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The Cech-Stone compactification

A compactification of a space X is a compact Hausdorff space
containing X as a dense subspace. For example, taking X = N:

If Y and Z are compactifications of X, we say Z > Y if there is a
continuous f : Z — Y with f [ X =id. (This is not a total order!)

Every locally compact space has a smallest compactification, its
one-point compactification. Every T35 space X has a largest
compactification, its Cech-Stone compactification, denoted 5X.

The remainder of a compactification Y of X is Y\ X.
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The Cech-Stone remainder of N is N* = N\ N, the space of all
non-principal ultrafilters on N. This is a non-metrizable, non-
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The Cantor space 2N is a “universal” compact metrizable space:

Theorem (Hausdorff-Alexandroff, 1927)
A space X is compact and metrizable if and only if it is a
continuous image of 2V.

Assuming the Continuum Hypothesis (abbreviated CH), the same
is true for N*, but “one level up” in terms of the size:

Theorem (Parovitenko, 1963)

Every compact Hausdorff space of weight <X; is a continuous
image of N*. Consequently, CH implies that X is compact and of
weight <c¢ if and only if it is a continuous image N*.
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Let H = [0, 00), the non-negative reals. The Cech-Stone remainder
of H, denoted H*, is a non-metrizable, non-separable, connected,
compact Hausdorff space. Like N*, it is indisputably awesome.

A continuum is a compact connected metrizable space. Unlike
with compact metrizable spaces, there is no universal continuum:

Theorem (Waraszkiewicz, 1934)
There is no continuum U such that every continuum is a
continuous image of U.

Theorem (Dow and Hart, 1998)

Every connected compact Hausdorff space of weight <Wi is a
continuous image of H*. Consequently, CH implies that X is
compact, connected, and of weight <c if and only if it is a
continuous image H*.
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The shift map

An almost permutation of N is a bijection from one co-finite subset
of N to another. For example, the successor function n+ n+ 1 is
an almost-permutation but not a permutation.

e —He——H>e—He—>0—>0—H>0—>0

Every almost permutation f of N induces a self-homeomorphism
Hf : N* — N*: in terms of ultrafilters, this map is defined as

He(u) = the ultrafilter generated by {f[A]: A € u}.

The self-homeomorphism of N* induced by the successor function
is called the shift map and denoted o.

This map o transfers to N* something of the order on N. Using o,
slick proofs can be found for deep theorems of arithmetic combin-
atorics, like Hindman's Theorem or van der Waerden's Theorem.
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Does N* know its right hand from its left?

Question (van Douwen, 1983): Is (N*, o) conjugate to (N*,071)?

Recall that two dynamical systems (X, f) and (Y, g) are conjugate
if there is a homeomorphism h: X — Y such that hof = go h.

X f

Y —Y

X

This is the natural notion of isomorphism for dynamical systems:
(X,f) and (Y, g) are conjugate if they are essentially the same.

Thus van Douwen'’s question is whether there is any topological
difference in N* between a right shift and a left shift.
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ZFC does not say it does not know.

Recall that almost permutations of N (like the successor function)
induce self-homeomorphisms of N* (like o). A self-homeomorphism
of N* that is induced in this way is called trivial.

Theorem (Shelah, 1979)
It is consistent that every self-homeomorphism of N* is trivial.

Later work of Shelah, Stepran's, Veli¢kovié, Farah, Moore,
DeBondt, and Vignati shows that the forcing axiom OCA implies
every self-homeomorphism of N* is trivial.

Theorem (van Douwen, 1983)

If (N*,0) and (N*,0~1) are conjugate, the conjugacy mapping

between them must be a non-trivial self-homeomorphism of N*.

Thus it is consistent that (N*, o) and (N*,o~1) are not conjugate.
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CH says it does not know.

Note that there are ¢ almost permutations of N, hence there are ¢
trivial self-homeomorphisms of N*.

Theorem (W Rudin, 1956)
CH implies there are 2° self~homeomorphisms of N*. In particular,
some of these are non-trivial.

Thus the question of whether there are non-trivial self-
homeomorphisms of N* is independent of ZFC. So is the question
of whether (N*, o) and (N*,0~1) are conjugate:

Theorem (B., 2024)

CH implies (N*, o) and (N*,0~1) are conjugate.

Further work has given a robust understanding of when CH proves
two trivial self-homeomorphisms are conjugate (B. & Farah, 2024).



A few words on the proof

Suppose A is a partition of N* into finitely many clopen sets. The
action of o on A is represented by a digraph (A, =), where

A" 5 B* & o|ANB*£0.



A few words on the proof

Suppose A is a partition of N* into finitely many clopen sets. The
action of o on A is represented by a digraph (A, =), where

A* 2 B* o g[ATNB*£0.
/I\@D
\ /



A few words on the proof

Suppose A is a partition of N* into finitely many clopen sets. The
action of o on A is represented by a digraph (A, =), where

A* 2 B* o g[ATNB*£0.
/ [ \@D
\/

A digraph (V, —) is strongly connected if for any v, v’ € V, there

is a walk in (V, —) from v to V.



A few words on the proof

Suppose A is a partition of N* into finitely many clopen sets. The
action of o on A is represented by a digraph (A, =), where

A* 2, B* & o[A N B* £0.
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A digraph (V, —) is strongly connected if for any v, v’ € V, there
is a walk in (V, —) from v to V.

@)

Lemma

A finite digraph is strongly connected if and only if it is isomorphic
to (A, =) for some partition A of N* into clopen sets.



A few words on the proof

Given two digraphs (A, 2+) and (B, 2+), an epimorphism from
(B, 23) to (A, 2+) is a surjective map ¢ : B — A such that

a 2+ 4’ if and only if there are some b € ¢~1(a) and b’ € ¢p~1(a')
with b =5 b



A few words on the proof

Given two digraphs (A, 2+) and (B, 2+), an epimorphism from
(B, 23) to (A, 2+) is a surjective map ¢ : B — A such that

a 2+ 4’ if and only if there are some b € ¢~1(a) and b’ € ¢p~1(a')
with b =5 b

()
o e



A few words on the proof

Given two digraphs (A, 2+) and (B, 2+), an epimorphism from
(B, 23) to (A, 2+) is a surjective map ¢ : B — A such that

a 2+ 4’ if and only if there are some b € ¢~1(a) and b’ € ¢p~1(a')
with b =5 b



A few words on the proof

Given two digraphs (A, 2+) and (B, 2+), an epimorphism from
(B, 23) to (A, 2+) is a surjective map ¢ : B — A such that
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Suppose A and B are partitions of N* into clopen sets.
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is an epimorphism from (B, =) to (A, ).



A few words on the proof

Given a finite partition A of N* and the corresponding digraph
(A, =), not all epimorphisms correspond to refinements of A.



A few words on the proof

Given a finite partition A of N* and the corresponding digraph
(A, =), not all epimorphisms correspond to refinements of A.

O——0O_)



A few words on the proof

Given a finite partition A of N* and the corresponding digraph
(A, =), not all epimorphisms correspond to refinements of A.

H——@_)

A = Primes

B = Composites



A few words on the proof

Given a finite partition A of N* and the corresponding digraph
(A, =), not all epimorphisms correspond to refinements of A.

o

H——@_)

A = Primes

B = Composites



A few words on the proof

Given a finite partition A of N* and the corresponding digraph
(A, =), not all epimorphisms correspond to refinements of A.

o

H——@_)

A = Primes

B = Composites —_—



A few words on the proof

Given a finite partition A of N* and the corresponding digraph
(A, =), not all epimorphisms correspond to refinements of A.

é ..
@——E))
A = Primes . .
. —
B = Composites —_—

Let us say an epimorphism ¢ of a digraph (V, —) onto (A, =) is
realizable (as a refinement of A) if there is a refinement B of A
that mimics the epimorphism.



A few words on the proof

Given a finite partition A of N* and the corresponding digraph
(A, =), not all epimorphisms correspond to refinements of A.

é ..
@——E))
A = Primes . .
. —
B = Composites —_—

Let us say an epimorphism ¢ of a digraph (V, —) onto (A, =) is
realizable (as a refinement of A) if there is a refinement B of A
that mimics the epimorphism.
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Given a finite partition A of N* and the corresponding digraph
(A, =), not all epimorphisms correspond to refinements of A.
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B = Composites —

Let us say an epimorphism ¢ of a digraph (V, —) onto (A, %) is
realizable (as a refinement of A) if there is a refinement B of A
that mimics the epimorphism. Otherwise, ¢ is unrealizable with
respect to A.
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A few words on the proof

Theorem (A dichotomy for the shift map on N*)
Let A be a partition of N* into finitely many clopen sets, and let ¢
be an epimorphism from some strongly connected digraph (V, —)
onto (A, =). Either
1. ¢ is realizable as a refinement of A, or
2. there is a refinement C of A such that the natural map
C — A is incompatible with ¢.

(V, =) = (€, =)

¢ natural .-
map

Mt

(A, =)
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Observe that H = M/ ~, where ~ is the equivalence relation on
M obtained by taking (n,1) ~ (n+ 1,0) for all n € w.

Let H* = SH\ H and M* = BM \ M denote the Cech-Stone

remainders of these two spaces.

Just as Hl can be obtained from M by gluing some points together,
there is an equivalence relation ~ on M* such that H* = M*/ ~.
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The standard subcontinua of H*

Given u € w*, the set C, = {(xp)u: (xn) € I} is a dense subset of
the continuum /,. Observe that C, = [0, 1] /u can be viewed as a
copy of the hyperreals between 0 and 1 (one way of constructing
them, anyway). /, is a compactification of C,,.

T
I, is similar to the Dedekind completion of C,, but more complex:
each gap in C, is filled with 2° points.
The natural ordering on C, induces a quasi-ordering <, on /.

H* is obtained from M* by gluing these /, together, the right
endpoint of /, being glued to the left endpoint of /;(,). Each of
these /, is called a standard subcontinuum of H*.
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An order-reversing autohomeomorphism

A self-homeomorphism f : H* — H* is called order-reversing if

e each standard subcontinuum /, maps to another standard
subcontinuum /,,

e but in such a way that x <, y if and only if f(y) <, f(x).

Theorem (B., Dow, and Hart, 2024)

CH implies there is an order-reversing self-homeomorphism of H*.

A self-homeomorphism H* — H* is trivial if it is induced by a
homeomorphism between two co-compact subsets of H. Any such
map is eventually order-preserving, and so the self-homeomorphism
it induces on H* cannot be order-reversing.

Theorem (Vignati, 2021)
OCA + MA implies all self-homeomorphisms of H* are trivial, and
in particular there is no order-reversing self-homeomorphism of H*.
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This simple recipe has just 2 ingredients

Our theorem that CH implies there is an order-reversing
self-homeomorphism of H* is a relatively easy consequence of two
harder theorems: the one mentioned earlier, that CH implies ¢ and

o1 are conjugate, and

Theorem (B., Dow, and Hart, 2024)

Let 7 denote the projection M* — w* mapping I, to u. CH implies
that for every self~homeomorphism f : w* — w*, there is an order-
preserving self-homeomorphism F : M[* — M* such that f = wo F.

In other words, every self-homeomorphism of w™* lifts through 7 to
an order-preserving self-homeomorphism of M*. Interestingly, the
conclusion of this theorem is implied by both CH and OCA
(because lifting trivial self-homeomorphisms of w* to M* is easy).
However, it is not true in ZFC.
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Theorem (B., Dow, and Hart, 2024)
CH implies there is an order-reversing self-homeomorphism of H*.

Proof sketch, assuming the two main ingredients:

Assuming CH, there is a self-homeomorphism f : w* — w* such
that foo=0"lof.

Using the theorem on the previous slide (and using CH again),
there is an order-preserving self-homeomorphism F : M* — M*
such that mo F = f.

Let g denote the order-reversing map (n, x) — (n,1 — x) on M,

P N e e T e

and let G denote the self-homeomorphism of M* induced by g.
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A sketch of the proof

We now have two self-homeomorphisms of M*, F and G. G is
order-reversing and F is order-reversing, so their composition
H = F o G is an order-reversing self-homeomorphism of M*.

Recall H* = M*/ ~, where the equivalence classes of ~ are either
singletons or the sets of the form {1,,0,(,)}. Observe that
o G(iu) = (_)u and G((_)g(u)) = ig(u), and
o F(04) = Or(uy and F(1o()) = Lroo(u) = Lo-tof(u)-
Thus H = F o G maps the set {iu,ﬁo(u)} to the set
{(_),c(u), igfl(f(u))}, which is also an equivalence class of ~.

Because H preserves the equivalence classes of ~, the function
[x]~ — [H(x)]~ is a well-defined mapping on H*. This function is
the sought-after order-reversing self-homeomorphism of H*.



A few open questions

Open questions:

1. Is it consistent with ZFC that every self-homeomorphism of
N* is conjugate to its inverse? Does this follow from CH?

2. Assuming CH, how many conjugacy classes are there in the
self-homeomorphism group of N*?7

3. If there is a non-trivial self-homeomorphism of N*, must there
be one that is conjugate to o7

4. Is it consistent with =CH that (N*, o) and (N*,0~1) are
conjugate?

5. Assuming CH, how many conjugacy classes are there in the
self-homeomorphism group of N*?7

6. Is there a self-homeomorphism of H* that is neither order-
preserving nor order-reversing, but a bit of both?



Thank you for listening!

Any questions?



