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Then there is an embedding
€ : B — R that extends e.
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Not only do these structures enjoy analogous properties, but the
proofs that they have these properties are essentially the same.
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Theorem: (Brouwer) Every nonempty compact metric space is a
continuous image of the Cantor space 2“.

This is a Fraissé limit in disguise!
Recall that 2% is the Stone dual of the countable atomless Boolean

algebra C. Via Stone duality, the image-universality of 2% is
(almost) equivalent to the embedding-universality of C.

Rule(): If you see an “essentially countable” mathematical
object of class C with lots of self-morphisms, and if it is universal
(in some sense) for other essentially countable objects of class C,
then you should suspect that you are looking at a Fraissé limit.
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Theorem: (Geschke, 2015) There is no universal countable
incompressible dynamical system.
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When does a class of finite structures have a Fraissé limit?

Theorem: (Fraissé) Let KC be a class of finite structures. There is
a countable structure with the FEP whose finite substructures are
(up to isomorphism) precisely the members of K if and only if:

e Hereditary Property: K is closed under taking substructures.

e Joint Embedding Property: Given A, B € I, there is some
C € K that contains both A and B as substructures.

e Amalgamation Property: If A, B,C e K and f: A— B and
g : A — C are embeddings, there is a D € K and embeddings
f'B— Dand g’ : C— Dsuchthat f'of =g'og.

When K satisfies these properties, there is exactly one such
structure up to isomorphism, called the Fraissé limit of .
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Assuming CH, something similar happens at N;.

Let H,, denote the set of hereditarily countable sets, and let H be
the graph with vertex set H,,, and edge relation

{a,b} € E & aceborbea
The graph H has the Countable Extension Property.

Fact 1: H is Ni-universal, which means that every size-R; graph
embeds into H.

Fact 2: Assuming CH, H is the only size-X; graph with the CEP.

The proof is via a transfinite back-and-forth argument of length
w1, using the CEP at successor steps.
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To summarize: if a class KC of finite structures is “nice enough”
then there is a very special IC-structure of size N, the Fraissé limit
of IC. It is Wp-universal and is characterized by the FEP.

Assuming CH, something similar happens at Nj.

Let S denote the set of all surreal numbers with birthday < wj.
Then (S, <) is a linear order of size ¢ with the CEP. It is
Ni-universal, and assuming CH, it is the unique size-N; linear order
the with CEP.

Similarly, P(w)/Fin is a Boolean algebra of size ¢ with the CEP. It is
Ni-universal, and assuming CH, it is the unique size-X; Boolean
algebra the with CEP. Its Stone dual, w*, maps onto every
compact Hausdorff space of weight <N;.

It seems that every one of our Fraissé limits has a size-N;
analogue, provided that we assume CH.
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Theorem: Suppose K is a class of finite structures with the
Hereditary Property, the Joint Embedding Property, and the
Amalgamation Property (i.e., a class with a Fraissé limit). Then
there is a size-c structure M with the CEP. Consequently,

1. M is Ni-universal for K-structures, and

2. Assuming CH, M is the only size-N; K-structure with the
CEP.

Proof sketch: Let F be the Fraissé limit of K, let ¢/ be a non-
principal ultrafilter on w, and let M be the ultrapower F¥/U. O

What about classes I without the Amalgamation Property, which
fail to have Fraissé limits at Ng?

Surprisingly, such classes can reacquire universal models at Nj.
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Let H = [0, 00), the non-negative reals, let SH denote its
Cech-Stone compactification, and let H* = SH \ H.

Theorem: (Dow-Hart, 1999) Every connected compact
Hausdorff space of weight <Nj is a continuous image of H*.
Consequently, CH implies that H* is universal for connected
compact spaces of weight <c.

The shift map o : P(w)/Fin — P(w)/Fin is the function induced on
P(w)/Fin by the successor function n — n+ 1: specifically,
o([A]) = [A+1] for all A C w.

Theorem: (B., 2018) Every incompressible dynamical system of
size <Ry embeds in (P(w)/Fin, o). Hence CH implies (P(«)/Fin, o) is
universal for incompressible dynamical systems of size <c.
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Furthermore, the incompressibility of o means that the digraphs
obtained this way are always strongly connected.



It’s not the CEP

Let K, denote the class of all pairs (A, —), where A is a finite
Boolean algebra and — is a relation on A, generated from the
atoms in the natural way, such that — is strongly connected on

the atoms of A.



It’s not the CEP

Let K, denote the class of all pairs (A, —), where A is a finite
Boolean algebra and — is a relation on A, generated from the
atoms in the natural way, such that — is strongly connected on
the atoms of A. The IC,-structures are precisely the incompressible

dynamical systems.



It’s not the CEP

Let K, denote the class of all pairs (A, —), where A is a finite
Boolean algebra and — is a relation on A, generated from the
atoms in the natural way, such that — is strongly connected on
the atoms of A. The IC,-structures are precisely the incompressible

dynamical systems.

KCo is not a Fraissé class: it lacks the Amalgamation Property.



It’s not the CEP

Let K, denote the class of all pairs (A, —), where A is a finite
Boolean algebra and — is a relation on A, generated from the
atoms in the natural way, such that — is strongly connected on
the atoms of A. The IC,-structures are precisely the incompressible

dynamical systems.

KCo is not a Fraissé class: it lacks the Amalgamation Property.

oi——0——e

= No countable /C,-structure has the FEP.



It’s not the CEP

Let K, denote the class of all pairs (A, —), where A is a finite
Boolean algebra and — is a relation on A, generated from the
atoms in the natural way, such that — is strongly connected on
the atoms of A. The IC,-structures are precisely the incompressible

dynamical systems.

KCo is not a Fraissé class: it lacks the Amalgamation Property.

oi——0——e

= No countable /C,-structure has the FEP.
= No K,-structure has the FEP.



It’s not the CEP

Let K, denote the class of all pairs (A, —), where A is a finite
Boolean algebra and — is a relation on A, generated from the
atoms in the natural way, such that — is strongly connected on
the atoms of A. The IC,-structures are precisely the incompressible

dynamical systems.

KCo is not a Fraissé class: it lacks the Amalgamation Property.

oi——0——e

= No countable /C,-structure has the FEP.
= No K,-structure has the FEP.
= No [C,-structure has the CEP.



The shift map is “decisive”

Suppose K is a class of finite structures with the Hereditary
Property and Joint Embedding Property, let M be a K-structure,
and let A be a finite substructure of M.



The shift map is “decisive”

Suppose K is a class of finite structures with the Hereditary
Property and Joint Embedding Property, let M be a K-structure,
and let A be a finite substructure of M. We say M is decisive if for
every V € K and every embedding e : A — V/, either



The shift map is “decisive”

Suppose K is a class of finite structures with the Hereditary
Property and Joint Embedding Property, let M be a K-structure,
and let A be a finite substructure of M. We say M is decisive if for
every V € K and every embedding e : A — V/, either

1. eis “realizable” by some finite B C M with BD A



The shift map is “decisive”

Suppose K is a class of finite structures with the Hereditary
Property and Joint Embedding Property, let M be a K-structure,
and let A be a finite substructure of M. We say M is decisive if for
every V € K and every embedding e : A — V/, either

1. eis “realizable” by some finite B C M with B 2 A, or

2. there is some C C M such that C O A and the inclusion map

A — C fails to amalgamate with e.

V. =% C



The shift map is “decisive”

Suppose K is a class of finite structures with the Hereditary
Property and Joint Embedding Property, let M be a K-structure,
and let A be a finite substructure of M. We say M is decisive if for
every V € K and every embedding e : A — V/, either
1. eis “realizable” by some finite B C M with B 2 A, or
2. there is some C C M such that C O A and the inclusion map
A — C fails to amalgamate with e.

V. =% C

A

Theorem: (B., 2024) (P(«)/Fin, =) is a decisive K,-structure.
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Property and Joint Embedding Property, and let M be a
IC-structure. M has the weak Countable Extension Property if

M w-CEP: Suppose A and B are countable
K-structures with AC B, and e: A— M
is an embedding. If for every finite F C B
there is an embedding er : F — M that
extends e [ (AN F), then there is an
embedding € : B — M that extends e.

In other words, if there are no finitary obstructions to an

embedding € : B — M extending e, then such an embedding exists.

Theorem: (B., 2024) (P(«)/Fin, ) has the w-CEP.
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the main theorem

Theorem: (B.-Page, 2025) Let K be a class of finite structures
with the Hereditary Property and the Joint Embedding Property,
and suppose K has bounded growth: i.e., there is a function

b : N — N such that size-n subsets of any given A € K generate
size-< b(n) substructures of A. There is a size-c K-structure M
that is decisive, has the w-CEP, and is Xg-universal. Consequently,

1. M is Nj-universal for K-structures, and

2. Assuming CH, M is the only size-N; C-structure that is
decisive and has the w-CEP.

Theorem: (B., 2024) (P(«)/Fin, =) is decisive, has the w-CEP,
and is Ng-universal: it is the special model described above for /C,.
The same is true for (P(w)/Fin, =), hence CH implies (P(w)/Fin, o)

and (P(w)/Fin, 0~ 1) are conjugate (isomorphic).
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Uniqueness is proved via a transfinite back-and-forth argument.

1.

Suppose M and M’ are both K-structures that are
No-universal, decisive, and have the w-CEP.

Assuming CH, enumerate both M and M’ in order type wj.

Let My be a countable elementary substructure of M and,
(as M’ is Ng-universal) fix an embedding e : My — M.

M M’
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Uniqueness

4. Let My be a countable elementary substructure of M’

containing the image of Mj.

5. The decisiveness of M, together with the fact that My is an
elementary substructure of M, imply there are no finitary
obstructions to extending e™! to M.

6. As M has the w-CEP, there is such an extension.

M M’

Mo
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Uniqueness

7. This process is repeated again and again, at every successor
stage of the recursion.

8. Take unions (of structures and mappings) at limit stages.
This yields elementary substructures on both sides.

9. At stage « of the recursion, make sure that M, contains the
o™ element of M and M/, contains the " element of M'.

M M’
My

Mo
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Miscellany

Even without CH, note that we still get M = M’ (by carrying this
construction through the first w steps).

Ni-universality is proved similarly: by modifying the standard
Fraissé argument, with elementarity + decisiveness + w-CEP

driving the successor stages of a length-w; recursion.

Question: Can we get rid of the boundedness condition on I in
the statement of the main theorem?

Question: Examples of these special Ni-sized models include
(P(w)/Fin, =) for K = Ky, the Wallman dual of H* for K the class
of finite non-complemented distributive lattices, and ultrapowers of
Fraissé limits (as a degenerate case). What are some other

examples?



Diagram of implications between various properties

For a given class IC of finite structures, the following implications hold for
all IC-structures:

Ni-universality countable homogeneity
T ./ T
CEP (ag<3) No-universality w-CEP decisiveness
\ l l /
uniqueness
cotuntzi!ole of 15%-order
saturation theory
\ /

for structures of size N l assuming CH

uniqueness up to isomorphism
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