A PARAMETRIZED ¢ FOR THE LAVER PROPERTY
AND NONTRIVIAL AUTOMORPHISMS OF P(w)/Fin

WILL BRIAN AND ALAN DOW

ABSTRACT. We introduce a new parametrized diamond principle de-
noted $(LP). This principle is akin to the parametrized diamonds of
Moore, Hrusdk, and Dzamonja, each of which corresponds to some car-
dinal invariant of the continuum, and gives a <>-like guessing principle
implying the corresponding invariant is 8. Our principle $(LP) is a
{-like guessing principle implying the Laver property holds over a given
inner model, such as the ground model in a forcing extension.

We show {(LP) holds in many familiar models of ZFC obtained by
forcing, namely those obtained from a model of CH by a length-ws count-
able support iteration of proper Borel posets with the Laver property.
This is true for essentially the same reason that the usual parametrized
diamonds hold in similarly described forcing extensions where their cor-
responding cardinal invariant is Nj.

We also prove that if {>(LP) holds over an inner model of CH then
there are nontrivial automorphisms of P(w)/Fin; in fact we get particu-
larly nice automorphisms extending nontrivial involutions built around
P-points in the ground model. Additionally, we show that, like the
Sacks model, all automorphisms of P(w)/Fin are somewhere trivial in
the Mathias model. This puts a limitation on the kinds of automor-
phisms obtainable from $(LP).

1. INTRODUCTION

An automorphism of the Boolean algebra P(w)/Fin is called trivial if it is
induced by a function on w. Walter Rudin proved 70 years ago in [18] that
CH implies there are a total of 2° automorphism of P(w)/Fin. As there are
only ¢ functions w — w, hence only ¢ trivial automorphisms of P(«)/Fin, this
means CH implies there are nontrivial automorphisms.

Years later, Shelah proved in [19, Chapter 4] that it is consistent with ZFC
that all automorphisms of P(«)/Fin are trivial. Building on Shelah’s work,
Shelah and Steprans showed in [21] that PFA implies all automorphisms
are trivial. Velickovi¢ showed in [27] that OCA + MA suffices, and that it
is consistent with MAy, to have nontrivial automorphisms. (Here OCA de-
notes Todor¢evié’s Open Coloring Axiom, defined in [25], sometimes denoted
OCAT or OGA.) Building on work of Moore in [16], De Bondt, Farah, and
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Vignati showed recently in [2] that OCA alone implies all automorphisms of
P(N)/Fin are trivial. Further models in which all automorphisms of P(w)/Fin
are trivial, models not satisfying OCA, have also been constructed. These
include models with ¢ > Ny in [7] or with @ = N; in [11]. (Recall that OCA
implies 0 = ¢ = Ny).

On the other hand, Velickovi¢ outlines an argument in [26], which he
attributes to Baumgartner, showing that the existence of a P-point with
character N implies the existence of a nontrivial automorphism (see also the
second half of [22]). In particular, the existence of nontrivial automorphisms
is consistent with ~CH. Furthermore, Shelah and Steprans prove in [22] that
there are nontrivial automorphisms of P(w)/Fin in the Ny-Cohen model. In
fact, their argument shows that after forcing over a model of CH to add
N9 Cohen reals, every automorphism from the ground model extends to an
automorphism in the forcing extension. The same authors also show in [24]
that there are nontrivial automorphisms if certain cardinal invariants related
to 0 are equal to Nj.

All this raises a few questions:

o What familiar set-theoretic axioms imply that all automorphisms of
P(w)/Fin are trivial?

o Or, to ask essentially the same question in a different way, in which of
the familiar models of ZFC are all automorphisms of P(«)/Fin trivial?

o Furthermore, what kinds of nontrivial automorphisms can be con-
structed from familiar axioms? What kinds of nontrivial automor-
phisms exist in familiar models?

There are several ways to interpret the third question. Here we focus on ba-
sic topological properties of automorphisms (are they of finite order? some-
where trivial? what does the set of fixed points look like?) Another interest-
ing interpretation comes from considering properties defined by the action
of an automorphism on the trivial automorphisms (see [3, 4]).

The objective of this paper is to contribute to the first and third of these
questions. It is worth pointing out from the start that, strictly speaking,
this paper does not contribute any new answers to the second question. All
the nontrivial automorphisms of P(«)/Fin constructed here are constructed
from a new combinatorial principle introduced below, denoted {>(LP). We
prove that {(LP) holds in models obtained from models of CH by a length-ws
countable support iteration of proper Borel posets with the Laver property
(e.g., the Laver, Mathias, Miller, Sacks, and Silver models). These are
currently the only known nontrivial models in which {(LP) holds. Shelah
and Steprans proved already in [24] that there are nontrivial automorphisms
in such models. (They define some new cardinal characteristics, which are
Ny in these models, and they prove that when these cardinals are N; then
there are nontrivial automorphisms.) The main purposes of the paper are:

o The introduction of the parametrized <) principle {(LP), which is
interesting in its own right. Aside from defining the principle and
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using it to construct nontrivial automorphisms of P(w)/Fin, we also
introduce two weaker forms of {(LP) and articulate several open
questions concerning these three new principles.

o The simplicity of the automorphisms built from {(LP). We men-
tioned earlier the Baumgartner-Velickovié construction that builds
a nontrivial automorphism from a P-point of character N;. Their
automorphisms are involutions that fix precisely one ultrafilter (the
P-point), and are trivial on every set in the dual ideal of that ultra-
filter. Our construction generalizes this one, using ¢(LP) to build a
nontrivial involution that fixes a nowhere dense P-filter of character
N1, and is trivial on every set in the dual ideal of that filter.

In addition to these two main objectives, in the final section of the paper
we show that all automorphisms of P(«)/Fin are somewhere trivial in the
Mathias model. The same is already known for the Sacks model (see [23]).
Because {(LP) holds in the Mathias and Sacks models, this puts a limitation
on the kinds of automorphisms that can be obtained from {>(LP): one cannot
build a nowhere trivial automorphism from <(LP). While of course this fact
can be deduced from the Sacks model alone, we have included a proof of the
analogous fact in the Mathias model because it seems a worthwhile addition
to the third question above.

2. BOWTIES OF FUNCTIONS

The aim of this section is to present a general topological structure from
which one can build a nontrivial automorphism of P(w)/Fin. The argument
directly generalizes the Baumgartner-Velickovié¢ construction in [26] building
an automorphism from a P-point of character X;. But the version presented
here applies more broadly: we show that such structures (and their accom-
panying automorphisms) follow from {(LP), which holds in the Laver model
(where there are no P-points of character X;) and the Silver model (where
there are no P-points at all [5]).

The power set of w, P(w), when ordered by inclusion, is a complete
Boolean algebra. The Boolean algebra P(w)/Fin is the quotient of this Boolean
algebra by the ideal of finite sets. For A, B C N, we write A =* B to mean
that A and B differ by finitely many elements, i.e. |[(A\ B) U (B\ A)| < No.
The members of P(w)/Fin are equivalence classes of the =* relation, and we
denote the equivalence class of A C w by [A]pin. The Boolean-algebraic
relation [A]pin < [B]pin is denoted on the level of representatives by writing

A C* B: that is, A C* B means [A]pin < [B]rin, or (equivalently) B contains
all but finitely many members of A.

The Stone space of P(w) is fw, the Cech-Stone compactification of the
countable discrete space w. The Stone space of P(w)/Fin is w* = fw \ w.

An almost permutation on w is a bijection between cofinite subsets of w.
Every permutation of w is an almost permutation, but not every almost

permutation is a permutation or even the restriction of one (e.g. consider
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the successor function n — n+1). Every almost permutation f of w induces
an automorphism ay of P(«)/Fin, defined by the formula

af([Alrin) = [fIA]] g

An automorphism of P(w)/Fin that is induced in this way by an almost permu-
tation of w is called trivial. Note that if f is not an almost permutation of w
then the formula above does not define an automorphism of P(w)/Fin (though
it still defines a homomorphism). A trivial autohomeomorphism of w* means
the Stone dual of a trivial automorphism of P(w)/Fin. Specifically, if f is an
almost permutation of w, it induces the trivial autohomeomorphism f* de-
fined by taking f*(u) to be the ultrafilter generated by {f~'[A]: A € u}.

If A, B are infinite subsets of w, then P(4)/Fin and P(B)/Fin are both iso-
morphic to P)/Fin. As with automorphisms of P(w)/Fin, an isomorphism
P(A)/Fin — P(B)/Fin is trivial if it is induced by the action of an almost
bijection A — B. An automorphism of P(w)/Fin is trivial on A C w if its
restriction to P(4)/Fin is trivial in this sense. An automorphism is somewhere
trivial if it is trivial on some infinite A C w.

Extending the =* relation from subsets of w to functions, f =* ¢ means
dom(f) =* dom(g) =* {z € dom(f) Ndom(g): f(x) = g(x)}. Similarly, if
f and g are functions into w then f < g means dom(f) C dom(g) and
f(z) < g(z) for all z € dom(f), and f <* g means dom(f) C* dom(g) and
f(z) < g(x) for all but finitely many = € dom(f) N dom(g).

We now introduce the main object of this section, bowties of functions.
In addition to generalizing the Baumgartner-Velickovi¢ argument mentioned
above, these bowties are related to the bowtie points studied by the second
author and Shelah in [8] (also known as tie-points or butterfly points). We
show in this section that the existence of a bowtie of functions implies there
is a (particularly nice) nontrivial automorphism of P(«)/Fin. In the next
section we show that {(LP) implies the existence of a bowtie of functions.

For each a < w1, let D, C w and let f, be a permutation D, — D, with
no fixed points. The sequence (f,: o < wy) is a bowtie of functions if

o Do C* Dg and Dg \ Dy, is infinite whenever a < f < wy,

o fa =" fg] Do whenever o < 8 < wy,

o for every A C w there is some d4 < wi such that if §4 < a < wy
then (Do \ D5, )N A and (Dg \ Ds,) \ A are almost f,-invariant sets,
by which we mean that f,[(Dq \ Ds,) N A] =* (Do \ Ds,) N A and
fal(Da\ Dsy) \ Al =" (Do \ Dsy) \ A.

If furthermore each f,, is an involution (meaning f2 = id), then (f,: a < wi)
is a bowtie of involutions.

Theorem 2.1. If there is a bowtie of functions then there is a nontrivial
automorphism F of Pw)/Fin. Furthermore, there is a closed P-set in w*
with character Ny, namely K = (., (W \ Da)*, such that F' is trivial on
A whenever A* does not meet the boundary of K. Moreover, if the bowtie
of functions is a bowtie of involutions, then F is an involution of P(w)/Fin.
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Proof. Fix a bowtie of functions (f,: o < wj). For each A C w, let d4

denote the least ordinal having the property in the definition of “bowtie of
functions” above. Define F' : P(w) — P(w) by

F(A) = fs,][ANDs,]U(A\ Ds,).

Note that if A =" B then 4 = dp. Consequently, F' induces a mapping on
P(w)/Fin, which we denote F', namely

F([Alpin) = [F[A]] 5,
We aim to show that this mapping is a nontrivial automorphism with the
properties described in the theorem.

Fix A C w, and fix § with d4 < § < wy. Because §4 < § we have
fs, =" fsDs,, hence f5[AND;,] =* f5,[AND;,]. Furthermore, our choice
of 64 ensures that f5[(Ds\ Ds,) N A] =* (Ds\ Ds,) N A. Consequently,

F(A) = f5A[A N D5A] U(A\ D5A)
=" f5[AN Ds,J U (A\ Ds,)
=* f(;[A N D(;A] U ((D(; \ D(gA) N A) U (A \ D(;)
=* fg[(A n D5A) U ((D5 \ D5A) M A)] U (A \ Dg)
= fs[ANDs] U (A\ D).
In other words, removing the subscripted A’s in the definition of F'(A) only
changes the definition modulo Fin.

Consider some A, B C w, and let § = max{d4,dp,d4aun}. Then
F(A) U F(B) = (f5A[A N D5A] U (A \ D5A>) U (f5B[B N D5B] U (B \ D5B))

=" (fs[AND;s] U (A\ Ds)) U (fs[B N Ds] U (B\ Ds))

= f5[(AUB)NDs]U (AU B) \ Ds)

=" fﬁAuB[(A U B) N D5AUB] U ((A U B) \ D5AUB)

= F(AUB).
A similar computation shows that F(ANB) =* F(A)NF(B), and it follows
from the definition of F' that F(w) = w and F() = (. This shows that F is
a homomorphism P(«)/Fin — P(w)/Fin.
_ To show that this homomorphism is an automorphism, it remains to show
F'is a bijection. It follows straightaway from the definition of F' that if A
is infinite then F'(A) is also infinite, hence the kernel of F' is {[Q]rin}, which
implies F' is injective.

For surjectivity, fix B C w, and let A = f5 '[BN Ds,]U(B\ Dsy). If 6 is
such that max{d4,dp} < J < wi, then

F(A) = f5A[AmD5A] U (A\D5A)
=* f(;[A N D5] U (A \ D(;)
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= f5[(h5} [BN Ds,] U (B\ Dsy)) N Ds]
U ((£5,'[BN Dsz]U(B\ Dsy)) \ Ds)

* £5[(f5, (BN Dsgl U (B\ Dsy)) N Ds) U (B Dy)
f5[(f5,/ 1BN Ds,] U (BN (D5 \ Dsy))] U (B Ds)
Fs[(£5, BN Dsg)] U £s[B N (Ds \ Dsp)] U (B Ds)

N Dsy) U (BN (Ds\ Dsy)) U(B\ Ds)

_*

(B
B.

As B C w was arbitrary, this shows Fis surjective, and completes the proof
that F is an automorphism of P(«)/Fin.

It remains to show that F' is not a trivial automorphism, and to prove
the “furthermore” and “moreover” assertions of the theorem. To see that F
is nontrivial, recall that Frolik proved in [12] that if F': w* — w* is a trivial
autohomeomorphism of w*, then Fix(F) = {u € w*: F(u) = u} is clopen.

To apply Frolik’s result, we work temporarily in the topological category.
Let F : w* — w* denote Stone dual of F, i.e., the function

Flu) = | {F—l([A]Fm) LAc u} .
Let K =(,<,, (w\ Da)*. Suppose u € K and let A € u. Then
F(A) = fs,][ANDs,]U(A\ Ds,) 2 A\ Ds, € u.

Hence F maps sets in u to sets in u, which implies F(u) = u.

Now suppose u ¢ K. Then D, € u for some o < w;. Using the three
set lemma (see [10]) and the fact that fs,, has no fixed points, D, can be
partitioned into three sets, Ao, A1, A2, such that f5, [4;] N A; = 0 for each
i. Suppose without loss of generality Ay € u. If § > max{«a,dp,,d4,}, then

F(Ag) =" fs[AoN Ds] U (Ag \ Ds) =" f5[Ao]

(because Ag C D, C* Dy), so F maps a set in u to a set not in u. This
shows u is not a fixed point of F.

Therefore K is precisely the set of fixed point of F. To see that K
is not clopen, fix C C w such that C* C P. Then D, C* w\ C, for
all o, and if o < < wy then (C U Dg) \ (C U D,) is infinite. Hence
<(w \ (CU Da))* o< w1> is a decreasing sequence of nonempty clopen sets
in w*. By compactness, K\ C* =, (w\ (CUD,))" # 0. Consequently,
C* # K. As C* was an arbitrary clopen subset of K, this shows that K is
not clopen. Applying the aforementioned result of Frolik, it follows that F
is nontrivial (hence F' is too).

To prove the “furthermore” part of the theorem, suppose that A C w and
A* does not meet the boundary of K. This implies there is a partition of A
into two sets B, C such that B* C Int(K) and C* N K = (). The fact that
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B* C K means BN D, =* () for all « < wy. This implies 65 = 0 and
F(B) = fo[BN DylU(B\ Dy) =* B.

Hence F' | P(B)/Fin is the identity map, and in particular it is trivial. As for C,
first note that using a compactness argument as in the previous paragraph,
the fact that C* N K = () implies C' C* D, for some particular dp < wy.
Increasing dy if needed, we may (and do) assume &y > d¢. If X C C and
do < a < wy, then (Dy, \ Ds,) N X and (Dg \ Ds,) \ X are both finite, since
X C C C* Ds,. It follows that dx < dg. Consequently, if X C C then

F(X) = f5,[X N Ds] U(X\ Ds,) = fs,[X N D).

Hence F' [ P(C)/Fin is induced by f5, [ C (or by f5 [ C for any 6 > dp); in
particular this map is trivial.

Finally, to prove the “moreover” part of the theorem, suppose each f, is
an involution. Note that 64 = d,\ 4 for every A C w. Then

F(F(A)) = founa [f5A[AmD5AH U (A\D(;w\A)

= foulfsulANDs,]] U(A\ Da)
— (ANDs,)U(A\ D) = A.

Thus if each f, is an involution, so is F, and consequently F as well. O

Let us point out that the Baumgartner-Velickovi¢ argument outlined in
[26], which shows that the existence of a P-point with character N; implies
the existence of a nontrivial automorphism, essentially shows that if there
is a P-point with character Ry then there is a bowtie of involutions. Specif-
ically, if u is a P-point and (B,: a < wi) is a strictly C*-decreasing basis
for u, then one can define by recursion a bowtie of functions (fo: @ < wi),
where each f, is an involution of D, = w\ B,. (For each A C w the ordinal
54 is the least § such that either Bs C* A or BsN A =* (. One of these
options must happen for some 0 because {B,: o < w1} is a basis for an ul-
trafilter.) Likewise, the bowties constructed in the next section from {(LP)
are bowties of involutions. We stated the definition more generally in this
section because there is some generality lost in the statement of Theorem 2.1,
and no clarity gained in its proof, by restricting to involutions.

3. O(LP)

Given a function h : w — w \ {0}, an h-slalom is a function G with
domain w such that for every n € w, G(n) C W™ and |G(n)| < h(n).
Given a function f € w®, we say that G captures f if f[(n+1) € G(n) for
every n. We shall only be interested in h-slaloms where lim,,_,o, h(n) = oo,
so let us define A = {h € w*: h(n) # 0 for all n, and lim,_o h(n) = 0o},
the set of functions admissible as the width of a slalom.

We say that the Laver property holds over an inner model V if for every
f € w® that is bounded by some member of VNw®, and for every h € VN A,
there is an h-slalom G € V that captures f. A forcing poset P is said to
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have the Laver property if forcing with P produces a model that has the
Laver property over the ground model.

We now recall some definitions from [1, Section 4] and [17] concerning car-
dinal characteristics of the continuum and their corresponding parametrized
¢ principles. An invariant is a triple (A, B, E) such that

o A and B are sets of size < ¢.

o FEC Ax B (ie., E is a relation with domain A and codomain B).
o for every a € A there is some b € B with (a,b) € E.

o for every b € B there is some a € A with (a,b) ¢ E.

The evaluation of an invariant (A, B, F) is
(A,B,E) = min{|X|: X CBandVaec A3be X (a,b) € E}.

Most of the classical cardinal invariants studied in [1] or [9] are naturally
expressed in this form: for example ? = (w¥,w®, <*) and b = (W, w®, 2%),
s = ([w]¥, [w]*,is split by) and v = ([w]*, [w]¥, does not split), etc.

Building on the work of Hrusak in [14] and of Devlin and Shelah in [6],
Moore, Hrusdk, and Dzamonja define in [17] a guessing principle {(A, B, E)
associated to an invariant (A, B, E).

(A, B, E) : For every Borel map F : 2<%t — A there is some g : w; — B
such that for every f : wy — 2theset {a € wi: (F(f ), g(a)) € E}
is stationary.

In this context, a Borel map F : 2<“* — A in [17] means that A is a Borel
subset of a Polish space, and the mapping F |29 is Borel for every § < w.

Let S = {G € [[,,c., P(w™): G is an h-slalom for some h € A} . For each
G € S, define wg : w — w to be the function wg(n) = |G(n)|. In other
words, wg is the <-smallest h € A such that G is an h-slalom (the “width”
of G).

Given an inner model V' of (a sufficiently large fragment of) ZFC, a real
r € w¥ is called V-bounded if there is some b € w* with r < b (equivalently,
some b’ with r <* b’). The guessing principle {>(LPy) is defined as follows.

&(LPy) : For every Borel mapping F : 2<%t — w“ and every sequence
(ho: a < wi) of functions in ANV, there is a function g : w1 — SNV
such that wg,) = hq for every a < wi, and for every f:w; — 2

{a <w;:if F(f[a)is V-bounded then g(a) captures F(f )}
is stationary.

Observe that in this definition, we do not require that the sequence
(ho: @ < wi) is in V, but only that each particular hy is in V. If the in-
ner model V is clear from context, for example in a forcing extension, then
&(LPy) is abbreviated {(LP).

There is a clear relationship between {(LP) and the parametrized < prin-
ciples {(A, B, E) from [17]. It is the principle associated to the invariant
(w?, SNV, captures if V-bounded), with the added requirement that we can
require Wy (o) = hq for any desired sequence (hy: a <wp)in VN A.



{$(LP) AND NONTRIVIAL AUTOMORPHISMS OF P(w)/Fin 9

The principle {(LP) is stronger than necessary for obtaining nontrivial
automorphisms of P(«)/Fin. The following simplified version of {(LP) suffices
for the task at hand, and is somewhat easier to work with (hence potentially
easier to apply in other contexts).

O7(LPy) = For every sequence (hqo: a < wi) in ANV, there is a function
g :wi; — SNV such that Wy(a) = hq for every a < wy and

{a < w;: g(a) captures r}
is stationary for every V-bounded r € w.

As before, if V' is clear from context then {~ (LPy ) is abbreviated {~(LP).

In fact, even this weakening of {)(LP) is stronger than needed to prove the
existence of nontrivial automorphisms of P(«)/Fin: our proof only requires
that {a < wi: g(a) captures r} be nonempty, not stationary. Let {(LPy),
abbreviated t(LP) when V' is clear from context, denote the (seemingly) even
weaker principle defined by replacing the word “stationary” with the word
“nonempty” in the definition of {$~(LPy).

Proposition 3.1. $(LP) implies O~ (LP), and &~ (LP) implies 1(LP), and
T(LP) implies that the Laver property holds over V.

Proof. Suppose {(LP) holds. Let Fy be a Borel surjection 2 — w®, and
define F' : 2“1 — w¥ by setting F(0) = Fy(o | w) whenever |o| > w,
and defining F(o) arbitrarily if |o| < w. Let (hq: o < wi) be an arbitrary
sequence of functions in ANV, and let ¢ : w; — SNV be a function
witnessing (LP) for F' and (hy: o < wi). For every V-bounded r € w®,
there is a function f, : w — 2 with Fy(f,) = r. If f: w; — 2 is any
function with flw = f,, then F(fa)=r for all a € [w,w1), and therefore
{a < wi: g(a) captures r} is stationary. As this is true for every V-bounded
r € w¥, g witnesses {~ (LP) for (hy: a < wi).

That ¢~ (LP) implies t(LP) is clear from their definitions.

To prove the final assertion of the proposition, suppose f(LP) holds. Let
r € w¥ be V-bounded, and let h € ANV. Applying {(LP) with the con-
stant sequence h, = h, there is a function g : w; — S NV such that
{a <w1: g(a) captures r} nonempty and wy(,) = h for all . Hence there
is an h-slalom in V' that captures r. [l

Question 3.2. Can any of these implications be reversed?

Like with the parametrized <) principles of [17], which hold in sufficiently
nice forcing extensions where the corresponding cardinal characteristic is
Ny, $(LP) holds in sufficiently nice forcing extensions by posets with the
Laver Property over a model of CH. The proof of this, which comes next,
is a simple and relatively straightforward adaptation of the (interesting and
quite lovely) proof found in [17].

Let P(2) denote the Boolean algebra with 2 elements, and let P(2)"
denote the corresponding notion of forcing. Many of the “usual” Borel
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forcing notions Q (Cohen, random, Laver, Mathias, Miller, Sacks, Silver,
etc.) are equivalent to P(2)* x Q (i.e., the lottery sum of two copies of Q).

Theorem 3.3. Suppose (Qn: a < wa) is a sequence of Borel partial orders
such that for each a < wy, Qg is forcing equivalent to P(2)" x Qq. Let P,
denote the length-ws countable support iteration of this sequence. Assuming
CH, the following are equivalent:

(1) Py, has the Laver property.
(2) P, forces t(LP).

(8) Py, forces S (LP).

(4) Py, forces $(LP).

Proof. By the previous proposition, (4) = (3) = (2) = (1). It remains to
show (1) = (4): i.e., if P,, has the Laver property then it forces {(LP).
The proof of this is a straightforward adaptation of the proof of Theorem
6.6 in [17], which spans Lemma 6.8 through Lemma 6.12 in [17]. In fact,
the proof of [17, Theorem 6.6] works almost verbatim for proving (1) = (4)
here, except that one small change needs to be made to the proof of Lemma
6.12. In that proof, the authors begin by fixing a sequence (b¢: § < wq) of
members of B witnessing (A4, B, E) = X;. In the present context, we are
given a sequence (h,: a < wy), and we must fix for each o < w; a sequence
<g§‘ : & < wy) of hy-slaloms in V witnessing the fact that every V-bounded
r € w* is captured by an hs-slalom in V. (This is true because we are
assuming the Laver property over a model of CH, and in fact we can take
<g? : £ < wi) simply to be an enumeration of all h,-slaloms in V). Then

later in the proof, when defining §(0), we should take h.(&) to force ¢(d) = gg
(rather than simply b¢) below a condition ¢ € T with height 0. O

Corollary 3.4. {(LP) holds in the Laver model, the Mathias model, the
Miller model, the Sacks model, and the Silver model.

Theorem 3.5. Suppose T(LPy) holds with respect to an inner model V' with
w{ = wi. Then there is a bowtie of functions, and consequently, there is a

nontrivial automorphism of P(w)/Fin.

Proof. To begin, let (I,: n € w\ 3) denote the sequence of finite intervals in
w such that |I,| = n and min(/3) = 0 and min(/,+1) = 1+max(I,) for all n.
(For convenience, many countably infinite sets in this proof will be indexed
with w\ 3 = {3,4,5, ...} rather than w. This simplifies some formulas later
on.) Our goal is to use (LP) to define a strictly C*-decreasing sequence
(Jo: @ < wy) of subsets of w such that for every «,

o |JoNI,| >2foralln>3.

o Let Sq = {n>3: |J,NI,| >2}, and let s, denote the unique in-

creasing bijection w \ 3 — S,. Then }Ja N Isa(k)‘ =k.

Our bowtie of functions will then consist of the functions f, with domain

Dy = U{JaN1y: |JaN 1| =2} = Unew\Sa Jo N I,
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where f, is defined so that it swaps the two elements of J, N I,, for every
n € w\ So. Any strictly C*-decreasing sequence (J,: a < wy) with these
properties gives rise to a sequence of permutations f, : Do — D, satisfying
the first two items in the definition of a bowtie of functions. The crux of the
proof is using {(LP) to recursively build a sequence (J,: a < wq) that also
satisfies the third item in the definition.

Before applying t(LP) we must choose a sequence (hq: o < wi) of func-
tions in A NV. Before doing this, however, we must first construct the sets
S and their enumeration functions, as described above, by a transfinite
recursion that takes place in V. (While S, is defined from J, above, it is a
key feature of the proof that the S, are defined first, before the J,. Later
the J, are chosen in such a way that the above relation between S, and J,
holds.) After constructing the S, we will define each h, from S,.

For the base case of the recursion, let Sp = w \ 3. For the successor
step, suppose S, is given. Let s, denote the unique increasing bijection
w\ 3 — Sy, define 5441 : w\ 3 = w by setting sq41(k) = 54(k2F) for all
k > 3, and let So4+1 = Image(sq+1). In other words, we define S,41 to be the
set containing the (k2¥ — 3)™ element of S,, for every k > 3. Clearly Sq1
is an infinite subset of Sy, and Sy, \ Sa+1 is also infinite. For the limit step,
suppose (S¢: § < a) is given for some limit ordinal a, and that it is a strictly
C*-decreasing sequence of sets. Let S, be an infinite pseudo-intersection of
{S¢: € < a}, and let s, denote the unique increasing bijection w\ 3 — S,.
Shrinking S, further if needed, we may (and do) assume that s <* s, for
all £ < a.

As mentioned already, this entire recursion takes place in the inner model
V', and thus the result of the recursion, the sequences (Su: o < wi) and
(Sq: @ < w1), are members of V' as well. For each a < wy, define hy : w — w
so that ha(n) = 1 if n < 2%+1(2) and otherwise

ha(n)=j & 1€ [sat1(j); Sat1(j +1)).

Observe that each h, € A, because each s,41 is strictly increasing, and that
(ha: o <wi) € V, because (sq: v <wy) € V.

Fix a function ¢ : w1 — SNV witnessing {(LP) for (hy: a < wy). The J,
are built by transfinite recursion using ¢ as a guide. But before giving this
construction, let us first consider one way in which subsets of w can be coded
by functions w — w. Define b : w — w by setting b(0) = b(1) = b(2) = 0, and
b(n) = 2l = 27 for n > 3. Working in V, there is for each n > 3 a bijection
¢n, from b(n) = {0,1,...,2" — 1} to P(I,). Using these bijections, there is a
natural homeomorphism @ between Kj = {a € w*: a < b} and [[,,c,, P(In).
Thus we may (and do) think of the members of K} as “coding” subsets of
w. Specifically, A C w is coded by the function n — AN I, in [, P(In),
which corresponds to a member of Kj via @, and a function a € K} codes

the set UnEw ®(a)(n) = UnEw On (a(n))
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We are now ready to describe the construction of (J,: a < wy). For the
base step, let Jy = w. Note that |Jy N I,| = |I,| = n for all n > 3, and
therefore {n > 3: |JoyNI,| > 2} =w\3=25.

For the successor step, suppose Jo, C w and {n > 3: |J, N 1I,| > 2} = S,.
Let s, denote the unique increasing bijection w \ 3 — S,, as above, and
suppose furthermore that |J, N Iy, )| = k for all k > 3. We shall describe
Ja+1 by determining the value of Ju41 N I, for every n € w \ 3. First, if
|Jo N I,| = 2 (ie., if n ¢ S,) then set Joqp1 N1, = Jo N I,. Second, if
n € Sq \ Sat1, then let Joy1 N I, be the first two elements of J, N I,,.
Finally, consider n € So41. Recall that s,4+1 denotes the unique increasing
bijection w\ 3 — Sa41, and let k = s;}rl(n). Recall that sq11(k) = sq(k2F),
and |Jo N In| = [Ja N,
from among the k2% elements of J, N I,,, some k of them to be Jat1 N Iy.

Recall that g(«) is an h(a)-slalom, meaning that g(«)(n) consists of
h(a)(n) finite sequences in w™*!, and for each o € h(a)(n), we have o(n) €
w. If o(n) < 2" then o(n) codes a subset of I, via ¢,,. Let

By, = {¢n(c(n)) C In: 0 € g(a)(n) and o(n) < 2"}.

(k)\ =[JuN Isa(ka)| = k2F. Our goal is to choose,

In other words, g(«) is telling us, via coding, a set of subsets of I,,. Fur-
thermore, ho(n) = ho(Sa+1(k)) = k, so By is a set of at most k subsets of
I,. (While g(a))(n) has size exactly k, some of the o € g(a)(n) may have
o(n) > 2", in which case they do not code subsets of I,, and do not con-
tribute to By.) These k sets generate a partition of I, with size at most
2. Since |J, N I,| = k2F, there are some k members of J, N I,, that are
all in the same piece of the partition. Therefore we may (and do) choose
Ja+1 N I, to be a size-k subset of J, N I, such that J,41 N I, is either
contained in or disjoint from every B € By. This concludes the successor
step of the construction of the J,. It is clear that our recursive hypotheses
are preserved: we have J,11 C Jy, and Say1 = {n > 3: |Jo N I,| > 2}, and
| Jat1 N L (k)] = K for all k > 3.

For the limit step, fix a limit ordinal o < wi, and recall that S, is a
pseudo-intersection of {S¢: & < a}, and that s¢ <* 5, for all £ < a. We will
define J,, in two steps: first we define a set JO by describing JO N I,, for all
n > 3 (like with J,41 in the successor step), and then we shrink J to the
desired set J,. As a recursive hypothesis (one clearly preserved at successor
steps, where Jo41 C Jo), assume (J¢: £ < o) is C*-decreasing.

Fix an increasing sequence (&,: n < w) of ordinals below a with £ = 0
and sup,, ., &, = a. Next, fix a strictly increasing sequence (ky: n < w) of
natural numbers with &y > 3 such that

o Sa\ kn C S¢,,,, and

o if i > ky, then s¢,,, (1) < s4(i), and

] ng_l\ S¢n (k‘n) - Jgn.
It is possible to find such a sequence because S, C* S¢, ., and s¢, ., <* sq,
and Jg, , € Jg, for all n, and because each s, is strictly increasing. Define
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J? C w by taking
JgﬂIjZJoﬂIj:Ij if je [3,80(/€0)),
Jg NIl =Je, ., NI if j¢€ [SEn(kn)73£n+1 (kn_H)),

For each n € w, the third requirement in our choice of k,, k,_1,...,ko
ensures that if j € [s¢, (kn), s¢,., (knt1)) then

JINL; = Je, NI CJe, NI C e, NI CL.. C ey N

That is, JNI; C Jg, N1 for all £ <n+1 when j € [sg, (kn), ¢, (nt1))-
It follows that Je, C* JQ for all £ € w. Furthermore, if £ < « then there is
some £ € w with { < &, hence J¢ 2% J¢, O* JO. Consequently, JO C* J¢ for
every £ < a.

For each n € w, the first two requirements in our choice of k, ensure
that if j € [sg,(kn), Se,y, (kn+1)) and j = so(i) for some i, then sq(i) =
S¢nyq (1) for some @' > i. (The fact that s,(i) € S, implies s4(i) € S, .,
by the first requirement, and s¢, (i) < s4(i) by the second requirement.
5q(i) € Sg,., implies s4(i) = s¢,,, (i) for some i, and then ¢ < i’ because
5¢,.01(1) < s4(i) and sg, ., is strictly increasing.) In this case, we have
IO N I 9] = |Jenn N Ig§n+1(i/)| =4’ > 4. As this is true for every n, it
follows that if s4(i) > sg, (ko) then [Jg N I (5] > i. If s4(i) < sg,(ko) then
IO N I )] = s, )| = sa(i) > i, as sq is strictly increasing. This shows
that {n >3: [JYN1,| > 2} D S, and that |J N I, ;)| > i for all i.

By the previous paragraph, it is possible to shrink J9 to a set J, C J°
such that {n >3: [JYN1I,| > 2} =S, and |JIN I, ;| =i for all i. By the
paragraph before the last one, we also have J, C JO C* Je for all £ < a.
This completes the limit step of the recursion.

We can now define a bowtie of functions from the sequence (Jo: a < wy),
as outlined at the beginning of the proof: for each o < wy let

Do = U{JamIn: ‘Jaﬂfn| :2} = Unew\sa Jo N Iy,

and let f, be the permutation of D, that swaps the two elements of J, NI,
for every n € w \ Sy. Clearly each f, has no fixed points.

Recall that the S, and the J,, are strictly C*-decreasing. This implies the
D, are strictly C*-increasing. And it is clear that if @ <  then, because
Jg C* Jo and J, and Jg both meet each I, in at least two points, it is true
for all but finitely many n that if |J, N I,| = 2 then Jo, N1, = JgNI,. It
follows that fo =" fg [ Da.

Thus (fa: @ < wy) satisfies the first two requirements in the definition
of a bowtie of functions, and it remains to show that it satisfies the third.
Fix A C w. Let a be the function that codes A as described above: i.e.,
A = Upew ®(@)(n) = Uneo ¢n(a(n)). Recall that a(n) < 2/l = 27 for
all n > 3, which means that a is bounded by a function in V. Because
g witnesses (LP) for (ho: a <wi), the set {a < wi: g(a) captures a} is
nonempty. Fix some § < w; such that g(d) captures a.
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Let 04 = 0+ 1. At stage 04 of our construction, when we defined Js, , for
every n = s5, (k) € Ss, we chose Js, NI, to be a size-k subset of JsNI, such
that Js, N I, is either contained in or disjoint from every B € By, where

By, = {¢n(c(n)) C I,: 0 € g(6)(n) and o(n) < 2"}.

Because ¢(d) captures a, we have a(n) € {o(n): o € g(6)(n)} for every n.
Consequently, AN I, = ¢y, (a(n)) € By, for every n. Thus Js, NI, is either
contained in or disjoint from A N I, for every n € S,,.

Now fix a with 64 < o < wi. We have Ds, C* D,, and furthermore,
D, \ D;, is the infinite union of sets of the form J, NI, with |J, N I,| = 2,
where n € S;,\ So. And for all but finitely many such n, J, NI, C Js, N1,
(because J, C* Js5,). By the previous paragraph, the sets J5, N I, for
n € Ss,, were chosen so that J5, NI, is either contained in or disjoint from
A. Since f, simply swaps these pairs of points, we see that in all but finitely
many cases, fqo \ f5, SWaps two points in A with each other or two points not
in A with each other. In other words, D, \ D;, is almost f,-invariant. [J

Corollary 3.6. There is a bowtie of functions, hence a nontrivial automor-
phism of P(w)/Fin, in the Laver model, the Mathias model, the Miller model,
the Sacks model, and the Silver model.

Proof. This follows immediately from Theorems 2.1, 3.3, and 3.5. ]

4. AUTOMORPHISMS IN THE MATHIAS MODEL

Shelah and Steprans proved in [23] that all automorphisms of P(w)/Fin in
the Sacks model are somewhere trivial. In this section we prove the same
for the Mathias model.

Let M denote the Mathias forcing poset:

M = {(a,A): a € [w]<¥, A € [w]*, and max(a) < min(4)},

with the order defined by setting (b, B) < (a, A) if and only if b D a, B C A,
and b C a U A. The Mathias model refers to any model obtained by forcing
with a length-ws countable support iteration of M over a model of CH. The
main theorem of this section is:

Theorem 4.1. In the Mathias model, every automorphism of Pw)/Fin is
somewhere trivial.

We prove this theorem mostly by piecing together facts from the litera-
ture. To begin, recall that a nonprincipal ultrafilter & on w is Ramsey if
for every infinite partition {A,: n € w} of w, either there is some n with
A, € U, or else there is some S € U such that [S N A,| <1 for all n. More
generally, if V and W are two models of set theory with V' C W, a filter
U € W is Ramsey over V if for every infinite partition {A,: n € w} of w
with {A,,: n € w} € V, either there is some n with A, € U, or else there
is some S € U NV such that |SNA,| <1 for all n. In other words, U is
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Ramsey over V if YNV satisfies the definition of a Ramsey ultrafilter within
V' (but we do not require U NV € V).

Suppose again that V and W are two models of set theory with V' C W.
If X Cwand X € W, then {A € V: X C* A C w} is a filter, which we call
the filter induced by X on V. If this filter is Ramsey over V', then we say
that X induces a Ramsey ultrafilter on V. Viewing things the other way
around, note that an ultrafilter &4 € V is induced by a set X € W if and
only if X is a pseudo-intersection for ¢/ in W.

If U is an ultrafilter on w, then

MU) = {(a,A) e M: AcU}.

This is a variant of the Mathias forcing, sometimes referred to as the Mathias
forcing “guided” by the ultrafilter Y. If G is an M(U)-generic filter over V,
then S = (J{a: (a,A) € G for some A} is a pseudo-intersection for U in
V[G]. In particular, if ¢ is Ramsey in V', then M(H/) adds a subset of w that
induces a Ramsey ultrafilter on V', namely U.

Recall that forcing with P(w)/Fin adds a Ramsey ultrafilter on w. Specifi-
cally, if G is a P(w)/Fin-generic filter over V, then U = {A C w: [A]pin € G}
is a Ramsey ultrafilter on w in V]G] (i.e., G itself is a Ramsey ultrafilter,
modulo the natural transfer from P(w)/Fin to P(w)). The following fact was
proved by Mathias in [15]:

Lemma 4.2 (Mathias). The poset M is forcing equivalent to the 2-step

iteration P(w)/FinxM(U ), where U is a name for the generic Ramsey ultrafilter
added by forcing with Pw)/Fin, as described above.

In what follows, the wltrafilter added by forcing with M refers specifically
to the Ramsey ultrafilter added by the first stage of this decomposition.
Mathias’ proof of this lemma shows that if G is an M-generic filter over V/,
then the ultrafilter added by forcing with M is definable in V[G] as

U = {B C w: there is some (a,A) € G with A C* B}.
Equivalently, this is the filter Ux induced on V' by the M-generic real
X = U{a € [w]=¥: there is some A with (a, A) € G}.

In particular, the ultrafilter ¢/ added by forcing with Ml has a pseudo-
intersection in V[G], and U is induced on V' by this pseudo-intersection.

We shall also need the following two results proved by Shelah and Spinas
in [20]. These results are stated “from the ground model” in [20], but we
prefer to state them “from the extension” instead. For the statement of both
results, suppose V' |= CH, let M, denote the length-ws countable support
iteration of M, and let G be an M,,,-generic filter over V. For each o < wy,
let M, denote the first a stages of the iteration, and let G, = G | M.

Recall that C' C wy is an wy-club if any increasing wi-sequence in C' has
its limit in C.
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Lemma 4.3 (Shelah-Spinas). There is an wi-club C' C wo such that the
following holds for all « € C: If A C w induces a Ramsey ultrafilter on
V[G.], then there is some A" € V[Gat1] such that A and A’ induce the
same ultrafilter on V[Gg].

Proof. This is a paraphrase of Proposition 2.3 in [20]. O

Recall that two filters U and V on w are RK-equivalent if there is a
bijection h : w — w such that A € U if and only if h[A] € V. When this is
the case, we say that U and V are RK-equivalent via the function h.

Lemma 4.4 (Shelah-Spinas). Let U € V[Gq+1] denote the Ramsey ultrafil-
ter added by forcing with M over V[G,] at stage a of the iteration. Suppose
A Cw and A € V[Gay1]. If A induces a Ramsey ultrafilter V on V[G,],
then U and V are RK-equivalent via some h € V[G,].

Proof. This is a paraphrase of Proposition 2.4 in [20]. O

For the remainder of this section, we abuse notation slightly by letting
F(A) denote some (any) representative of the equivalence class F ([A]rin)
whenever F' is an automorphism of P(w)/Fin and A C w. We also write F'(U),
rather than F[U], for the image of a filter ¢/ under F'.

Lemma 4.5. Suppose F is an automorphism of Pw)/Fin, and let U be the
canonical name for the generic ultrafilter added by forcing with P(w)/Fin.
Then I-p) /e, F'(U) is Ramsey.

Proof. This proof is essentially identical to the usual proof that I-» )/, U is
Ramsey. Let G be P(w)/Fin-generic over V, and let Y = {A C w: [A]pin € G}
denote the generic ultrafilter added by forcing with P(w)/Fin. Because P(w)/Fin
is a countably closed forcing, it adds no new reals, and in particular it adds
no new partitions of w.

Working in the ground model, let {A,,: n € w} be an infinite partition of w
and fix a condition [A]pi, € P(w)/Fin. If there is some n such that F'(A)NA,, is
infinite, then [ANF~(A,)]rim < [Alpim and [ANEF~Y(A,)]pi I A, € FU).
On the other hand, if F'(A) N A,, is finite for all n, then there is an infinite
S C F(A) such that |S N A,| <1 for all n; then [F~1(S9)]pin < [A]Fin and
[F=1(S)]pin IF S € F(U). Either way, there is an extension of [A]pj, forcing
“cither there is some n with A, € F(U), or else there is some S € U such
that [SNA,| <1 for all n.”

Hence, in the extension, either there is some n with A,, € F(U), or else
there is some S € F(U) such that |[SN A,| <1 for all n. As this is true for
an arbitrary partition {A,: n € w} in V, and because every partition of w
in V[G] is already in V, this shows F(U) is Ramsey in V[G]. O

Lemma 4.6. Suppose F' is an automorphism of P(w)/Fin, and A € [w]¥, and
h is an almost bijection from A to F(A). If F'[P(A)/Fin is not induced by h,
then there is an infinite B C A such that F(B) N h[B] is finite.
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Proof. Assuming F' | P(A)/Fin is not induced by h, there is some infinite
C C A such that F(C)AR[C] = (F(C)\ R[C])U (R][C]\ F(C)) is infinite. If
h[C]\ F(C) is infinite, then let B = C'\ h~}[F(C)]. If F(C)\ h[C] is infinite,
then let B = h=[F(C) \ h[C]]. O

The following lemma can be considered implicit in [13] or [20], though it
is not explicitly stated in either.

Lemma 4.7. Suppose F is a nowhere trivial automorphism of P(w)/Fin, and
let U be a name for the generic ultrafilter added by forcing with P)/Fin.
Then Ip)/e, U and F(U) are not RK-equivalent.

Proof. Let G be P(w)/Fin-generic over V, and let U = {A C w: [A]lpi, € G}
denote the generic ultrafilter added by forcing with P(w)/Fin. Because P(w)/Fin
is a countably closed forcing, it adds no new reals, and in particular it adds
no new bijections w — w, so if h € V[G] is a bijection w — w then h € V.
Thus, in order to show U and F'(U) are not RK-equivalent in V[G], it suffices
to show they are not RK-equivalent via a bijection h € V.

Working in the ground model, fix a bijection h : w — w and fix a condition
[Alpin € PW)/Fin. As we are assuming F' is nowhere trivial, F' [ P(4)/Fin is
not induced by h [ A. By Lemma 4.6, there is an infinite B C A such that
F(B) N h[B] is finite. So [Blrin < [A]pin, and

[Blrin I+ B €U, F(B) € F(U), and consequently, h[B] ¢ F(U).

Thus an arbitrary condition [A]pi, € P(@)/Fin has an extension forcing ¢ and
F(U) are not RK-equivalent via h.

Hence U and F(U) are not equivalent via h in V[G]. As h was arbitrary
bijection in V', and every bijection in V[G] is already in V, this shows ¢ and
F(U) are not RK-equivalent in V[G]. O

Proof of Theorem 4.1. Suppose V |= CH. Let M,, denote the length-ws
countable support iteration of M, and let G be a M,,,-generic filter over V.
For each a < ws, let M, denote the first « stages of the iteration, and let
G, =G | M,.

Aiming for a contradiction, suppose that F' is a nowhere trivial automor-
phism of Pw)/Fin in V[G]. For each o < wo, let F,, = F | V[G,]. By a
standard reflection argument, there is an wi-club C C wy such that for all
a€C, F, € V[G,] and V[G,] = “F, is a nowhere trivial automorphism of
P(w)/Fin.” By intersecting C' with the w;-club set described in Lemma 4.3, we
may (and do) assume that if « € C' and A C w induces a Ramsey ultrafilter
on V[G,], then there is some A" € V[Gy+1] such that A and A’ induce the
same ultrafilter on V[G,].

Fix a € C. At stage a of our iteration, we force with M in V[G,] to
obtain V[G4+1]. By Lemma 4.2, we may view this as a 2-step process:
V|Ga+1] = V[G.|[H][K], where H is P(w)/Fin-generic over V[G,] and K
is M(U)-generic over V[G,|[H]|, where U € V[G,][H] denotes the Ramsey
ultrafilter added by forcing with P(w)/Fin. Working in V[G,][H], Lemma 4.5
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tells us that F'(U) is a Ramsey ultrafilter, and Lemma 4.7 tells us that U
and F'(U) are not RK-equivalent.

In V[G] the filter U is no longer an ultrafilter: it has a pseudo-intersection
S, added by forcing with M(U) over V[G,][H]. Because F' is an automor-
phism of P(«)/Fin, this implies F'(S) should be a pseudo-intersection for F'(A)
as well. In other words, F(i{) is an ultrafilter in V[G,][H] and

FU) = {X € VIG.][H]: F(S) €* X C w}.

Thus F(S) induces a Ramsey ultrafilter on V[G,], namely F(U).

Because a € C, there is some A" C w such that A" € V[Ga41] and A’
induces the ultrafilter F(U) on V[G4]. By Lemma 4.4, this implies ¢ and
F(U) are RK-equivalent via some h € V[G,], contradicting Lemma 4.7. [J
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