theorem 2.2(2)]).

The following proposition adds one more item to the list.

Proposition 4.1. Up to homeomorphism, the Cantor fan is the only {1}-EPG
smooth fan.

Proof. If F is a {1}-EPG smooth fan, then E(F) is a closed subset of F’ with
no isolated points, and containing no arcs. By Brouwer’s characterization of
the Cantor space, this implies E(F) is homeomorphic to the Cantor space.
By [2, Theorem 2.2], the Cantor fan is, up to homeomorphism, the unique
smooth fan in which E(F) is homeomorphic to the Cantor space. O

This gives a characterization of the smooth X-EPG fans for X = 0, {0},
{1},{0,1}, and 1.

simple n-ods

L4k ok

Cantor fan Lelek fan

the {0}-EPG smooth fan

5. CONSTRUCTIONS OF ENDPOINT-HOMOGENEOUS FANS

In the Section 3 we proved that for certain X C / there can be no X-EPG
smooth fan. In this section we construct smooth X-EPG fans for every X C /
not ruled out by the results of Section 3. Furthermore, all the examples we
construct are endpoint-homogeneous.

If X =0, {1}, or I, then we have examples of X-EPG fans already: the
Cantor fan is {1}-EPG, the Lelek fan is /-EPG, and the n-ods are all -EPG.
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All of these examples are endpoint-homogeneous. Furthermore, these are
the only examples up to homeomorphism, as discussed in Section 4.

It remains to find X-EPG, endpoint-homogeneous fans for the other types
of sets listed in Theorem 3.8. Recall from Proposition 3.1 and Corollary
3.3 that for any X-EPG smooth fan, the number of blades is dependent on
whether 1 € X or not. Because of this we first focus on those examples of X
where 1 ¢ X.

Theorem 5.1. If X is a closed subset of I with 0 € X and 1 ¢ X, then there
is an X-EPG, endpoint-homogeneous smooth fan.

Proof. If X =0 or X = {0}, then we already have examples of X-EPG smooth
fans: the simple n-ods for X = @, and the star for X = {0}. Furthermore,
it is clear that these examples are endpoint-homogeneous. Thus, for the
remainder of the proof, fix some closed X C I such that 0 € X, 1 ¢ X, and
XN(@O,1)+0.

Let D = {y,: n€ N} be a dense subset of X \ {O} (which is nonempty,
by the assumption of the previous paragraph), and assume without loss of
generality that for each d € D there are infinitely many »n with y, = d.

We now describe the construction of a comb over K such that the cor-
responding fan will be X-EPG and endpoint-homogeneous. To begin, let
L% = {0} xI. Let M = max(X), and note that M < 1. Then:

(1) For each n; € N, let

2
Lr]l] = {%} X [O,ynl]

(2) For each ny, np € N, let

2 2
2 _
Lnl’”z - {371 + 3n1+m } X [O’ Mnlynlynz]'

(3) For each ny, ny, n3 € N, let

2 2 2
3 _ +
Lnl,nz,ns B {% * 3ni+ny * 3ni+ng+n3 } x[0,m™ nzy”lynz)’ng]-

(4) More generally, for any given k € N and for ny, np,...,n; € N, let

k k 1 Zl]zlnl Zk—ln. k
Ln1,n2 ..... nk: 22(5) X O’M =l l.l_lyni :

i=1 i=1

For each N € N, let C" be the result of the first N stages of this construction,
together with 7 x{0}: i.e.,
CV = IX{OVUL | (L, syt k<N and (ni,ma,...om) € NE).

N1,12,....1

Finally, let C = (Upyen CN. This is illustrated below for X = {0, 1/2,3/4}.
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C! C?

) | HT

Observe that the set of all x € I where this construction places a vertical
arc is exactly

{Z,-ep % : F is a finite subset of N}.

To put it more simply, this is just the set of all left-hand endpoints of the
Cantor set K. This is a countable dense subset of K.

Let us check that C is closed. Let (z,: n € N) be a sequence of points
in C; we wish to find a convergent subsequence. If liminf,_,m2(z,) =0,
then it is not difficult to see that some subsequence converges to a point of
Ix{0}. So let us assume liminf,_, m2(z,) = € > 0. The exponent on M in
the definition of Lk (o 18 atleast k—1. Because M < 1, this means there
is some N € N such that MV < &, which implies {z,,: n € N} C CN.But it is
not difficult to see that CV is compact. So in this case, some subsequence
of the z,, converges to a point of CV.

Thus C is closed, and it is easy to see that C satisfies every other part of
Definition 2.10. Hence C is a comb, and collapsing the bottom line of C to
a point yields a smooth fan F¢. To finish the proof, we must show that this
fan is an endpoint-homogeneous X-EPG fan.

For each vertical arc Lﬁl,...,nk produced by this construction, let

k _ ko(1\Z)1
xnl,...,nk - 2'2i=1 (5) ’

.n 18 the X-coordinate of the vertical arc Lﬁl,...,nk' Let

k

Le., Xy,

k _ e 1k
e S MZi= l’Hizlyni,

N yeens,
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or in other words, eﬁl is the Y-coordinate of the tip of the blade at
‘xln(l ..... nr* NOte that (xﬁl ek nk) € S(C) Let

Uy = [ o+ ()5 0K

.....

Because x*

ny...n, 18 the left-hand endpoint of an interval in the Cantor set K,

this is simply the basic clopen subset of K with left-hand endpoint xl,‘”

.....

Observation: Let x’,ﬁl

..... ny ey
blade. Then xi, . € UL . if and only if € >k and (ny,n2,...,n) =

(my,mo,...,my) (but my4q,...,me may be any natural numbers).

.....

..........

.....

,,,,, n

Proof of Claim: This claim is proved by exploiting the fractal-like self-
similarities of Cs¢. The idea is simply that V,]fl """" n, 18 just a translated,
dilated copy of Cs, but where the dilation is not quite even: the left-most

.....

..........
,,,,,

.....

k _ ]f_ n; k 1
hnl ,,,,, n (X6Y) = (321_] ’(x—xnl ----- nk)’ K n ok y)
M*~i=1 I'Hizlyn[

= (3Z?=‘ni(x_xle ,,,,, nk)’ ﬁY)

k
.......... ny,....ng°

..., €xcept for those in the topmost part of
the blade B« , specifically the points in {x } x (mk ek ].
nl l’lk

N1 yeens N N yeens ne> ~ni,..., Ny

.....

.....

..........
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C>O

m M /

Observe that / «
ny

homeomorphically onto {0} X I via a piecewise-linear homeomorphism.

D

maps the leftmost blade in in V,’,‘1

namely B «

""’nk, N ey np

..ne> then as observed above, k < ¢

If B,e is any other blade in V,’;l

.....

¢ 1\ Zmket M o e
(2.Zi=k+l(§) ] Mz ™ 'Hi=k+1ymi)

_ (. t-k {—k
- (xmk+1 ..... me> €mp e, me)'

In other words, hﬁl,...,nk maps the tip of the blade at xf;llwm , to the tip of the

f_k k . . . . . .
blade at x;, " . Because fy,, _, isjustascalingin the Y-coordinate, this

k
means that 4, , maps the blade B -

in Cso. Thus every blade of V,’fl,m’nk maps to some blade of C, no two blades
of V,’fl ....n, map to the same blade of C, and every blade of C has some blade

of V,’fl’_“,nk mapping onto it. Therefore hﬁl,_“’nk is a bijection. And h’,‘,l’._an

is clearly continuous in both directions, so hlr(zl,...,nk i1s a homeomorphism as
claimed. Furthermore, hfll n, Maps the endpoint of B « to (0, 1). 4
Mool

.....

Using this claim, we now show F¢ is endpoint-homogeneous. Suppose
X1 = x’,il,m’nk and Xp = x,‘;],m’mf are two different points at which C has a

blade. By the claim above, there is a homeomorphism

.......... seeesp

that maps the tip of By, to the tip of Bx,. Because & is a homeomorphism and
X1 # Xy, there is a clopen neighborhood W of By, such that WNA[W] = 0.
Shrinking W if necessary, we may (and do) assume that W has the form

b
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V x (0, 1] for some basic clopen V C K. This implies 2[W] is also a clopen
subset of K. Now define a homeomorphism H : F¢c — F¢ as follows:

h(z) ifze W,
H(z) ={h7'(z) ifzeh[W],
z otherwise.

Because W and h[W] are both relatively clopen subsets of F¢ \ {t}, it is
clear that H [ (F¢ \ {t}) is a homeomorphism F¢ \ {t} — F¢\ {t}. But then
this homeomorphism extends (uniquely) to the one-point compactification
of Fc \{t}, namely F¢, by mapping ¢ to ¢; this extension is H. So H is a
homeomorphism F¢ — F¢ mapping the tip of the blade at X; to the tip of
the blade at x,. Thus, given two arbitrary points X; and X, at which C has
a blade, we have found a homeomorphism F¢ — F¢ mapping the corre-
sponding endpoints to one another. Hence F¢ is endpoint-homogeneous.

It remains only to check that F¢ is X-EPG. Because we already know
F¢ is endpoint-homogeneous, it suffices to show for a single B € B(F¢)
that there is a homeomorphism ¢ : I — B such that ¢(0) = ¢ and ¢[X] =
E(Fc)\B. Let B={0}x1, the leftmost blade of C, and let ¢ be the natural
homeomorphism ¢(z) = (0, 2).

&(C) contains points of I X {0} (in C), which means t € E(F:)\ B (in F¢).
Hence ¢(0) =t E(F.)\ B.

Next let x € X\ {0}. By our choice of the sequence (y,: n € N) in the

construction, there is a subsequence <ynk cke N> such that limy_c0 ys, = x.

But then <(x,11k,e,11k): ke N> = <(x},k,ynk): ke N> is a sequence of points in
&(C) \ By converging to (0,x) = ¢(x). Combined with the previous para-
graph, this shows ¢[X] C E(F¢)\ B.

For the reverse inclusion, fix some z € BN E(F¢)\ B. Either z =1t, or
else z = (0,y;) for some y, € I. Now let ((xr,ex): k € N) be a sequence
in E(Fc)\ B =&(C)\ B converging to z. This implies limg_,, X = 0, and
we would like to show limg_,. & € X, since this would then imply that
7= (0,limg_, €x) € ¢[X]. We consider two cases.

For the first case, suppose there are infinitely many & such that x; = x},k
for some ny. Then by construction, (X, éx) = (X},k,)’nk) for infinitely many k.

But then limy ey, € {y,: n € N} = X.
For the second case, suppose there are only finitely many k such that

X = x,llk. So, for all sufficiently large k, X = x{, , , for some ¢ > 1 and
My el
some n’fné ... ,nlg e N. But x; = xt P 2 2 by construction. Because

n'f,n2 ..... 1, 3n]f
limg_, o0 X = 0, this implies limy_, o n’f = co. But also ¢ < M”I1 by construc-
tion, so this implies limg_,o, x =0 € X.

In either case z € ¢[X], so p[X] 2 BNE(F¢)\ B as claimed. Hence ¢[X] =
BNE(Fc)\ B, and F¢ is an X-EPG fan. O
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It remains to show that the same is true for the remaining sets X from
Theorem (1). As it turns out, this is (thankfully) a relatively easy conse-
quence of the previous theorem.

Theorem 5.2. Suppose X is a closed subset of I with 0,1 € X, and 1 is
an isolated point of X. Then there is an endpoint-homogeneous, X-EPG
smooth fan.

Proof. Because 1 is an isolated point of X, ¥ = X'\ {1} is a closed subset of
I with 1 ¢ Y. By the previous theorem, there is an endpoint-homogeneous,
Y-EPG smooth fan Fy. Let #y denote the top of Fy.

Let F denote the quotient space obtained from Fy X K (where K denotes
the Cantor set) by collapsing {#9} X K to a single point. Equivalently, one
may view F as the one-point compactification of (Fy \{#p}) X K. Let ¢ denote
the top of F. For convenience, we identify F'\ {t} with (Fy \ {fo}) X K.

Because Fy is a smooth fan, it is a subcontinuum of the Cantor fan Fg
(with top tx). This means F is a subset of the quotient space obtained
from Fg X K by collapsing {fx} X K to a single point (or, equivalently, the
one-point compactification of (Fx \ {tx}) X K). This latter space is homeo-
morphic to Fg, because K X K ~ K. Thus F is a subset of a Cantor fan.

It is straightforward to check that F is path-connected, compact, and con-
tains a copy of Fy. Combined with the previous paragraph, this means F is
a smooth fan. Furthermore, it is clear that E(F) = E(Fy) X K.

Let e,e’ € E(F). Then e = (e1,e2) and ¢’ = (e}, ¢€}), where ey,¢| € E(Fy)
and e, e’z € K. Because Fy is endpoint-homogeneous, there is a homeomor-
phism Ay : Fy — Fy with hi(e1) = e’l. Because K is homogeneous, there is
a homeomorphism 4, : K — K with hy(ep) = e’z. But then

Hir) = (hi1(x),2(y))  ifz=(x,y) € (Fy\{f}) XK,
@ = {t ifz=1

is a homeomorphism F — F with H(e) = ¢’. So F is endpoint-homogeneous.

Lastly, we must show that F is an X-EPG fan. Fix B € B(F). Observe
that B = By X {c} for some By € B(Fy) and c € K, provided that we are
willing to abuse notation slightly and identify (#p,c) with . Because Fy
is Y-EPG, there is a homeomorphism ¢ : I — B with ¢(0) = ¢ such that
¢lY]=BNE(Fy)\ B. We claim that ¢[Y] = BN E(F)\ B.

On the one hand, Fy X {c} is a homeomorphic copy of Fy sitting inside
of F, and the endpoints of this copy of Fy are all endpoints of F. Therefore

BNEF)\B 2 BNE(Fy x{c)\ B = ¢[Y].

But also ¢(1), the endpoint of B, is in E(F) \ B, because it is a limit point of
{¢p(1)} x K C E(F). Hence BNE(F)\ B2 ¢[Y]U{o(1)} = ¢[X].

On the other hand, suppose x € B and x ¢ ¢[X]. Fix xo € By such that
x = (xp,¢). Then xg ¢ ¢[Y], and x¢ is not the endpoint of By (because x ¢
#[X]), so there is an open neighborhood U C Fy with xo € U such that
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UNE(Fy)=0. Butthen U X K is an open neighborhood of (xg,c) in F such
that (UXK)NE(F)=(UXK)N(E(Fy)xK)=0. Hence x¢ E(F)\B. O

Putting the preceding two theorems together with the work in Section 3
yields the following theorem, a slight strengthening of Theorem (1) from
the introduction, followed by Theorem (2) from the introduction:

Theorem 5.3. Let X C I. The following are equivalent:

(1) There is an X-EPG smooth fan.
(2) There is an endpoint-homogeneous X-EPG smooth fan.
(3) X satisfies one of the conditions listed in Theorem 3.8.

Theorem 5.4. There are uncountably many distinct homeomorphism types
of endpoint-homogeneous smooth fans.

Proof. In light of the previous theorem and Observation 2.8, it suffices to
show that there is an uncountable family of subsets of I such that every
member of the family satisfies the three statements in Theorem 5.3, but no
two of them are equivalently embedded in /.

For each n € N, fix some a,, b,, such that n—}rl <a,<b,< % Then, for
each A CN, let

Xx = (0)U{L: neNJU{lay.bal: neA}.
The family of sets {X4: A C N} has the required properties. O

6. %—HOMOGENEITY

Recall from the introduction that a space X is %—homogeneous if there is
a partition of X into n sets, but no fewer, such that if x,y € X lie in the same
partition piece, then there is a homeomorphism % : X — X with h(x) = y.

In [2], Acosta, Hoehn, and Judrez completely classify all %—homogeneous
smooth fans: they are the simple n-ods, the Cantor fan, the Lelek fan, and
the unique {0}-EPG and {0, 1}-EPG fans, see Section 4.

Acosta, Hoehn, and Judarez also prove in [2] (see Theorem 4.1) that no
smooth fan is %-homogeneous. This section is devoted to the proof of Theo-
rem (5) which states that for every n > 5, there is an endpoint-homogeneous,
%—homogeneous smooth fan. No new fans are constructed though: rather,
we show that for certain choices of X (depending on n), the X-EPG fans
constructed in the proof of Theorem 5.1 are %—homogeneous. The sets X
used for odd n and for even n are rather different. The odd case is simpler,
and we handle it first.

Theorem 6.1. There is an endpoint-homogeneous, %—homogeneous smooth
fan for all odd n > 5.

Proof. Let nbe an odd number >5, and let m = % Fix some ay,asz,...,a;
suchthat 0 <a; <---<a, <1, and let X ={0,qay,...,a,}. We claim that
the X-EPG fan constructed in the proof of Theorem 5.1 is %-homogeneous.
Let C denote a comb of this fan, as described in the proof of Theorem 5.1,
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and let F¢ denote the fan itself. We know already that F¢ is an endpoint-
homogeneous smooth fan, so we need only show it is %—homogeneous.
Note that X naturally divides [ into n = 2m + 3 sets:

T = {0},
E = {1},
Ay ={a1}, Az ={azk,.... A = {am},
Dy = (0,a1), D2 = (a1,a2),..., Dy = (m-1.am), Dm+1 = (am, 1).

ai a e am-1 am

Dy A D, A, At Dy 4 D1 E

~N ¢ O

For every B € B(F¢), there is a homeomorphism ¢p : I — B mapping 1
to the tip of B such that ¢p[X] = BN E(F¢)\ B. Partition F¢ into n classes
of points by taking

Pz= | ¢sl2]
BeB(F¢)

where Z is any of the classes listed above, T, E, Ay,...,Amn, D1,...,Dpi1. It
is clear that the P partition F¢ into n sets, and we claim that this partition
witnesses the }l—homogeneity of Fc.

First, it is not difficult to see that these classes can be defined topologi-
cally. For example, T = {t} (the top of F¢) and E = E(F¢). Given i < m,
A; consists of all those points x € F¢ that are limits of endpoints, and such
that the arc [, x] contains i + 1 limits of endpoints (counting ¢ and x). Given
i <m+1, D; consists of all those points x € F¢ that are not limits of end-
points, and such that the arc [#, x] contains i limits of endpoints.

Because the Pz admit this kind of topological definition, every home-
omorphism F¢ — F¢ preserves each of the Pz. It remains to show that if
x,y € Pz for some particular Z, then there is a homeomorphism 4 : F¢c — F¢
with A(x) = y. This is trivial for Z = T, and it is true for Z = E because F¢
is endpoint-homogeneous. We must check the A; and D;.

Fix i <m, and let x,y € A;. Because F¢ is endpoint-homogeneous, there
is a homeomorphism 4 : F¢ — F¢ mapping the blade containing x to the
blade containing y. But P4, contains exactly one point of every blade, and
h preserves Py;, so this implies h(x) = y.

It remains to consider the D;. Fix i < m+ 1. Instead of considering two
arbitrary members of D;, we begin by consider two members of Pp, on By,
the leftmost blade of C. Fix z; = (0,y1) and z2 = (0,y;) in Pp, N By. Because
[z1,22] € Pp, and Pp, N&E(C) = 0, there is an open U 2 [z1,z2] such that
UNE&E(C) =0. Shrinking U if necessary (and relabelling z; and z; so that z;
is between ¢ and z»), we may (and do) assume that

U=Vx(y1—¢&,y2+¢)
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for some clopen V C K containing 0. There is a homeomorphism hg : I — [
such that ho(y1) = y2 and ho(y) =y for all y ¢ (y; —&,y2 + ). But then

ho) = {(x, ho) ifz=(xyeu,
Z if not

is a homeomorphism F¢ — F¢ mapping z; to z3.

Thus for any two points of Pp, N By, there is a homeomorphism F¢ — F¢
mapping one to the other. But also, because F¢ is endpoint-homogeneous
and Pp, is homeomorphism-invariant, for every x € Pp, there is a homeo-
morphism F¢ — F¢ mapping it to a point of By. By inverting and compos-
ing homeomorphisms, it follows that if x,y € Pp, then there is a homeomor-
phism F¢c — F¢ mapping x to y. O

Observe that not all %—homogeneous fans need be smooth, and not all

%—homogeneous smooth fans need be endpoint-homogeneous. The picture
following Definition 2.4 shows two non-smooth fans; the one on the left is

%—homogeneous and the one on the right is %—homogeneous. Drawn below

isa %—homogeneous smooth fan that is not endpoint-homogeneous.

Theorem 6.2. There is an endpoint-homogeneous, %—homogeneous smooth
fan for all n > 5.

Proof. After the previous theorem, it remains to show there is an endpoint-
homogeneous, %—homogeneous smooth fan for all even n > 6.

Let {p;: i € Z} be a subset of I such that p; < p; whenever i < j, and
lim;—_ p; =0, and lim;, p; < 1. Let a; = lim;« p;, and if n > 8 fix some
ar,...,ay suchthata; <ax <---<a,; <1, where m = %. Let

X ={pi: i€ Z}U{0,a1}Ulay,...,ay}.
This set X is illustrated below for n = 10.

0 " PL Py Do P P a4 a as
ames o o o o o o cocemd o o

We claim that the X-EPG fan constructed in the proof of Theorem 5.1
18 %—homogeneous. Let C denote a comb of this fan, as described in the
proof of Theorem 5.1, and let F¢ denote the fan itself. We know already
that F¢ is an endpoint-homogeneous smooth fan, so we need only show it
is %-homogeneous.
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Like in the previous proof, X naturally divides / into n sets:

{0},

{1},

= {pi: i€Z},

G = Ul(pi,pi+1): i €Z}

Ay ={a1}, A2 ={aa}, ..., A1 = {am-1}, Am = {aml,

D) = (a1,a2), Dy = (a2,a3), ..., Dm-1 = (@m-1,am), D = (am, 1).

T
E
L

For every B € B(F¢) there is a homeomorphism ¢p : I — B mapping 1 to
the tip of B such that ¢p[X] = BN E(F¢)\ B. Partition F¢ by taking

Pr= | ¢siz),

BeB(F¢)

where Z is any of the classes listed above, T, E, P, 1, Ay,...,An, D1,...,Dy,.
It is clear that these sets Pz form a partition F¢ into n sets, and we claim
that this partition witnesses the %-homogeneity of Fc.

As in the previous proof, it is not difficult to see that each of the parti-
tion pieces Pz admits a purely topological definition. Explicitly: T = {¢} is
just the top of Fc; E = E(Fc); L is the set of all those x that are a limit
of endpoints, and such that [£,x] N&E(C) \ [¢, x] is a decreasing convergent
sequence; G is defined similarly, except that x is not a limit of endpoints;
A; is all those x that are a limit of endpoints, and such that, if e denotes the
endpoint on the blade of x, then [x,e] contains m —i limits of endpoints; D;
is defined similarly, except that x is not a limit of endpoints.

Because each of the Pz admits a purely topological definition, every
homeomorphism F¢ — F¢ preserves each of the Pz. It remains to show
that if x,y € Pz for some particular Z, then there is a homeomorphism
h: Fc — Fc with h(x) = y.

This is trivial for Z = T, and it is true for Z = E because F¢ is endpoint-
homogeneous. The case Z = A; (for any i < m) follows from the endpoint-
homogeneity of F¢ just as in the previous proof.

Like with the A;, the argument for the D, is essentially the same as in the
proof of the previous theorem. Recall the basic structure of this 2-part argu-
ment. First, we show that for any two points of Pp, N By, there is a homeo-
morphism F¢c — F¢ mapping one to the other. (This was obtained by leav-
ing all X-coordinates alone, and applying a small nudge to the Y-coordinates
of all points in some relatively clopen U C KX (0, 1].) Second, because F¢ is
endpoint-homogeneous and Pp, is homeomorphism-invariant, observe that
for every x € Pp, there is a homeomorphism F¢ — F¢ mapping x to a point
of By. Thus by inverting and composing homeomorphisms, it follows that
if x,y € Pp, then there is a homeomorphism F¢ — F¢ mapping x to y.

The first part of this argument for the Pp,, as spelled out in the previous
proof, can be duplicated to tell us something about the class Pg as well:
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(x) If i € Z and z1,22 € {0} X (pi, pi+1), then there is a homeomorphism
F¢ — F¢ mapping z; to z5.
This fact will be used to examine Pg later, but next we look at Pj..

Like with the D;, the argument is in two parts, and we begin by consider
two members of P, on By. Fix (0, p;) and (0, p;) in P N By, with i < j. Let
¢ : I — I be the homeomorphism such that

o ¢(0)=0and ¢(z) =z for all z>ay.

o ¢(pk) = pi+j—i for all k € Z, and

o ¢ maps (p, pr+1) linearly onto (pry j—i» pi+ j—i+1) for all k € Z.
Note, in particular, that ¢[X] = X and ¢(p;) = p;. We aim to find a home-
omorphism % : Fc — F¢ such that /4(0,y) = (0,¢(y)) for all y > 0 (in other
words, & restricts to ¢ on By \ {t}).

In the proof of Theorem 5.1, our construction begins with a countable
dense D C X. Because each of the py is isolated in X, {py: k€ Z} C D. The
construction proceeds by fixing an infinite sequence (y,: n € N) such that
each member of D appears infinitely often in the sequence. In particular,

Y ={n: yn=pi}
is infinite for every k € N. Let ¢/ : N — N be a permutation of N such that

o Y[Yy] =Yy forall k € Z, and
o Y acts as the identity map on N\ ( ;e7 Yk.
Observe that ¢(y,) = yy(n) for all n € N.

Recalling more notation from the proof of Theorem 5.1, C-g = CN (0, 1],
and for each n € N there is a relatively clopen subset V! of Csq containing
the blade at x,ll = 2/37, Furtheremore, the V,{ form a partition of C~¢ \ By.

Recall that M denotes the largest member of X, and M"*ly, is the Y-
coordinate of the highest point on the leftmost blade of V! that is a limit of
endpoints. We divide V! into two pieces overlapping at one point:

Vit = {(x,y) evliiy> M"+1yn},
Hh Mh V’%_ = {(x’y) € Vr} Y= Mn+1yn}-

In other words, V)* is just the top part of the leftmost blade of V!, and V!~
is everything else. In particular, note that V!* is a vertical line segment.

In the proof of the Theorem 5.1, we show that for any m,n € N there is a
homeomorphism V! — V! which in the proof is denoted (i)' o h!. This
homeomorphism scales and translates V!* onto V!* and (with a different
scaling factor) V!~ onto V!~ For the present proof, we need a homeomor-
phism V) — Vl;(n), defined by modifying (hllp(n))_l ohl as follows.

The idea is that we would like to adjust the map (hl},(n))_1 ohl: vl Vl}/(n)
on the vertical segment V!* only, so that instead of a simple linear mapping
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1+
onto V )

the linear mapping V,!* — [0,y,] sending the topmost point of V}* to y,,:
fn(2/3n’y) — yn_j\)/;—rrlﬁlyn(y _ Mn+1yn)~

it mimics ¢ [[0,y,]. More specifically, for each n let £, denote

Observe that these mappings are invertible, and (&/,(n))_l is the linear map-
. ] ; I+ .
ping [0,yym)] =V, wzfn) that sends yy,) to the topmost point of V/ w(+n %

1oy (2 V=M Ny 1
(Cym) ) = (3W> ) #)WMW(W )’w(n))-

Define h, : V! — Vl/ll(l’l) by setting

1 -1 1 . .
hy(x) = h’/’(”)) X Ohn(z) ifze vi=,
(by)) opoly(z) ifze V,1+_

Note that £, is a linear mapping V,}+ — [0,y,], ¢ maps [0, y,] homeomorphi-

cally to [0, yy(n)], and (fw(n))_l is a linear mapping [0, yy(n)] — Vl;&). Thus
the composition (&W,))_l o¢ol, isahomeomorphism V) * — V(}/?n). Further-

more, (hl},(n))_1 o hl(z) is a homeomorphism V!~ — Vl}/(‘n), and it is straight-
forward to check that each of these homeomorphisms sends the common

. 1— 1+ : 1- 1+
point of V,”NV,™ to the common point of V vV, ) It follows that £,

is a homeomorphism V! — V! )
Define a mapping & : F¢ — F¢ as follows:

t ifz=t,
h(z) = 4(0,¢(y)) ifz=(0,y)€ Bypandy >0,
h,(2) ifz e V,% for some n.

Observe that Fc ={t}UCs¢ = {t}UByU ,en V,}, so his defined on all of F¢.
Because ¢ is a permutation of N, and each £, () is a bijection V,% - lex( )’
and because ¢ : I — I is a bijection with ¢(0) = 0, & is a bijection. We claim
that £ is also continuous.

Because the V! are all clopen and the /i, (,) are all homeomorphisms, it
is clear that & is continuous at every z € |,en V...

Let z=(0,y) € Bo\ {t} (so y € (0,1]). We show next that / is continuous
at zin {z} U Upen V1.

To this end, let {z,,: n € N) be a sequence of points in [,y V,} converging
to z. For each n let x,, = m1(z,) and ¥, = m2(z,), so that z,, = (X, V).

For each n, let k;, denote the integer such that z,, € Vkl. Because each V,i
is clopen in C and lim,—0 2, = (0,¥) € Uken Vli, no single Vli can contain
infinitely many of the z,. Consequently, lim,_,o k, = co.

Next, observe that the maximum Y-coordinate of V,}‘ is Mk+1 yn. Because
M = a,, < 1, this goes to 0 as k increases. Because lim,_, k, = co and
lim;, e ¥, =y > 0, it follows that z,, ¢ Vll,,_ for sufficiently large values of n.

Consequently, z, € V;J“ for all sufficiently large n.
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Thus, for sufficiently large n, we have

Xn = 3%” and  j, e [Mbtly, v,

Plugging these values into the formulas above, we get h(X,,V,) =

_pMkn)+1
2 Yyt)—M Yu(kn) Ykn _ M+l AU kn)+1
(3¢(kn) ’ Vot ¢(Ykn _Manykn (y " ykn)) + " ylﬁ(kn)

for all sufficiently large n. Recall that lim,— k;, = o0, and (because ¢ is a
bijection) this also implies lim,,—,« ¥/(k;,) = co. In particular, lim,—« 3%” =0
and, because M < 1, lim,,_,eo M**! = 0 and lim,,_, oo M¥*n)*1 = . Therefore,
taking the limit of the above expression for h(X,,V,) as n — oo gives

im0 1(Xn, 5n) = (0,0(0)) = ¢(2).

Thus £ is continuous at z in the space {z} U e V..

But now observe that / is clearly continuous at zin F¢ \ |,y V,!, because
this space is just a copy of / on which # acts like ¢.

Because / is continuous at z both in {z} U J,en V) and in Fe \ Upen V..,
it follows that 4 is continuous at z in F¢c. Because z was an arbitrary point
of By \ {t}, and because we already observed £ is continuous on F¢ \ By =
Unen V,l, this shows that £ is continuous on F¢ \ {t}.

But if £ is continuous on F¢ \ {¢t}, while h(¢) = ¢, then it is continuous
on Fc. (Generally speaking, any continuous bijection F¢ \ {t} = Fc \ {t}
extends to a continuous bijection F¢ — F¢ by mapping ¢ to ¢, because F¢
is the one-point compactification of F¢ \ {t}.)

Hence 4 is a continuous bijection F¢ — Fc. Because F¢ is compact, h
is a homeomorphism. Furthermore, A(0, p;) = (0,¢(p;)) = (0, p;) and so, as
desired, we have found a homeomorphism sending one arbitrary point of
By N Py to another.

Because F¢ is endpoint-homogeneous and P; is homeomorphism-invariant,
for every x € Py, there is a homeomorphism F¢ — F¢ mapping it to a point
of Byp. By inverting and composing homeomorphisms, it follows that if
x,y € Py, then there is a homeomorphism F¢ — F¢ mapping x to y.

To complete the proof of the theorem, it now remains only to show that
the same is true for the final piece of our partition, Pg. Thankfully, this
follows relatively easily from the work we have already done for Py, plus
the statement (*) from earlier in the proof.

Observe that with p;, p; as before, the homeomorphism £ described above
does not only map (0, p;) to (0, p;); it maps the entire vertical line segment
{0} X (pis pi+1) onto {0} X (4(pi), #(pir1)) = {0} X (pj, pj+1)-

Fix x,y € BoN Pg. There are some i, j € Z such that x € {0} X (p;, pi+1) and
y € {0} X (pj,pj+1).- As mentioned above, there is also a homeomorphism
Fc — Fc that sends {0} X (p;, pi+1) to {0} X (p;j, pj+1). By the statement (x),
there is a homeomorphism mapping any given point of {0} X (p;, pi+1) to any
other point of {0} X (p;, pi+1). Composing homeomorphisms, it follows that
there is a homeomorphism F¢ — F¢ mapping x to y.
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Thus for any two points of By N Pg, there is a homeomorphism F¢ — F¢
mapping one to the other. But also, because F¢ is endpoint-homogeneous
and Pg is homeomorphism-invariant, for every x € P¢ there is a homeomor-
phism F¢ — F¢ mapping it to a point of By. By inverting and composing
homeomorphisms, it follows that if x,y € Pg then there is a homeomorphism
Fc — Fc mapping x to y. |

The previous two theorems combine to prove theorem (5) listed in the
introduction.

7. OPEN PROBLEMS, AND SOME NON-SMOOTH FANS

In this final section of the paper we state some open questions relating
to endpoint-homogeneous and endpoint-generated fans. We also describe
some relevant examples of non-smooth fans, most importantly one proving
statement (4) from the introduction. Some of these examples are meant
more as illustrations than formal theorems. Accordingly, we do not include
full proofs of some of our claims about these examples.

Problem 7.1. Suppose F and G are smooth, endpoint-homogeneous fans
with EPG(F) = EPG(G). Are they homeomorphic?

Conjecture: Yes, except for the degenerate case of (-EPG fans (the n-ods).

Some partial results are known already: see Section 4. It is worth pointing
out that the above conjecture becomes false if the smoothness assumption is
removed. The following example shows that if we allow non-smooth fans,
then there are distinct homeomorphism types of {0, 1/2}-EPG fans. In fact,
while there seems to be only one homeomorphism type of smooth {0, 1/2}-
EPG fan, the pictures below reveal that there are many non-smooth types.

Example 7.2. Consider the following picture, which shows our construc-
tion of the comb for a {0, 1/2}-EPG endpoint-homogeneous smooth fan:

p IL H LL H L\ ‘H L

Here are two ways of modifying this picture to obtain planar dendroids
that, while no longer combs over K, still have the property that collapsing
the bottom line to a point produces a (non-smooth) fan:
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These fans are still endpoint-homogeneous, with essentially the same proof
as for the original version. (All the pieces of this picture are non-uniformly
scaled versions of the whole, after making a topological adjustment to the
leftmost blade.) This shows that there are at least two homeomorphism
types of non-smooth, endpoint-homogeneous, {!/2}-EPG fans. .

It should be clear that the two pictures shown here can be modified in
many other ways, producing a zoo of non-smooth, endpoint-homogeneous,
{0,1/2}-EPG fans. And there is nothing special about the set {0,1/2}: the
same thing works for any of the sets considered in the proof of Theo-
rem 5.1. In light of this, we do not expect a nice classification of endpoint-
homogeneous non-smooth fans, along the lines of what the conjecture fol-
lowing Problem 7.1 proposes for smooth fans.

The results in Sections 4 and 5 characterize precisely those X such that
there is a smooth X-EPG fan. What about non-smooth fans?

Problem 7.3. For which X C I is there an X-EPG fan?

The following example shows that it is possible to have a non-smooth
[1/2,1]-EPG fan, despite the fact that there are no smooth [1/2, 1]-EPG fans.
This example gives a proof for main result (4) listed in the introduction.

Example 7.4. The Cantor space K has a basis of clopen sets, each homeo-
morphic to K, and also contains many nowhere dense sets homeomorphic to
K (as can be seen from Brouwer’s characterization of K). Using these two
facts, a straightforward recursive argument can be used to find a sequence
(K, : n € N) of nowhere dense subsets of K, each homeomorphic to K, such
that for any sequence of points (d,,: n € N) such that d,, € K,, for all n, the
set {d,: n € N} is dense in K.

Let Ck denote the Cantor comb, viewed as a subset of the X-Y plane in
3-dimensional space: i.e., Cx = (K X I x{0}) U (I x{0} x{0}).

Let C;, be a comb whose corresponding fan is the Lelek fan (that is,
E(Cy) is dense in Cy). For each n € N, define C" C R3 as follows. First, fix

a homeomorphism ¢, : K — K,,. Next, define a function C; — R3 by

(x.y) = (a0, 1%, 5)-

Finally, let C} be the image of C;, under this mapping. Roughly speaking,
C} is a copy of the Lelek comb, with the bottom line removed, but (1)
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situated over K, instead of over K, and (2) beginning at the top of the Cantor
comb Cg, instead of on the X-axis, and (3) tilted down towards the Cantor
comb, so that C} approaches Ck as n increases. Let

C = CxUUne C1.

Here we have illustrated Cx U ,51:1 C} (but with the copies of the Lelek fan
drawn more like the Cantor fan, so that they show up better; and we have
made no attempt to show that the K,, are nowhere dense).

It is not difficult to check that C is a dendroid. Furthermore (like with
combs) collapsing I X {0} x {0} to a point yields a (non-smooth) fan. We
claim it is a [1/2, 1]-EPG fan.

Now let B be a blade of the fan. These come in two types: some lie flat
in the X-Y plane (for example, the co-meagerly many blades above points
in K\ ;7 K, in Cg), and some have a piece angled out of the X-Y plane.
Let us called these the type I and type II blades, respectively.

Because of how we chose the K;,, and because the endpoints of the Lelek
comb are dense in the Lelek comb, the closure of the endpoints of the type
IT blades is all of K x[1/2,1]x {0}, i.e., the top half of the comb Ck.

If B is a type I blade, then the top half of B is contained in E(C)\ B, by
the previous paragraph. But no end points of C have X-coordinate below
1/2, s0 BN E(C)\ B is precisely the top half of B.

If Bis a type Il blade, then B= B’ UB”, where B’ lies flat in the X-Y plane
and B” is angled up from the X-Y plane. As in the previous paragraph,
B’ N E(C)\ B is precisely the top half of B’. But observe that B” is a blade
in a copy of the Lelek fan attached to Cg, which means that all of B” is
contained in E(C)\ B. Hence BN E(C)\ B is the top half of B’ plus all of
B, which is a closed final segment of B. -

Problem 7.5. Is the fan from Example 7.4 planar?

Let us observe that this example of a non-smooth [1/2, 1]-EPG fan is not
endpoint-homogeneous. (This is because only some of the blades of the
fan witness its non-smoothness. More precisely, say B € B(F) is smooth



28 WILL BRIAN AND RENE GRIL ROGINA

if for every sequence (x,,: n € N) in F'\ B converging to a point x € B, we
have lim,_[?, x,] = [t,x]. Some of the blades in our [1/2]-EPG fan are
smooth (the type II blades), while some are not (the type I blades), and no
homeomorphism can map a smooth blade onto a non-smooth blade.)

Problem 7.6. For which X C I is there an endpoint-homogeneous X-EPG
(but not necessarily smooth) fan?

While the previous example shows there is an endpoint-generated fan that
is not endpoint-homogeneous, we do not have a smooth example.

Problem 7.7. Is every X-EPG smooth fan endpoint-homogeneous?

If the answer to this question is yes, then our conjecture above (if true)
would provide a classification of all endpoint-generated smooth fans.

Problem 7.8. Up to homeomorphism, are there only two %—homogeneous
smooth fans?

Note that the proof of Theorem 6.2, replacing X with X U {1} does not
hurt the argument, so there are at least two %—homogeneous smooth fans.
As mentioned already, Acosta, Hoehn, and Judrez prove in [2] that there
1S no }‘—homogeneous smooth fan. They do not rule out the possibility of
a i—homogeneous non-smooth fan, however; they even prove some results
about what such a fan would look like (if it exists).

Problem 7.9. Is there a i-homogeneous (non-smooth) fan?

Given X C I, let us say x,x’ € X are equivalent in X if there is an order-
preserving homeomorphism ¢ : I — I mapping X onto X such that ¢(x) = x’.

Problem 7.10. Suppose X C I has n equivalence classes of points with
respect to the above relation. If there is an X-EPG fan, must it be rl;'
homogeneous? More specifically, is this true for the smooth fans con-
structed in Section 5?

We end with a question less directly related to the material of the paper.
Endpoint-homogeneous fans have rich automorphism groups in one sense.
But there are other senses in which a space can have a rich automorphism
group, for example, the automorphism group’s universal minimal flow can
be metrizable. The Lelek fan has this property [5], and the fans constructed
in Section 5 are, in a sense, generalizations of the Lelek fan. This suggests
the following question.

Problem 7.11. Except for the degenerate cases of the simple n-ods and
the star, is the universal minimal flow of the automorphism group of an
endpoint-homogeneous fan metrizable? More specifically, is this true for
the smooth fans constructed in Section 5?
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