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Fans

A fan is a dendroid with exactly one ramification point, called the

top of the fan.

A fan also has endpoints and ordinary points.

top

endpoints

ordinary points

A fan F cannot be homogeneous, because every homeomorphism

F → F preserves these three classes of points.

So . . . what’s the next best thing?
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Endpoint-homogeneous fans

A fan F is endpoint-homogeneous if for any two endpoints

e, e ′ ∈ F , there is a homeomorphism h : F → F with h(e) = e ′.

The Cantor fan is

endpoint-homogeneous.

This other fan is not.

Note that a fan is endpoint-homogeneous if and only if any two

blades of the fan are topologically indistinguishable.
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EPG(F )

Two sets X ,Y ⊆ [0, 1] are equivalently embedded if there is an

order-preserving homeomorphism [0, 1] → [0, 1] mapping X to Y .

If X and Y are equivalently embedded subsets of [0, 1] then they

are homeomorphic, but not conversely. E.g., [0, 1/2] and [0, 1/3]

are equivalently embedded, but [0, 1/2] and [1/3, 2/3] are not.

Given a fan F and a blade B of F ,

consider the set X ⊆ B consisting of

the limit points of the endpoints of F .

If F is endpoint-homogeneous,

this is the same set for every blade,

up to equivalence of embeddings.

Let EPG(F ) denote (the

equivalence class of) this set.

• • • • •

EPG(F ) = {1}
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A few examples

Question: For which X ⊆ [0, 1] is there an endpoint-homogeneous

fan F with EPG(F ) = X?

◦ The Cantor fan gives us X = {1}.
◦ The Lelek fan gives us X = [0, 1].

◦ The simple n-ods give us X = ∅.

. . .

◦ Examples for X = {0} and {0, 1} are also not difficult to find.

..
. ..
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The main theorem

Theorem (B. and Gril Rogina, 2024)

A set X ⊆ [0, 1] is equal to EPG(F ) for an endpoint-homogeneous

smooth fan F if and only if

1. X = ∅, {1}, or [0, 1], or
2. X is a closed subset of [0, 1] with 0 ∈ X and 1 /∈ X, or

3. X is a closed subset of [0, 1] with 0, 1 ∈ X, and 1 is an

isolated point of X .

The proof of this theorem has two main parts:

1. Construct cool examples of fans to show that all the sets

listed above are achievable as EPG(F ) for a smooth fan F .

2. Prove that no other sets are possible (at least not for

smooth fans).
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Part 1: cool examples

To build cool examples of endpoint-homogeneous fans, it is

convenient to build “combs” rather than fans.

A comb is a subset

of [0, 1]× [0, 1] including the X -axis [0, 1]× {0} such that

collapsing [0, 1]× {0} to a point produces a fan.

Cantor comb Cantor fan

This is essentially just giving a fan in polar coordinates.

Every smooth fan can be represented by a comb.
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Part 1: cool examples

Say we wish to construct a comb for an endpoint-homogeneous fan

F with EPG(F ) = {0, a, b} with 0 < a < b < 1.

Begin with just one blade on the far left side.Add a sequence of new blades, with the endpoints converging to

two points on the old blade as shown.

Do this again for each of the just-added blades, making sure to put

the limit points lower and lower as we move left, to prevent the

unwanted accumulation of extra limit points on the leftmost blade.

All the other steps of the construction look the same: add a new

sequence of blades converging to every just-added blade.

After infinitely many steps, we get the desired comb.
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Part 1: cool examples

If the construction is done carefully, then this comb exhibits a

fractal-like self-similarity.

Exploiting this nested self-similarity is what enables us to prove

that the resulting fan is endpoint-homogeneous.

This idea works for any closed X ⊆ [0, 1] with 0 ∈ X and 1 /∈ X .

To get 1 ∈ X , multiply the whole comb by the Cantor space before

collapsing the bottom to a point.
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Part 2: ruling out other sets

Recall the main theorem of this talk:

Theorem (B. and Gril Rogina, 2024)

A set X ⊆ [0, 1] is equal to EPG(F ) for an endpoint-homogeneous

smooth fan F if and only if

1. X = ∅, {1}, or [0, 1], or
2. X is a closed subset of [0, 1] with 0 ∈ X and 1 /∈ X, or

3. X is a closed subset of [0, 1] with 0, 1 ∈ X, and 1 is an

isolated point of X .

We have seen some of what goes into proving that for each of

these X , there is an endpoint-homogeneous smooth fan F with

EPG(F ) = X . Next we look briefly at the other part of the proof:

showing that no other sets can work. For simplicity, let us consider

X = [a, 1] with 0 < a < 1.
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Part 2: ruling out other sets

Aiming for a contradiction, suppose F is an endpoint-homogeneous

smooth fan with EPG(F ) = [a, 1].

Let C be a comb that collapses

to F , and fix some blade B of the comb.

•
•

•
•

•
•

•
•

•

•
•

•
• •

•

•

•
•
•

•
•
•
•
•

•
•

•

The endpoints of the other blades limit onto the top half of B. Fix

a basic open neighborhood V of a point in the bottom half of B

that avoids the endpoints of all the other blades. Let X be the set

of x-coordinates of those blades with endpoints above V .



Part 2: ruling out other sets

Aiming for a contradiction, suppose F is an endpoint-homogeneous

smooth fan with EPG(F ) = [a, 1]. Let C be a comb that collapses

to F , and fix some blade B of the comb.

•
•

•
•

•
•

•
•

•

•
•

•
• •

•

•

•
•
•

•
•
•
•
•

•
•

•

The endpoints of the other blades limit onto the top half of B. Fix

a basic open neighborhood V of a point in the bottom half of B

that avoids the endpoints of all the other blades. Let X be the set

of x-coordinates of those blades with endpoints above V .



Part 2: ruling out other sets

Aiming for a contradiction, suppose F is an endpoint-homogeneous

smooth fan with EPG(F ) = [a, 1]. Let C be a comb that collapses

to F , and fix some blade B of the comb.

•
•

•
•

•
•

•
•

•

•
•

•
• •

•

•

•
•
•

•
•
•
•
•

•
•

•

The endpoints of the other blades limit onto the top half of B.

Fix

a basic open neighborhood V of a point in the bottom half of B

that avoids the endpoints of all the other blades. Let X be the set

of x-coordinates of those blades with endpoints above V .



Part 2: ruling out other sets

Aiming for a contradiction, suppose F is an endpoint-homogeneous

smooth fan with EPG(F ) = [a, 1]. Let C be a comb that collapses

to F , and fix some blade B of the comb.

•
•

•
•

•
•

•
•

•

•
•

•
• •

•

•

•
•
•

•
•
•
•
•

•
•

•

The endpoints of the other blades limit onto the top half of B. Fix

a basic open neighborhood V of a point in the bottom half of B

that avoids the endpoints of all the other blades.

Let X be the set

of x-coordinates of those blades with endpoints above V .



Part 2: ruling out other sets

Aiming for a contradiction, suppose F is an endpoint-homogeneous

smooth fan with EPG(F ) = [a, 1]. Let C be a comb that collapses

to F , and fix some blade B of the comb.

•
•

•
•

•
•

•
•

•

•
•

•
• •

•

•

•
•
•

•
•
•
•
•

•
•

•

The endpoints of the other blades limit onto the top half of B. Fix

a basic open neighborhood V of a point in the bottom half of B

that avoids the endpoints of all the other blades. Let X be the set

of x-coordinates of those blades with endpoints above V .



Part 2: ruling out other sets

•

≥ 1
n

•

X ̸= ∅ (because it contains the blade we started with), and in fact

X is homeomorphic to the Cantor space.

For each n,

E1/n =

{
x : the top and bottom of Bx ∩ E(F ) are ≥ 1

n
apart

}
is a closed subset of X . By the Baire Category Theorem, at least

one of the En contains an open subset of X . For every blade in this

open set, there are blades ≈ 1/n lower limiting onto it. Impossible!
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Non-smooth fans

Observe that this proof only works for smooth fans.

In fact, the conclusion is not even true for non-smooth fans:

Theorem (B. and Gril Rogina, 2024)

There is a non-smooth fan F with EPG(F ) = [1/2, 1].
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Open questions

Observe that the fan on the previous slide is not endpoint-

homogeneous.

This example shows that the class of fans F for

which EPG(F ) is well-defined (the endpoint-generated fans) does

not coincide with the class of endpoint-homogeneous fans.

Question

Is there an endpoint-homogeneous fan F with EPG(F ) = [1/2, 1]?

Question

More generally, for which X ⊆ [0, 1] is there a (possibly

non-smooth) endpoint-homogeneous fan F with EPG(F ) = X?

Question

For which X ⊆ [0, 1] is there a (possibly non-smooth)

endpoint-generated fan F with EPG(F ) = X? Can certain X be

achieved for endpoint-generated fans but not for endpoint-

homogeneous fans?
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Open questions

Question

Can there be two non-homeomorphic smooth endpoint-

homogeneous fans F and G with EPG(F ) = EPG(G )?

We know the answer is yes if we weaken endpoint-homogeneous to

endpoint-generated.

Every fan has at least 3 types topologically distinguishable types of

points (the endpoints, the top, and the ordinary points). There is

no smooth fan with 4 types of points (Hernández-Guitiérrez and

Hoehn), but there are smooth, endpoint- homogeneous fans with n

types for n = 3 and all n ≥ 5 (B. and Gril Rogina).

Question

Is there a non-smooth fan with exactly 4 types of points?
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Thank you for listening!

Any questions?


