ECON 6202: Advanced Microeconomic Theory

Instructor: Dmitry Shapiro !

1 Utility and Preferences

1.1 Preferences

There are four elements of models of consumer choice. The first one is a choice set X,which is anything we
could possibly like to consume. We will assume that 1)X # @; 2)X C R’! Examples of choice set X are

given on the pictures below.
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The second element of consumer choice is a feasible set B, which is a set of all consumption plans that
are feasible given the circumstances (e.g. income and prices). We assume that B C X. The third element
is a preference relation which reflects consumer’s tastes for different objects of choices. The last one is
"behavioral assumption", which means that consumer wants to find the best available alternative given his
taste.

Consider the following, binary relation on X that we denote as ” = ”.Whenever we write = %= y it means

that "z is at least as good as y" or "x is weakly preferred to y". There are five axioms of the binary relation.
Axiom 1 (A1) Completeness: Vx,y € X, either x =y ory = x (or both)
Axiom 2 (A2) Transitivity: Ve,y € X, x =y andy =z = x = 2
Definition 1.1 Binary relation = that satisfies A1 and A2 is called preference relation.
Based on > we can introduce two other binary relations:
e = =y or "x is strictly preferred to y”. We say that z > y iff z = y and y # x;
o x ~yor "z is indifferent to y”. We say that x ~ y iff x = y and y = =.

Both > and ~ are transitive relations but not complete. For > completeness requires that either =z > y
or y > z, but if x ~ y, that doesn’t hold. For ~ completeness would mean that either x ~ y or y ~ x, which
is not true when = > y.

Let us introduce a couple of notations as follows:

o = (x0) ={z |z € X,z =0} is called at least as good set;

o < (x0) ={z |z e X,z a0} is called no better than set;

IThese notes are preliminary, full of typos and in general are incorrect. Do not read or use!



o — (z0) is called strictly better set ;
o < (z9) is called strictly worse set;
o ~ (z9) is called indifferent set.
Axiom 3 (A3) Continuity: Vo € R} sets = (x) and x < (x) are closed sets in R}.

What is a closed set? See JR, Section A.1.3, p.417. When Axiom (A3) says that the set = (x) is closed
it means the following. Take a sequence of bundles y1,...,¥Yn,.... If Vn y, = x and y,, — y then y = x.

Example 1.2 An example of non-continuous preferences is lexicographic preference on X = Ri :(z1,me) -

(y1,y2) if either x1 > yror x4 = y1,x2 > y2. We define lexicographic preferences so that x =y if x4 >y or

X2 A

better

worse better

if v1 =1 and xo > yo. The picture above shows that = (x) is not closed.

Axiom 4 (A4) Strict Monotonicity : Vx,y e R}, ife > y=x =y if >y =>x>y.

/ Strictly
:/ better

v

Axiom 5 (A5) Strict convexity: iff v #y and x =y then tx + (1 —t)y =y Vt € (0,1).

Essentially the strict convexity axiom states that "the better set is convex", which can be related to
diminishing M RS.
1.2 Utility function

Definition 1.3 A real-valued function u : R} — R is called a utility function representing = if Vx,y €
R - u(z) > u(y) & == y.



Theorem 1.4 If preference relation = satisfies (A1)-(A4), then there exists a continuous u : R} — R which

represents = .

Proof. We will explicitly construct the utility function that represents =. Let e = (1,1...1) and define
u:RY — R, so that u(z)e ~ .

A

U(x)e

Indifference curve
e X
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This construction raises two questions: whether there exist such u(z) and is it unique? The answer is
yes to both. To prove the former, take ¢ to be very small, then te < z(why?); take ¢ to be very large, then
te = x (why?); then by continuity, 3t*,t*e ~ z. As for the uniqueness, assume it does not hold. Then there
exist two numbers ¢; and ¢ such that t1e ~ x and tse ~ . Then tie ~ tye which implies t; = t5. To see
the last application assume that ¢; > to. Then by strict monotonicity ¢1e > toe, which is a contradiction.

The last thing to establish is that u represents =. In order to do this we need to show: u(z) > u(y) <

x = y. which is true because
rry & u@e~z=y~uye & ulx)e=uly)e < ulz) > uly)

This completes the proof of the theorem. m

Question: Is the utility function that represents a particular = unique? The answer is no, v(z) = u(z)+5
would represent the same preferences as u. Furthermore, take any monotone increasing function g : R — R.

Then g(u(z)) is another utility function that represents »=. Indeed,
rry < u@)>uly) < glul@)) = g(uy)).

1.3 Indifferent curves and MRS

Definition 1.5 Indifferent curve is a set: {z € R} : u(z) = a}

When n = 2 an indifferent curve is a set IC = {(z1,22) : u(z1,22) = @}. Usually there are infinitely

many IC: one for each .

Definition 1.6 M RS12(x,y)—marginal rate of substitution—is the rate at which the customer is willing to
give up o in exchange for x1, so that he remains indifferent. More formally, M RS12(x,y) is the absolute

value of the slope of the indifferent curve at (x,y).

In the case of two goods as x; varies, x5 varies as well in order to keep u constant. Thus we can define a
function x5 = f(x1) such that u(zy, f(z1)) = @. By Definition above, M RS12(x1,x2) is the absolute value
of function f’.

In what follows another representation of the M RS will be also useful. By Definition the MRS is

MRSy3(21,22) =| f'(x1) |= —f'(21),



where function f is defined as
U = u(z1,22) = u(zy, f(z1)).
Taking its derivative with respect to x; we get

_ ou(xy, f(x1)) + ou(wy, f(x1)) Of

0 Ers 9y Omy

which implies
8f 8u/8x1 MU1
MRS =——= = .
12(3:173:2) 8%1 8“/8.%2 MU2
We've already seen that the same preferences can be represented by many different utility function.
However, M RS does not depend on a particular choice of u. In other words the M RS of v and MRS of

g(u) are the same, where g is an increasing monotone function. Indeed, let

w(z,y) = g(u(z,y)),
where g : RZ — R and ¢’ > 0. Then

——— _0u/0xy  g'(u(wy,x2))-Ouf/Oxy  Ou/dx1
MRS2(x1,22) = B0/0ms  gular,2)) - OufOzs  DujOms MRS13(x1,22)

Another observation is that indifference curves do not depend on representation of u either. That is that

{(z1,22) © w(wy,m2) = u} = {(z1,22) : g(u(r1,72)) = g(u)}.

These two sets are the same, because g is monotone.

Example 1.7 Cobb-Doublas utility function u(z,y) = 2%y® o >0,5>0

o(zy") ox®
M 2\ J ) _ .8, — B a—1.
U Ox Aarraal
O(z*yP
MU2 — (:E Yy ) — Byﬂ—lxa;
dy
MU, yPax>!
MRSya(x,1) g =

T MUy By le T B

Example 1.8 Perfect substitutes: u(ml,gtg) = ax1 + Bxo, like Coke and Pepsi.
U«

U = u(ry,T2) = ar1 + Bry = T3 = — — 8 T
e e e
slope=——: MRS = —; MU, /MUy = —
5 5 1/ 2 6
y
X
Example 1.9 Perfect complements: u(xi,x2) = min{ax,Bza}, like left shoe and right shoe. Another

example, 11 —car, xo—wheels so that u(x1,x2) = min{dxy, zo}. For these preferences MRS = 0 or oo.



Y 4

MRS=8

v

MRS=0 X

2 Consumer’s problem

2.1 Marshallian Demand

We define the consumer’s problem as follows:

e Consumption set is X = R’; An element of the consumption set is an n-dimensional vector z =

(1, x2...2,), where x; is the consumption of good i under z;.

e Budget set B: for each of n goods there are prices p = (p1,p2,...,pn) and Vi,p; > 0. Consumer’s
income is y > 0. Then budget set is the set of all consumpition plans that are affordable given price

vector, p, and income, y. Formally, B = {z € R"} piz1+ pa2®2...4 pp2n < y}. For example, when n = 2

p_l + poxo <Y
120,22 20

e Consumer’s problem is to choose x € R’} that maximizes the following problem:

max u(ry, Ta...Tp)
xT

P1T1 + Paa + Py < Y (1)
ZT; 2 0 Vi

yip2 IS P1X1 +P2Xo =Y

[
»

ylpl X

B is non-empty, closed and bounded and, therefore, B is compact which means that the solution to the
maximum problem exists. The maximization problem is equivalent to the problem of getting the bundle on
the highest IC which satisfies budget constraints. Note: if = are monotone then budget constraint holds

with equality.

Example 2.1 Cobb-Douglas u(x1,z2) = 2525 “ 0 < a <1



max L(21, 22, \) = 2§35~ * + Ay — p1z1 — pa2)

oL
= ol 4 A(—p1) = 0

a1
oL a
— =(1—-a)zfz; "+ A(—p2) =0
8$2
oL
a:y*pliﬁlfpzxz:()
_ay oy
=x1=—,22="(1—-a)
1 D2 .
a2 (g )
= A=—1N—-a)| — Z (1 -« -7 = @
pz( ) <p1 Pz( ) (1 —a)*1p¢

To see how this technique works for a more general utility functions consider the case of n = 2; we use
Lagrange Multiplier and FOC to sloe this problem.

max u(xy, T2)
P11+ poxa <Y
;> 0Vi=1,2

max L(z1, 22, A) = u(xy,22) + My — p121 — pa2)

OL _ du(w1,x2) ApL =0 = ou(x1,x2) —

071’1 8%1 81’1
OL ou(xy, x2) ou(xy, z2)

95 _ 2)  A\py — T2y
8.’)32 (’)xz P2 0= 8.’1)2 P2
oL _ L
oN Y —Pp1T1 — P2x2 =

ou/ox1
MRS = = —
= 3u/6‘z2 P2

In general case, we solve consumer’s problem as follows:

max u(ry, Ta...Tp)
P1T1 + P2xo... + Ppn <Y



max L(x1, Ta...%n, A) = w(X1,T2..Ty) + Ay — P121 — Paa — Ppy)
OL
FOC: — = v
(91’1 oz
oL _ ou

oz, 9o
oL
=—Ypz;+y=0

a =

Ap1=0=>é%=>\pi

Apn:O:gT“j:)\pj

Di
Pj

However, Lagrange Multiplier doesn’t work in some cases.
Example 2.2

max 3z + 4xy st.6x1 + 9y = 36

L =3x; + 425 + A(36 — 627 — 9z2)
oL

— =3-6A=0=>)=1
3w1 2
oL

— =4-9A=0=>) =1
81‘2 = 9

It has no solution, so maximum will be achieved at the corner: (6,0).

XZA

Definition 2.3 The solution to the consumer’s maximization problem (1), x(p,y), is called Marshllian de-

mand function. It is a function that determines the optimal bundle given p and y.

In example 2.1, z1(p1,p2,y) = %; x2(p1,p2,y) = i(l — «). In particular, we can see that z(kp, ky) =
p1 P2

2(p,y). In fact this holds more generally. This is because the consumer’s maximization problem given (p,y)

is identical to the consumer’s maximization problem given (kp, ky):

{ max u(z) <:>{ max u(x)

kpiz1 + kpoxs... + kpnx, < ky P1T1 + P2Xa... + Pnln S Y

Definition 2.4 R™ — R is a homogeneous function of degree (8 if

flkxy, kxo.. k) = f(kx) = KP f(z) = KP f (21, 29...20,)

Since for the Marshallian demand function x(kp, ky) = k°z(p,y) = x(p,y), it is homogenous of degree 0.



2.2 Indirect utility and expenditure functions

The utility function u(x) is defined directly over the consumption set X, so it is usually called a direct utility
function. However, we can ask the following question: what is the highest utility level that can be achieved
given (p,y)? To answer this question we can construct a utility function which is a function of p and y:
v(p,y) = u(z(p,y)). It is called indirect utility function, and it depends only on p and y, and not on the
consumption bundle x.

Example 2.5 From ezample 2.1 we know that for the Cobb-Douglas utility function the Marshallian demand

w o) = (2L B2

P’ P2
Plugging it back into the utility function we get

u(w) = 202l = (O‘y)a ((1_0‘)y>1a = v(p,y)

p1 D2

Properties of v(p,y):

1. v is homogeneous function of degree 0. This is because v(kp, ky) = u(z(kp, ky)) = u(z(p,y)) = v(p, y).

2. v(p,y) is increasing with respect to y.

3. v(p,y) is decreasing with respect to p;.

4. Roy’s Identity:
~9u(p,y)/pi

Ov(p,y)/dy’

Roy’s Identity is very useful, for example, in evaluating the effects of price changes. From RI it follows

that

fL’i(p, y) =

ov ov

o0~ Oy ~xi(p, y);
@__@.m,( )
oy oy (D, y)-

Since we observe z; and x; we can evaluate whether it is better to subsidize industry ¢ or industry j (for
example in both industries prices are about to increase and the government has enough to money to subsidize
only one industry from price increase).

To prove the RI, we will use envelope theorem:

Theorem 2.6 (Envelope Theorem) Assume x*(a) solves max, f(x,a), where a is a parameter like price.
Define g(a) as g(a) = f(z*(a),a), then

dg(a) _ 0f(z*(a),a)

da da

Proof. The proof is simple:

dg(a) _ 0f(x*(a),a) Oz  Of(a*(a),a) _ Of(z"(a),a)

da Ox Oa Oa Oa ’
df(z*(a),a)

where the last equality holds because z*(a) is the solution to the maximization problem and so 0 -
x
0. m



Example 2.7 Let f(z,a) = ax — 2°.

ox
2 2 2
g(a) = f(z*(a),a) = % - aZ - %
dg(a) _a
da 2

This was one way to find dg/da but it is long. Using the envelope theorem, we can immediately get

d of (z*
‘zl(a) = f(;ca(a),a) = z*(a) = g. That is, first, we take derivative of f(z) = ax — x* with respect to a,
a a
0f (z)

treating x as a constant so that 9
a

Now use envelope theorem to prove RI. By definition

= x,. Then we plug in optimal x*(a), which is equal to %.

v(p,y) = max(u(@) + Ay —pre1 — .. = Pain))
lpy) ov(p,y)
Opi = T oy A
, __Ou(p,y)/9pi
> nlpy) = (p,y)/dy

Another way of looking at consumer’s maximization problem is to ask given p and %, how much money

is needed to achieve this level of 4 ? To find out we need to solve the problem

ming p17y1 + p2x2... + Ppn
stu(z) =1

The Lagrangian and the First-Order Conditions are

ming x Xp;x; + M@ — u(x1, 2...2,))

oL _ u($1,$2---$n) o
om; 1T A Ox; =0
oL
o 4 —u(x1,x2...0,) =0

From the FOC it follows that

pi _ Ou(z)/0z;  MU; -
by Ou(e)fox, MU, I

Denote as h(p, @) the solution to the above problem. It is called Hicksian demand function. e(p,u) =
Ypi- h(p,u) is cost of the bundle h(p, u).

Example 2.8 For the Cobb-Douglas utility function the minimization problem is

-« —

ming p1T1 + P2t
o J—
st.xfxy © =1

The FOC are



(9371
oL o
92s =ps— A1l —a)zfz,*=0
oL a
N U — xf‘x% =0
Solving it we get
o 11—«
- oz
1—ap;
1 _ «
()
P2
o p j e 1— ap [e%
e(p,u) = pu <12) + patt < 1)
—ap a P2

I
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=
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Going back to the minimization problem. Intuitively, what we do is we fix IC and find the lowest budget

line tangent to IC.

u(x1,X2) = 0O

Properties of ¢ and h functions:
1. h(kp,a) = h(p,u), homogeneous of degree 0 with respect to price.
. e(kp,u) = ke(p, @), homogeneous of degree 1 with respect to price.

. When @ increases= e(p, @) increases too.

2
3
4. When p; increases= e(p, &) increases t00.
5

. Shephard Lemma ae(gp, D) = h;(p,u) > 0. The proof is by envelope theorem

K2

e(p, u) = ming \ Xp;z; + A(a — u(z))
de(p, 1)
opi
6. e(p, ) is concave with respect to the price vector.
Proof. We need to show that e(Ap* + (1 — A\)p?,4) = Ae(p', @) + (1 — Ne(p?, 4). From the definition of e

= hi(p,u) by envelope theorem



When e is differentiable, < 0, so Hicksian demand is

826(1)7 ﬂ) 0 ae(pa 71) 8hz(pa ﬂ)
Z ) - i v R I A )
op? 0= Opi ( Ip; ) sU= Op;

always decreasing in its own price.

Given the definitions of =, h,v and e it is easy observe that the following equalities hold:

v(p, e(p, 1)) =

e(p,e(p,u)) =y @)
z(p, e(p,u)) = h(p, u)

h(p,v(p,y)) = z(p,y

The formal proof is given in JR p.40 and p.43. Intuitively, let us look at the first equality. Clearly,
v(p,e(p,a)) > 4. Indeed by definition of e given p and y(= e(p,@)) we can achieve at least @. Since v is the
maximum utility that can be achieved give p and y we have that v(p,y) > 4. Assume now that v(p,y) > a.
Then v(p,y — €) > @ by continuity of v. Consequently e(p,u) < y — ¢ which is a contradiction.

2.3 Compensating and Equivalent Variations.

Among the four functions that we consider, that is z(p,y),v(p,y), h(p,u) and e(p,u) the only one that is
observed directly is Marshallian demand. From z(p,u) we can derive the expenditure function which as a

solution to the ordinary differential equation

de(p17 b, uO)

=~ = z1(p1, e(p1, P, u’)).

Having an expenditure function we can analyze how consumer’s well-being changes as a result of changes in
price. Most importantly, the comparison can be made in terms of money.

Let’s say the price vector changes from p® to p'. The utility under old prices was u® and under new
prices it is u'. How does the price change affect the consumer? How much money should the government
pay to the consumer to compensate him for price change? This amount is called Compensating Variation
(CV) and is defined as

pO

OV, p'w) = e(pt, u) — e(p',u) = w — e(p!,u?) = / ha(p, p—ss u)dp
p

1
Another way to measure the impact of price in monetary terms is to ask how much money would have to
be taken away from the consumer before the price change to leave him as well off as he would be after the
price change. This is called the Equivalent Variation (EV) in income since it is the income change that is
equivalent to the price change in terms of the change in utility. Formally, it is defined as
pO
EV(©°, ptw) = e(@®,ut) —e(p®,u’) = e(p®, u') —w = /1 hi(p, p—i,u")dp
P
The CV and EV can be compensated graphically:
Consider a simple example. Assume that a consumer has a utility function u(z1,z2) = /z172. We know

the demand for a Cobb-Douglas function is (i7 L) If original prices are (1,1) and income is 100 then

2p1 2ps
the optimal bundle then is (50,50). What should be a consumer’s income, y; to keep the same utility as
before when the prices change to (2,1)? Given the new prices consumer’s demand is (%, %) and the new
utility is u; = % The old utility was 50. Therefore 3; = 100v/2 ~ 141. Hence, the consumer would need

about $41 of additional money after the price change.

11



X3 X3

py=py=1

EVip° p', w}[
cvip® o', WI{

x(p® w) x(p', w)]

(a) i

To calculate the EV we need to ask how much money would be necessary at (1,1) to make the consumer

as well of as he would be consuming (25, 50), or

Y1\ Y2 (yi\1/? 1/201/2
(5) (3) =20
Solving for y; we get y1 = 50v/2 ~ 70. Thus if the consumer had an income of $70 at the original prices,
he would be just as well of as he would be facing the new prices and having an income of $100. The EV is
100 — 70 = 30.

Note that C'V and EV are not equal. That is, in general the amount of money that the consumer would
be willing to pay to avoid a price change would be different from the amount of money that the consumer
would have to be paid to compensate him for a price change. This is not surprising. After all, at different
sets of prices a dollar is worth a different amount to a consumer since it will purchase different amount of

consumption.

2.4 Properties of x. Substitution and Income Effect.

Definition 2.9 Ifa > Oxi(p,y)
Y

> 0, then t is called normal good; if 0 3 < 0, then i is called inferior good.
Y

X2 a

.
>

x1" x1’ X1

For example, z; could be a dinner in McDonalds, zs a dinner in fancy restaurant here.
As p; increases, there are three possibilities for x;: to increase, to decrease and to remain the same. All

three possibilities are shown on the pictures below.

12



X2

» [ [
» » »

x1' x1” X1 x1" x1 X1 x1'=x1" X1
To see the effect of Ap; on x;, decompose it into two effects: substitution effect (SE) and income effect(IE).
On the picture below 22 — z4 is SE, ¢ — 28 is income effect, and € — x4 is total effect.

A

X2

More formally, fix p and y and let @ = v(p,y). As we’ve established above
hz(pu ﬂ) = xz(pv e(pa ﬂ))
Differentiating it with respect to p; we get

6hi<p’ fb) _ a’Ei(p,e(p,’ﬁ)) + 8$i(p?€(pa ’EL)) i ae(p, ’H’)

= 3
opi Ipi Ay Ipi ®)
From Shephard Lemma and (2) we have that
de(p,u i _
EL) i) = hapro0,0) = :(p.9) and ep,) = el (. 0) =

Thus we can re-write (3) as

R T e zi(p,y),

where each term represents corresponding total, substitution and income effects

Ozi(p,y) _ Ohi(p,u)  Ozi(p,y)

Op; Op; dy Z( )
N—— N—_——
TE SE IE

This equality above is called Slutsky Equation. Using it we can analyze the effect of price on demand.

Oh;(p, 4 .
First of all, substitution effect is always negative: % < 0 (follows from concavity of e). As for the

income effect, by definition 2.9, IF < 0 for normal goods land thus T'E is always negative. For inferior good,
however, IE > 0 which means that TE can be positive in which case the demand for the good increases as
price increases (Giffin good). This logic shows that Giffin good is necessarily an inferior good.

For the derivation of Slutsky equation we took the equality h;(p, @) = x;(p, e(p,@)) and differentiated it

with respect to p;. We can also differentiate it with respect to p; in which case we get

13



Op; Op; dy

and using the definitions below we can study the effect of change in p; on ;.

: xl(p7 y)a

%ia(]i’w > 0 = ¢ and j are Hicksian substitutes
%ia(]i,ﬂ) < 0 =7 and j are Hicksian complements
%lﬁ(gj’y) > 0 = ¢ and j are gross substitutes
(w < 0= 1 and j are gross complements

For example if good ¢ is normal good and goods 7 and j are Hicksian complements then the demand for

good i always decreases when price for good j increases.

Oh;  Oh,

Remark 2.10 Note that £ a— (why?) while as you will show in the Problem Set it is not necessarily
true for Marshallian demand, that is Oz #* amj.
op; * Opi

Empirically it is very convenient to study properties of goods and demand using elasticities.

Definition 2.11 Flasticity n; of demand for good i with respect to income is % change in quality demanded

per 1% change in income, that is
 Axyfry Axyoy

= =
Ayilyi Dy

In limit this expression becomes

- Ozi(py)
' dy  zi(p,y)
.. 0zi(p,y) . . . . .
Clearly, if o > 0 then n; > 0 and so ¢ is a normal good. Similarly, if n, < 0 then ¢ is an inferior
Y
oz (p, ; . -
good. In a similar way we can define gross-price elasticity: e;; = w B and own-price elasticity:
Pj T4
oL ,
ii: xl(p7y) .&. Then
Op; T

gi; > 0 = Giffin good

—1 < g4 < 0 = inelastic demand
€ < —1 = elastic demand

€i; > 0 = gross substitutes

€;5 < 0 = gross complements

3 Revealed preferences

In Sections 1 and 2 we started with assumptions on preferences and from this we derived the observed
properties of market demand (budget balance, price effects, etc.). In other words we began by assuming
something things we cannot observe — preferences — to ultimately make predictions about something we

can observe — consumer demand behavior.

14



An alternative way is to start and finish with observable behavior. It turns out that we can make some
simple assumptions about observable choices made by consumers and from that it is possible to obtain a
theory that is equivalent to the theory developed in Sections 1 and 2.

The idea is very simple. Assume that bundles 2° and z' are affordable given p° and assume that 20 is

chosen. Now if given p' bundle ' is chosen then it must be the case that 2" is no longer affordable.

A

1
/p

1
& x0 po

A\ 4

Definition 3.1 If a consumer buys bundles 20 instead of another affordable bundle z', then z° is revealed

preferred to z!.

Definition 3.2 Consumer’s choice satisfies WARP (Weak Aziom of Revealed Preference) if for any pair of

bundles 2° and x' (2° # x'), such that 2° is chosen given p° and x' is chosen given p' it is the case that

Pzt < pPz® = pla® > plat
In other words, if p°z! < p°2°, then z! is affordable given p°. If given p' bundle z° is not chosen then

20 is not affordable that is p'z® > plat, 2V,

A A A

1 1 1
o o o

x1

x0 RO x0 RO RO
x1 l

The first and the second pictures satisfy WARP, the third one does not.

Denote as z¢(p,y) the consumer’s choice function given p and y. This is NOT demand function because

[ [
» »

v

we have not maximized utility. This is just a bundle chosen by the consumer given p and y. However,
Marshallian demand is an example of a choice function.

Claim 3.3 Marshallian demand x¢(p,y) satisfies WARP.

Proof. For simplicity assume that = are monotone and that optimal bundle is unique.

2% maxu given p°

! maxu given p' » = u(2®) > u(z!)
POt < pad
Therefore, since z! is chosen given p!, it must be that 2 is not affordable. m
More interesting questions is: if x¢(p,y) satisfies WARP, can we find a utility function that would yield
¢ as the outcome of utility maximization? If yes, then for all utility function that rationalizes the observed

behavior z¢(p,y). The answer is yes for n = 2, but it’s not necessary for n > 2
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Definition 3.4 Strong Aziom of Revealed Preference(SARP): Consider z°,x'...2%. Assume 2° is revealed

wkfl

preferred to x'(p°z® > p°xl); o is revealed preferred to 22, ..., is revealed preferred to x*. Then it

cannot be the case that z* is revealed preferred to z°(pFaz* < p*a).
A useful feature of the SARP is that it rules out intransitive revealed preferences.
Theorem 3.5 If z° satisfies SARP, then we can rationalize x°(p,y) by some utility function.

An immediate consequence of Theorem 3.5 is that a demand theory built on SARP (which puts restrictions

on observable choice) is equivalent to the theory of demand based on utility maximization.

4 Choice under uncertainty

4.1 Lotteries

To describe uncertainty we assume that there is a set of outcomes C' = {Cy, Cs...C,, }. For example, C = {
nothing, trip to Italy, $5000}. Agent knows C' and knows the probability of each outcome, but he doesn’t
know which outcome will occur.

Definition 4.1 Lottery is a probability distribution over C. That is L = (p1,p2...pn), where p; = p(c;), Vi
p; = 0 and ¥p; = 1.

1 1 1 )
2 747 47
nothing Italy $5000

For example, L = (

Definition 4.2 Let £ = {(p1,p2...pn) Vi p; = 0, Xp; = 1} denote the set of all lotteries. We will refer to

these lotteries as simple lotteries because they directly assign probability to each outcome.

Definition 4.3 Compound lottery ia a lottery over lotteries. That is when with some probability you win

one lottery and with another probability you win another lottery.

Example 4.4 Let L; = (%7 %, 0) and Ly = (%70, %) are two simple lotteries. Then lottery L = %Ll + %Lg
is a compound lottery. Given L the probability of nothing = % . % + % . % = %; probability of Italy= i;
probability of $5000= i Thus compound lottery L is equivalent to a simple lottery ( % , i , i ).
nothing Italy $5000
Consumer only cares about the final outcome, so we can look at simple lotteries. Indeed, if we have k

simple lotteries: Ly, Ly...Lj with L; = (p{,p%pfl) then
a1 Ly 4 asLly + ... + ap Ly, = (a1p} + aop? + ... + appt, ..anpl + aop? + ... + agpl),

In other words any compound lottery is equivalent to a simple lottery.

4.2 Preferences over lotteries and expected utility

Example 4.5 Consider a person who owns the house with value $500,000, and there is 3% probability of
hurricane to destroy the house. The person could choose between a lottery without house insurance (L1)
or with the insurance (Ly). Assume that the cost of the insurance is $100,000 and that in the case of the

hurricane the insurance fully covers the cost of the house. Then
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/] 0(3%) ~/ 500,000 — 100, 000(3%)
~\ $500,000(97%) 2 500,000 — 100, 000(97%)
What lottery will the consumer choose? It depends on his preferences over the lotteries which we now are

1

going to introduce.

Now we introduce = on L. In fact, we can use our results from Section 1 where we proved that when 3=

satisfy A1-A4 there exists u that represents = . In the case of lotteries, the theorem becomes

Theorem 4.6 If =on L satisfies A1-A3, then Ju : L — R that represent =, Ly = La < u(Lq1) = u(Ls).

11
We do not need A4 (monotonicity axiom) because is not applicable to lotteries. If L = (5, 5) is a lottery

1 1
then L' = (5 te g+ €) is not.

Our next goal is to show that the utility function over the lotteries can have very specific functional form.
This is in contrast with normal bundles where utility can be essentially anything. To show that we will use

an additional axiom.
Axiom 6 Independence axiom (IA): = satisfies IA if VL', L",L, L = L' & aL+(1—a)L" = aL’+(1—a)L".

Note: TA does not hold for "real" goods. For example, assume there are three goods: left shoes, right
shoes and dollars. Consider three bundles 21 = (0, 2,0); x2 = (0,0,10) and 23 = (2,0,0). Then a2 = 1. By

1 1
TA it would be that 5302 + 5:1@5 =(1,0,5) = §x1 + 5&135 = (1,1,0), which seems somewhat strange.

Definition 4.7 Utility function u: L — R has an expected utility form if there are n numbers vi,ve, .. vy
such that YL = (p1,p2,..Dn)
U(L) = P11 +p2U2 + ... +ann

A utility function with the expected utility form is called Neuman—Morgenstern utility function. If
L =C; = u(L) = v;, so that v; is the utility of outcome. The utility of a lottery is the expected value of
utilities of outcomes.

11
272

—_

Example 4.8 Let C = {H,T},L = (=,=),u(H) =1,u(T) = —1. Then u(L) = % 1+ -(-1)=0.

2

If u(Xe; L) = Yoju(Lj), then it is called a linear function. We can show that vINM utility function is a
linear function, that is if Lq,..Ly are simple lotteries and L = Yo, L; = a1 L1 + as Lo + ... + oy Ly, then

w(l)= (Sagpi) vt (Sagph) vzt e+ (Sagpl)on
——— ——
probability of ¢1 probability of ca
= Eaj(p{vl +p§v2 + e+ phuy) = Saju(Ly)
u(Lj)

Theorem 4.9 If = on L satisfies A1-A8 and IA, then they admit utility representation of the EU form.
That is: Jvy,...v, such that VL, L :

L = L & Ypv; = Lphv;.
(P1:p2:-Pn)  (P1:Phs--Ph)
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Proof. Let C = {C4,...C,}, and without loss of generality assume that Cy = Cy = C3 = ... = C,. Also
note that, for example, Cy is equivalent to the lottery (1,0, ...0).
Step 0: VL C; = L = C,, so that Cy can be considered as the best and C,, as the worst lotteries. Denote
them as C1 = Lg C, = Lw.
Step 1: If L %= L' and @ € [0,1] then L = aL + (1 — @)L’ = L'. This is by IA since L = aL + (1 — «) L.
Step 2: o, €[0,1] aLp+ (1 —a)Lw = BLp+ (1 — B) Ly < a = 5.
Indeed,
1 :g)LB +(1- %)(BLB +(1=8)Lw)
5 5

Q

OéLB+(1—Oé>LW :<

=6Lp+(1-0)(BLp + (1 —B)Lw)
F0(BLp+(1—B)Lw)+ (1 —0)(BLs + (1 - B)Lw)
=0Lp+ (1—-8)Lw

Where the first inequality follows from Lg %= SLg + (1 — 8)Lw .
Step 3: VL Jay, € [0,1] such that L ~ arpLp + (1 — ap)Lw.

The existence follows from continuity and uniqueness follows from step 2. Let {= L} is the set of all a’s
between 0 and 1 such that L > aLp + (1 — a)Lw. By continuity this set is closed. Similarly {< L} is closed
as well. At the same time by completeness {= L} U{< L} = [0,1]. Thus there exists a common point of
both sets which is the lottery that is equivalent to L. The uniqueness follows from step 2. From step 2 in
particularly follows that if 3 > a then aLp + (1 — a)Lw < BLp + (1 — 8)Lw

Step 4: Let u(L) 4 /. Then u(L) represents 3=

w(L) = u(l') & ar, = o
< arLp + (]. — aL)LW = CKILLB + (1 - O/L)LW < L= L
Step 5: u(L) is linear. u(SL + (1 — B)L') = pu(L) + (1 — B)u(L’)
Indeed, we know that L ~ u(L)Lg + (1 — w(L))Lw, L' ~u(L')Lg + (1 — w(L')) Ly then,
BL+ (1= p)L" = Blu(L)Lp + (1 —w(L))Lw] + (1 = B)[u(L") L + (1 — u(L')) Lw]
= [Bu(L) + (1 = B)u(L)|Lp + [B(L — u(L)) + (1 = B)(1 — u(L'))| Lw
= [Bu(L) + (1 = B)u(L)]Lp + [1 — fu(L) — (1 = B)u(L')]|Lw
= u(BL+ (1= B)L) = Bu(L) + (1 - Bu(L)

Example 4.10 C = (C1,C5,C3) L = (p1,p2,p3) v1 = v = 1,v3 =0, then u(L) = p1 + p2 represents = and
EU. w(L) = u?(L) = (p1 + p2)? still represents =, but it is not in EU form.

4.3 Money and risk aversion

In this section C' =R} u(x) : Ry — R, and we assume that u(z) increases. A lottery ¥ is a random variable
with outcomes x1,..x,, and probabilities p1,...p,. Its mean payoff is E(Z) = Xp;x;. The expected utility of

T is
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U(Z) = Zpju(z;) = Eu(T)

We are interested in whether an individual prefers lottery Z to certain payoff E(Z), that is when Z = E(Z).

Using utility representation, this is equivalent to
U(z) = Bu(z) = uw(E(z)) = U(E(T))

Definition 4.11 An individual is strictly risk-averse if VT (with at least two outcomes) E(u(Z)) < w(E(T));risk-
loving if E(u(Z)) > u(E(T)); risk-neutral if E(u(T)) = u(E(T)).

u(x2) u(x)
UEX)—[

Eu(X)—" [--- '

risk-averse
u(x1)

A\ 4

Claim 4.12 An individual is strictly risk-averse if and only if his utility function is strictly concave.
Sketch: a lottery with two outcomes x1, x. By definition of concavity,

w(ET) = u(prz1 + (1 — p1)x2) > pru(zr) + (1 — pr)u(ze) = Eu(Z)

We can show it for n outcomes: when wu(-) is strictly concave, u(Xp;x;) > p;u(z;) from Jensen’s
inequality.

As we know, u(-) is strictly concave if u/'(-) < 0.

Theorem 4.13 An individual is strictly risk-loving if and only if u(-) is strictly convez, that is uv''(-) > 0.

A u(X)
2| AR,
Eu(y)u() __________ risk-loving
UEX)~ |--cco. .
u(xl) E— >

x1 E:X X2

Theorem 4.14 An individual is risk-neutral if and only if u(x) = a + bz
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Example 4.15 When u(x) = z, then

u(ET) = Xp;a; = u(FET) = Eu(¥) risk-neutral
Bu(z) = Ep;u(z;) = Xp;z;

4.4 Applications
4.4.1 Insurance

Claim 4.16 A RA individual will buy a full insurance for the fair price.

Proof. Let w be initial wealth, 7 be the probability of loss, L be the lottery. If an individual receives $1 for
$7 paid to insurance company we call it a fair price. This is because given this price the company’s expected
profitis 0: ar -1 —ar =0
w — L(with 7 probability) w— L — ar + « - 1(with 7 probability)
w(with 1 — & probability)

the lottery without insurance the lottery with insurance

w — an(with 1 — 7 probability)

Eu(Z) = (1 —mu(w — an) + mu(w — L + (1 — 7)) — max

FOC:(1—m)(—mu/(w—ar)+r(l—mu'(w—L+a(l—m7))=0
vW(w—L+a(l—-m))—u(w—ar)=0
u’ () < 0= () is strictly decreasing
w—L+a(l-nm)=w—-—ar=a=1L
Thus, the RA agent ends up with full insurance:
< w— L — L7 = w — Lr(with 7 probability)

w — Lw(with 1 — 7 probability)
That is his payoff is the same in both states. m

4.4.2 Stock market

Claim 4.17 RA agent will always buy a risky asset with strictly positive excess return.

Proof. Let w be an initial wealth and assume that there are two assets: a riskless asset with return 7, that
is invest $1 receive $7, and a risky asset with return Z. The question is how much to invest into the risky

asset? Investing « units of risky assets gives income
y=aZ+7(w—a)=a—T1)+TW
Eu(z) = E¥p;u(a(T — 7) + Tw) — max
«

First, if Vj x; > 7, if on the other hand o = w and Vj z; < 7 then o* = 0. Taking the first-order

conditions we get

FOC :U'(a) = Epi(z; — 7)u' (a(T — 7) + 7w) = 0.

As we know these conditions are applicable only if we the solution is interior. When can we have a
corner solution, specifically when o = 0 is optimal? This would happen if U’(0) < 0 and U”(0) < 0.
U'(a) = Epi(z; — 7)%u"(a(T — 7) + Tw) < 0, so a = 0 is optimal< U’(0) < 0.

>0 <0
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U'(0) <0
U(a)

0 can be maximum

v

4 U(a)
Uu’'(0) > 0

0 cannot be maximum

v

U'(0) = Sp;(z; — )/ (tw) & Ipja; = B(@) < 7
= u'(Tw)(Epizi — TEp;)
—_—N—
>0 <0
When E(7) < 7, a RA individual doesn’t buy a risky asset. When E(Z) > 7, a RA individual will choose

a > 0. E(z) — 7 is called excess return because it shows how much the risky asset is more profitable then
the riskless asset. m

4.4.3 Risk-aversion coefficient

An interesting question is how « changes with w? In order to answer this question we will need to know

how to measure risk-aversion?
u// (:E)

/()

For example, for u(z) = § — ve~** absolute risk aversion coefficient is constant. This family of utility

Definition 4.18 Absolute RA coefficient: R, = —

> 0 (Arrow-Pratt coefficient)

functions is called CARA utility functions (constant absolute risk aversion) utility function. It is easy to

1
" 2 —ax U ($)
= — R = — =
(@) = e By =~ = a

ax

see that the Arrow-Pratt coefficient is constant: u'(z) = aye™

CARA= d—a =0.
dw

Claim 4.19 If investors have CARA utility function then a doesn’t change with the change of w.

Proof. FOC : U'(a) = Em;(x; — T)u'(a(x; — 7) + Tw) = 0 = F(a, w). By Implicit Function Theorem,
da OF /0w il — 1)1 u (e, — 7) + Tw)

dw OF /0« T Ymi(x; — 1) (afx; — 1) + Tw)
Sy — )7 o (aw — T) +Tw)

Ymi(x; — 1) 20 (afx; — 1) + Tw)
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Thus investors with constant risk aversion always invest the same amount of money into the risky asset
regardless of their wealth.

"
Definition 4.20 Relative RA coefficient R, = —x 1;/((5))
. . 1 1 1
For example, if u(z) = Inx, then R, (z) is constant: v'(z) = —, v"(z) = ——, R.(z) = v- — -z = 1. Such
x x x
d
functions are called CRRA (constant relative risk-aversion). For CRRA-utility functions = dofw) _ ,
w
that is proportion of « in w doesn’t change with the change of w (Problem Set).

5 Production

5.1 Basic definitions

e Firms: buy inputs, transform them into outputs and maximize profit.
e Production: process of transforming inputs into outputs.
e Technology: determines restrictions on what is possible by production.

Assume a firm uses n inputs to produce 1 output. Technology can be described by a production function:

. . . . . . of(x1, 22, .7
y = f(x1,2za,..x,). It is an increasing function with respect to each input z;. We call M =

Bxi
M P; marginal product of input ¢, which is similar to marginal utility M U;. MRTS( marginal rate of technical

substitution) is the absolute value of the slope of the isoquant.

Example 5.1 f(K,L) = K*L? =y Cobb-Douglas production function,

y=K*L’
MPy = % = oK LP
MP;, = g—i = BK*LP~!
MP,
MRTS,; = P,

MP,  BK°LP~'  BK

MPyx  O0Ke-1LF oL
Definition 5.2 We classify the production functions in the following way:

MRTSy, x =

o if f(tx) = f(tzr,...,txy,) =tf(x) Yo and Vt > 0 then f exhibits constant return to scale (CRS)
o if f(tx) = f(txy,...,tay) > tf(z) Yo and ¥Vt > 1 then f exhibits increasing return to scale (IRS)
o if f(tx) = f(tzr,...,txy) < tf(x) Yo and Vt > 1 then f exhibits decreasing return to scale (DRS)
Example 5.3 f(K,L) = K“L”,
FKtL) = t*TPKLP = 1*TP f(K, L)

ifa+B>1= IRS

ifa+B8=1= CRS

ifa+ 8 <1= DRS
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5.2 Cost function

5.2.1 Long-run cost function

Assume that input prices are given w = (wy,ws,..w,) by perfect competition market, that is the firm is
small and is a price-taker. Then the firm cost-minimization problem is

ming w11 + ... + WpTy
st.f(x1,.xp) =y

L=wiz)+ .. +wpz, + Ay — f(z1,..2,))
oL — w, _)\8]"(:15)

oL

oy =Y~ @) =0
w; MPZ'
_ = =M ..
Wy MPJ RTS”

Definition 5.4 The input values that minimize the cost are called the conditional input demand z(w,y).
Notice that the conditional input demand depends on input prices and the desired output level, y. We call
> wizi(y,w) a firm’s cost function c(w,y).

Example 5.5 f = K“LP

{ minK)L ’LUKK + ’IULL

stKLP =y
wrg ol K ol wg
wy  BK B8 wr
al wg
- arf —
(5 wL) y
Y 1 y 1
R s il o S B
(5 o%) (8. we)
y 1 y 1
c(w,y) =wk - [-5——="7F twr - [g—aa]""
(- 258 (5 wx)

Properties of cost function
1. z(w,y) is homogeneous of degree 0 with respect to w: z(tw,y) = x(w, y)
2. ¢(w,y) is homogeneous of degree 1 with respect to w: ¢(tw,y) = te(w,y)

c(tw,y) = twiz(tw,y) + ... + tw,z(tw, y)
= twyz(w,y) + ... + twyz(w, y) = te(w, y)
3. ¢(w,y) is increasing with respect to y and w.
4. c(w,y) is concave in w.
0
5. Shephard Lemma: 9e(w, y) = z;(w,y).

8wi
Proofs of these properties are identical to the proofs of properties of the expenditure function.

We will also refer to ¢(w,y) as long-run cost function. The reason is that the firm can choose different
levels of inputs which is usually possible only in the long-run.
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Definition 5.6 Long-run average and long-run marginal costs are defined as follows:

LRAC(w,y) = c(u;,y)
LRMC(w,y) = 200
Y

Claim 5.7 If long-run Average Cost is increasing with respect to y, then LRMC(y) > LRAC(y) If long-run
Average Cost is decreasing with respect to y then LRMC(y) < LRAC(y).

c(w,y)
y

Proof. We want to prove that LRMC(y) > LRAC(y). By definition LRAC (w,y) = S0

(C(wvy))' _ d(w,y)y — c(w,y) }(C’(w,y) C(w,y)) 50

Y y? Yy Yy Yy

MC AC

& MC > AC
| |
A
A A
MC MC
AC
AC
AC

> MC > >

5.2.2 Short-run cost function

In the short run firm cannot vary all of its inputs. Let us assume that in total there are n inputs and among

them values of inputs Z,,41, ..T, are fixed. The cost-minimization problem is

ming, gz W11 + ... + W T + Wit 1Tl + - + WpTh,
st.f(x) =y

Example 5.8 Let f(K,L) = K*L” so that inputs are K and L.

Wl

= L=

{ miny, wg K + wi L )

Y
stK'LP =y K"

Thus the short-run cost function is SC(w,y, K) = wxg K + wL(%)% Here wi K is the fized cost

doesn’t depend on y. Term wL(Fya )/% is the variable cost that depends on y.

In the same way as we did for the long-run cost function we can define short-run marginal and average

costs:
SRAC(w,y, K) = Sc(wny)
SRMC(w,y,K) = asc(ugyy’ K).

24



Also it is clear that c(w,y) < sc(w,y, K) for any K, since we have less degrees of freedom to minimize
cost.
If K = K(w,y) = c(w,y) = sc(w,y, K(w,y)) and so at this point short-run cost is minimal. That is

- _
9se(w. b K) _ ) when B = K(w, y).
oK

In addition we can see that
dc(w,y) 380(1U,y,lf(’w,y))+ Isc(w,y, K(w,y)) 9K(w,y)
oy Oy 0K oy

=0

where the second term is equal to zero, because of the FOC. Thus, we have that short-run cost is always

greater than long-run cost and at levels where SRC = LRC, they are tangent as shown on the picture.

sc(w, Y, K2)

5.3 Profit function

Assume that firm is small so that the output price doesn’t depend on firm’s behavior. Then given the input

prices w = (wy, wa, ..w,) firm’s maximization problem is

max — Yw;x;
{ zy PY o max, , pf(r) — Sw;

st.y = f(x)
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of(z) 0f(x)
F p—— —w; =0 p—— —w; =
oC :p oz, w; =0p oz, w; =0
of(z)/0x; _ Wi _ MRTS,
Of(x)/0x;  w;
= z(p, w)
Solution to this problem is x(p,w) — input demand. The difference from conditional input demand

z(y,w) is that z(y,w) depends on y so that x(y,w) is the input demand condition on the output level. The
output produced by the firm in the optimum — y(p,w) = f(x(p, w))— is called output supply function.
Obviously, z(y(p,w),w) = z(p,w), that is conditional input demand=input demand. This is because
they satisfy the same FOC and y = f(z).
Note that 7(p, w) may be not defined in each situation. For example, when f(z) has IRS, assume that

Jxz’, 4y’ that maximize profit, and optimal profit is nonnegative, then
pf(tz’) — tSw;z} > ptf(z") — tSw;z; = t(pf(z') — Swx) = tw(p,w)

The firm could always increase its profit by demanding tz’, and thus the firm would have infinite demand
for inputs and would produce infinite output. Similarly, if f(z) has CRS then unless the optimal profit is

zero we run into the same problem:
pf(tz') — tSw;z} = t(pf(x') — Sw;z}) = tr(p,w) > 7(p,w)

From now on assume that 7 (p, w) is well defined.

Properties of profit function:

1. 7 is increasing with respect to p.

2. m is decreasing with respect to w.

3. 7 is homogeneous function of degree 1 in (p,w) that is m(Ap, \w) = Ar(p, w).
4

. Hotelling Lemma.
or(p,w) o (p,w)

op ow;
The first equation is > 0, which is the proof of 1. The second equation is < 0, which is the proof of 2.

=y(p,w) and — = zi(p,w).

5. w(p,w) is convex in (p,w).
Proof. Assume that given (p°,w°), the firm chooses (y°,2°) and given (p',w?), the firm chooses (y',z).

We want to prove that
a(Ap° + (1 = N)p', M 4+ (1 = Nw') < Ar(p®, w®) + (1 = Nr(ph, w') VA € [0,1].

Indeed,
0.\

m(p%,w%) = p°y° — w2 > py* — '
because (y°, 2°) maximizes profit given (p°,w”). Similarly,

r(ptwl) = plyt — wizl > ply® — wizd
From these two inequalities we can get

)\7r(p0, wo) +(1- A)ﬂ'(pl,wl) > 7T()\p0 +(1- )\)pl, 2w + (1- )\)wl) = pMy — et

26



Example 5.9 f(K,L)=K“LP a+p3<1
r}l(?zcw(p, w) = pK°LP —wigK —wrL
FOC : apK° 'LP = wg
BpK*LP ™' = wy
In short-run, capital is fived at K.
max w(p,w) = pK L? —wxK —wyL

FOC : BpK°LP~! = wy,

So the short-run profit is

SRW(pawL7wK7K) :’LUE_I '/8175 p?ﬂ F—'LUK?

Finally, we can derive a supply function in two ways. Fither plug L* into the production function, or use
0
the Hotelling Lemma that is a—ﬂ = y(p,w).
P

We conclude this section with the observation that the short-run profit can be negative. Indeed,

SR?T(p, wLwaaK) = maxpy — SC(y,wL,wK,K)
Yy

FOC :p = 8580@) = SRMC(y).
Yy

Suppose now that the solution y; > 0 and so in order to find the optimal production level we need to
compare SRr(y;) with SRm(0). SRm(0) = 0 — wxgK — 0 = —wxgK < 0. SRn(y1) can be negative, for

example if wx K is huge.
SRr(y1) = py1 — FC = VC(y)
SRm(0)=0- FC

Thus,
VC(y1)

Y1

7(y1) > 7(0) & py1 —VC(y1) >0 p >

6 Partial equilibrium

There are two elements in partial equilibrium. The first one we consider a market for only one good:
input prices are fixed and prices for other commodities are also fixed. The second: the market is perfectly

competitive, that is firms and companies are price-takers.
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In particular, from this we derive their

Consumers behavior is determined by utility-maximization.
demand functions. Assume we have I consumers with demand: ¢*(p, p,y’) = ¢*(p). Here p is the price of the

good, p is the price of other goods, and g’ is the income of consumer i. The total demand is
24" (p) = 4" (p)

Firms maximize profits, from which we can derive their supply functions. Assume there are J firms:

¢’ (p,w) = ¢’ (p). Since w is fixed we drop it from the notations. Total supply is

In the equilibrium
P

Example 6.1 In short-run, suppose there are 48 identical firms with Cobb-Douglas production function
f(K,L) = Fl_aL"‘, let « =1, wy, =4,wg =1,K =1. We already know that

294
= ——. In the equilibrium:

So ¢/ (p) = g, and ¢°(p) = 48(2) = 6p. Assume the total demand is q”(p)

The difference between short-run and the long-run is that in the short-run number of firms is fixed. On
the other hand in the long-run firms can enter or exit the market until each firm earns zero profit (otherwise
if 7 > 0, new firms will enter; if 7 < 0, firms will exit). This gives us a condition on number of firms in the

long-run. To sum up we find market equilibrium in the long-run and in the short-run differently:

Y¢/ (p) = Xq' (p)

SR ¢/ (p) = Xq'(p) LR
Trj(peq) =0

J is given
o D 5 . 16 35 375
Example 6.2 Assume total demand is ¢~ (p) = 230 — 30p; firm’s profit is w7 (p) = o + P 15 Then
. o ori(p) 1
from Hotelling Lemma, the supply function is ¢’ (p) = ap = g(p + 35). In the long-run

7Tj(peq) =0= Peq = )
80

Then P (peq) = 80,67 (peg) =5 = J = 5= 16.
In long-run, from FOC P = MC(¢?). From zero-profit condition that firm j produces ¢/ when AC(¢?) =

MC(g), because
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6.1 Efficiency of competitive outcome

Definition 6.3 Whenever it is possible to make someone better off without make any one else worse off, we

say that Pareto improvement can be made.
Definition 6.4 If there is no way to make Pareto improvement then the situation is Pareto efficient.

Suppose there are only one consumer and one firm in competitive market. Consumer surplus at pg, qq is
an area below Marshland demand curve and above py. Consumer surplus at pg, qg is a measure of how much

money consumer is willing to pay for the right of buying gy units good at price py.

p A
CS

pO D(p)

v

q0 g

Example 6.5 Suppose a consumer’s willingness to pay for ice-cream is V; = 5%, the market price of ice-
cream is p; = 2%, so CS = 33%,. Now suppose that Vi is the value of the first unit of ice-cream,Vs is the

valuation of the second unit of ice-cream, and V3 is valuation of the third unit of ice-cream. Then

P 4
V1
P
V2 D(p)
=y
V3

v

CSlz(Vlfp)~1
CSQZ(Vl—p/)-l—F(VQ—p/)-l

Producer Surplus(PS)= revenue—total variable cost (we neglect fixed cost here). If fixed cost is equal to
zero, then
PS = firms profits

If we depict p = MC(q) as the supply curve, and revenue=ppqo, then we can get that PS = pog —

q0 qo0
/MC(q)dq and TVC = /MC(q)dq = C(qo) — C(0), as the following picture shows:
0 0
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p A
S(p)
pO
— PS
g

We can get Pareto efficient from the intersection of supply curve and demand curve as following picture

shows:

p A
S(p)
CS

pO 4/

~ D(p)

PS

6.2 Tax incidence

Assume the market demand function is ¢”(p), and the market supply function is ¢°(p). Consumer has to
pay tax t for each unit he buys, that is the price he pays is p®? + ¢t. Then the new equilibrium price is a

function of ¢:
"(p+1t)=q°(p)

Now, let’s consider the elasticity of price (n). By FOC,

9¢” (p +1) (O 94°(p) Op
Op ot dp ot
ap dq" (p+1t)/0p

75t~ 045(p)/0p— 0gP (p)jOp
_ 94" (p)/dp - p/q"”
9q°(p)/0p - p/q° — IqP (p)/Op - p/qP
=y
Ns —Np

Thus whether in equilibrium the price will increase or decrease as we introduce tax depends on elasticities

of demand and supply functions.
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The price elasticity of consumer is

op?  o(p+t) D

Ns
ot dp Ns —Mp Ns —Mp
dp ap” — »
Example 6.6 Assume np =0, then 5 = 0 and a5 = 1, so consumers pay tax in this condition.
P a D
(p) S(p)
Peg + 1
peq /
q0 d
D
Assume np = o0, then ? =—1 and 88% =0, so firms pay tax in this condition.
P a
S(p)
Peq D(p)
peq o t/
- q

Assume consumers and firms share the tax together at last, then

pﬂ

\( CS
p+t

Govement /7/ DWL
/%\/

S(p)

revenue p D(p)

v

PS

7 General equilibrium

Suppose there are I individuals, N commodities, and no production in the economy. FEach individual

has %= and initial endowment, e!, where i stands for individual and n for commodity. Let e! = (ei,ed),
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e? = (e?,e2), then

1,2 1.2 1 2
e=e +e°=(e;+e7,e5+e3).

We can use Edgeworth box to depict the above conditions. Each input in the Edgeworth box represents
a feasible allocation.

R e
e% N e% - A Agent 2
e’
e
el
Agent 1 e% e% + e%

If we define allocation as x = (z!,2?%), then the feasible allocation is z' + 22 = e! + €2, that is

x%—i—m%:e%—&—e%
T3+ 23 =€l + €3

Assume agents have e initial endowment; there is no money and no market; only goods exchange can

take place and the exchange is voluntary here. Then what is the outcome?

Ae Agent 2

Agent 1

As we can see in the above picture, first, the exchange cannot end up in A area or B area. This is because
one guy will be worse off in that condition and will not be willing to trade. No one will refuse to move to C'
area. Second, if they end at point y, they still have incentive to trade. Finally, at point z, indifference curve
are tangent, so they don’t trade.

Definition 7.1 An allocation inside the Edgeworth box is Pareto efficient if there is no other feasible allo-

cation y = (y',y?) such that y' = 2t y? = 22, with at least one inequality strict.

Definition 7.2 A set of all Pareto efficient allocations in the Edgeworth boz is called contract curve.
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< Agent 2

[
g

1 Contract
curve

Agent 1

Note that starting from e will finish on a contract curve which is between the indifference curves passing
through e.

Now assume there are I consumers, N goods. The initial endowment is n vector e = (e!,, e!), allocation
is @ = (21, ,27), and the specified bundle for each i consumer is z* = (2%, , z%).

Definition 7.3 An allocation is feasible if ¥n Lat = Sel,.

Definition 7.4 An allocation = is Pareto efficient if there is no other feasible allocation y, so that y* =* x’

Vi and at least one is strict. Without markets, consumers will end up on a Pareto efficient allocation.

7.1 Equilibrium in competitive markets

Assume all agents are small, so they do not affect the price. Assume also that agent preferences are contin-
uous, monotone and convex.

Denote price for N goods as p = (p1,,,pn). If consumer i with initial endowment e’ ends up with a
bundle z?, then there are three possibilities:

S

e ¢ —el >0 that is i buys z!, — e’ units of good n and pays p, (z¢, — e’,);

S

e 2l — el <0 that is i sells 2f, — el of good n and receives p, (z¢, — €i);

S

¢ —el =0 that is i just consumes his endowment of good n.

The budget constraint for a consumer with endowment e* and prices p is that money spend on trade are

less or equal than money received from the trade. Assume that preferences are monotone and then we can
write it as
i gei pn(zy, —€,) = » Eei pnler, — z3,) = Spna, = Epyey,
Informally, in the equilibrium

i) each consumer should maximize his utility given his endowment and prices;
ii) total supply should be equal to total demand.

Definition 7.5 Fxcess demand for good n is total demand for good n minus total supply of good n that is

n

Zn(p) = E(l‘;(pap ' ei) - eiL) = Ex:z(pap ' ei) - Eei
TD TS

If z,(p) > 0, then TD > T'S; if z,(p) < 0, then TD < T'S; if z,(p) = 0, then market clears.
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Definition 7.6 The aggregate excess demand function is z(p) = (21(p),,, 20 (p)).

Properties of z(p) :
1. z(p) is continuous, because demand is continuous.
2. z(p) is homogeneous of degree 0 in p.

zn(Ap) = in()\p, Ap - ei) — Eeﬁl = Ex;(np . ei) — Eeil = z,(p)

3. Walras law: for any p,

p-2(p) =0 pr121(p) + p222(p) + .. + Przn(p) =0

Proof. Because budget consumption should hold with equality, then

Saiipa(@,(pp-€) —el) =0
S Z o (e (p,p - €f) —€;,)
SN (2 (p,p - €) — €;,)
= 3 1pazn(p) =0

0
0

Example 7.7 Assume N = 2, from Walras law we know that: p1z1(p) + p222(p) = 0, if p1z1(p) > 0 =
p222(p) < 05if p121(p) < 0 = paza(p) > 0; if p121(p) = 0 = pazo(p) = 0. Generally, we can get

p121(p) + p222(p) + .. + przn(p) =0

SO

z1(p) = 22(p) = - = zn-1(p) = zn(p) = 0.
Definition 7.8 In competitive market, p* € Rf+ is called a Walrasian equilibrium price if z(p*) = 0.

How to find Walrasian equilibrium? Given =% ¢’, we can find z(p,p - ') = (zi(p,p - €%),, 2% (p,p - €*))
for each consumer and then derive z(p) = (21(p), ,, zn(p)). Having found z(p) we need to find p* such that
z(p*) =0.

Notice that from the Walras law it follows that the system z(p) = 0 has n — 1 independent equations thus
we have one degree of freedom. In particular, we can assume that p; = 1. Having found the equilibrium
price we can find equilibrium allocation: x* = (x'(p*,p* - €'), 22 (p*,p* - €'),, 2! (p*, p* - €%)).

Example 7.9 Assume I = 2, N = 2, the initial endowment for each agent is e* = (1,0),e2(0,1), and the
utility function for them is ut(xy,xs) = u?(z1,22) = /71 + /T2

max Vx1 /T
For the first agent, o1,w2 VL 2

L 1+ 0’ thus the Lagrange function is
P1T1 + P22 = p1 - p2 -

L = \/x1+ /x2 + A(p1 — p1o1 — p22)

OL 1 oL 1
oc 01 271 P1 "Oxy  2./To P2
P12
=19 = ()2
2 (pQ) !

34



Plugging xo into budget constraint,

p
p1T1 +p2(*1)2$1 =Dp1
D2

sal=—T2 gl= M
P1+p2 P1+ P2
For the second agent, MK VL VT2 , from FOC we get 2% = 22~p72, 3 = P
121+ p2r2 =p1-04pa-1 p1 p1+tp2 P1+ P2
For good 1, let p7 =1,
P2 P2 P2
z1(p) = ——— —2 _1=0
(®) pP1+p2 p1 p1tp2
& 21(p) P2 P2 P2 _1-=0

T l4p 1 14
=p;=1

So the equilibrium price is pf = p5 = 1, Walrasian allocation is x7(p*)

|
7 N
N —
N =
~
8
DO ¥
=
*
S~—
Il
7 N\
N | =
N | =
~~_

Bu;}lget line

Agent 2

x1

Theorem 7.10 Assume that consumer’s utility are continuous, strict increasing and strictly quasiconcave.
Assume also that Ye' >> 0. Then 3p* such that z(p*) = 0 that is Walrasian Equilibrium.

8 General Equilibrium and Welfare

Definition 8.1 An allocation = is Pareto efficient if there is no other feasible allocation y, so that y* =* x'

Vi with at least one preference being strict.
Theorem 8.2 (First Welfare Theorem) Any competitive equilibrium allocation is PE.

Proof. Assume not. Let (p,7) be a WE and assume there exists feasible y such that y* = 2% (with at least
one strict). Take person 4 for whom y® = z. Then py® > pz’ (why?). For any person j for whom y’ = 27 it
has to be the case that py/ > pz?. Then we can get

pXel = pXy’ > pXal = pXed,

which is a contradiction. m
We have just established that any WE is PE however just Pareto efficiency might be not enough. As

we remember Pareto Efficiency has nothing to do with fairness. In particular it could be possible that in
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the equilibrium allocation one agent receives almost everything and all other agents receive almost nothing.
While this is still Pareto efficient the government may want to interfere and try to achieve a resource allocation
that is more even. At the same time the government does not want to sacrifice the efficiency. As the Second
Welfare Theorem shows any Pareto efficient allocation can be achieved as a WE after appropriate transfers.
For example, if there is a PE allocation that the government (for whatever reasons) believes is more fair then
it can be achieved in equilibrium after some transfers.

In the proof of the SWT we will use the following result.

Theorem 8.3 (Separating Hyperplane Theorem) A conver set A C R",w € R, w ¢ int(A), then
Ip € R™ st pz > pw for any z € int(A). The theorem can be shown by the following picture.

Theorem 8.4 (Second Welfare Theorem) Assume that preferences of all agents in the economy are

strictly convex. Let x be a PE allocation, then Jp st.(p,x) is a WE of the economy with endowment x.

In other words, FWT says that any WE is PE. The SWT says that any PE allocation can be achieved

as WE after transfers.

Proof. Suppose z is PE allocation. Let P* = {y* € RV ¢’ =% 2'}. Tt is easy to see that P’ is convex because
preferences are strictly convex. Define P = {y € RV y = %!, when y* € P'}.
Step 1: P is a convex set. Indeed, since y € P it has to be that y = ¥y%,y* € P?. Similarly, since y' € P
we have that y' = Sy”,y” € P'. Then Ay + (1 — \)y' = >, y** € P where y** = Ay’ + (1 — \)y” € P'.
Step 2: Given that w = Ye! = Yx;, we will show that w ¢ int(P). Indeed, since x is PE if w € int(P)
then

/

w=Ay+(1-Ny

%

y=y'y' ' w

y/ — Zyi’, yi/ ?i l‘i

=y = ' 4+ (1= Ny > 2

Thus y = (y**,y?,,,y’?) is feasible, because Ly = ANy’ + (1 — \)Ey” = w, and then 2* could not be
PE. This proves that w ¢ int(P). However, w € P, because w = $z°, and 2’ = 2 = z* € P,

Step 3: By the Separating Hyperplane Theorem Jp such that pz > pw,Vz € int(P). It can be shown
that p >> 0. We do not provide a formal proof but the idea is that if p; < 0 then 53; — oo for any such
7. This would involve a contradiction because on one hand consumer’s demand & would satisfy the budget
constraint (since price of good j is non-positive) at the same time the consumer’s demand & € P and by the
Separating Hyperplane Theorem it should be that pz > pw.

Step 4: Given that p >> 0 it can be shown that (p,z) is a WE. Assume not, then 3i,y* st. 3* > z* and
py' = px’ (i.e. y® is affordable). Let

n
vy’ :xj,Vj;éz'andZZZyj.
j=1

Since py/ = pz? it has to be the case that pz = pw.
The last step is to show that z € int(P) which will be a contradiction to the fact that pz = pw. However,
this is obvious because 3’ = 2% and so 3 € int(P?) and y/ € P/ for j #i. m
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9 General equilibrium with production

There are two new issues in general equilibrium with production. The first one is distributing firm’s profit
across consumers. The second one is that since input of one firm can be output of another. Consequently,
we cannot classify goods as inputs and outputs. We adopt the following sign convention: if a sign is less
than zero, then firm uses good as an input; if a sign is greater than zero, then the firm uses the good as an
output.

Suppose there are J firms, 47 € RY is a production plan of firm 7, and Y7 C R¥ is a set of all production

plans.

Example 9.1 Y = {(—z1, —x2,23) : 0 < 21 < 100,0 < 22 < 100,0 < 23 < f(z1,22)}
Y ={(—z1,22) : 0 < 21 <100,0 < 22 < /ZT1}

v

-100 0

x1

Assumption on Y7.

1. 0 € Y7, means firm can decide to produce nothing.

2. Y/ NRY = {0}, means to produce output you need inputs.

3. Y7 is closed and bounded.

4. Y7 is strictly convex.

The last assumption rules out IRS and CRS.

As before firm j chooses 3/ € Y7 to max its profit. Let p >> 0,47 = (vJ,,,y%), and py? = p1y] + pay) +
. —|—pNy{V. If y{v < 0, then pNygV is a part of a firm’s cost; if y?v > 0, then pNygv is a part of a firm’s revenue.
The firm’s problem is

max p -y’
Yy €Y

The solution to this problem is 37 (p) which is both output supply and input demands. When 37 (p) > 0,
it’s output, when 37 (p) < 0, it’s input. Given 4/ (p), the profit function of firm j is

m(p) =p ¥ (p).

Obviously, 3/ (p) is homogeneous of degree 0 with respect to price, and 7/ (p) is homogeneous of degree 1

with respect to price:
™ (tp) = tp-y’ (tp) = tp -y’ (p) = t - (p).

Assume there are I consumers, and 0% is a share of consumers i in firm J so that 0 < 09 < 1 and

> 6 = 1. The consumer’s budget constraint is
, R
po' <pel+ £ 0770(0)
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The right side of this inequality is homogeneous of degree 1 because 77/ (p) is homogeneous of degree 1.

The consumer problem is
maxu(z’) z' € R%
st. prt < pet + jélﬁi‘jﬂj (p)
Consumer demand is x*(p), which is homogeneous of degree 0.
Definition 9.2 Fxcess demand for good n is
2n(p) = Yy, (p) — De,, — Sy, (p)-

FEzcess demand is a vector z(p) = (z1(p), 22(p),,2n(p)) and it is homogeneous of degree 0 with respect to

price.
Claim 9.3 (Walras law) Vp >> 0,p- z(p) =0
Proof. From the budget constraint,
. S . S
pa' —pe' = X 0V (p) = px’ —pe’ — ¥ 6”py’ (p) =0
Jj= j=

Sum it up for all 4, and change the order of summation,

I

I I J
D pat =) pe' =3 > 09y (p) =0,
i=1 i=1

=1 j=1
I ) I ] J] I o
pY 2t —p> e —pY Y 07y (p) =0,
i=1 i=1 j=1i=1
I ) I ) JJ I o

doat=y d =Y > 09 (p) =0,
=1 =1 Jj=11i=1

=p-z(p)=0.

Definition 9.4 Consider an economy (ui,ei,ﬂij,yj), where © = 1..I, and 57 = 1..J. Price vector p* is an

equilibrium price vector if z*(p) = 0.

On one hand a system z(p) = 0 is a system of N equations and N unknowns. However, from Walras
law, if 27 (p) = 0,,,2;_1(p) = 0, then 2 (p) = 0, and so the last equations is redundant. At the same time
we know that z(p) is homogeneous of degree 0, so if z*(p) = 0, then z*(tp) = 0. Consequently when looking
for a WE we can set a price of one good to 1, for example, p; = 1.

Given an equilibrium price p* z* = (21 (p*),, 2! (p*)); y* = (¥ (»*),, vy  (p*)), (z*,y*) is a WE allocation.

Definition 9.5 A Walrasian equilibrium is a triple (p,x,y) such that p is an equilibrium price vector, x is

consumer’s demand given p, and y is producer’s output supply and input demand given p.

Theorem 9.6 If = are continuous, strictly increasing and convex and if our assumptions on the production
sets are satisfied then WE exists.
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9.1 Robinson Crusoe Economy

Suppose there is one consumer and one firm owned by the same consumer. We assume that consumption and
production decisions are made independently. There are two goods, h time and y coconuts. The production

set is
y={(-h,y),0<h<b0<y<h}(0<a<l)

The utility function is u(h,y) = h'~Py”, initial endowment is e = (T',0). p is price of coconuts, w is price

of time.
y Wl + 71
I
o \ T h
feasible
The firm’s problem is
maxpy — wh
h>0 = maxph® — wh
y = he h
First order condition
_ w1 ap ap. _«a
h(ll_ :}hziaflzilfu _hazilfu
ap w=hy = (o, )= vr ()
Thus,
1—« ap, _1_
— —whs = T )\1-a
T =pys — why - ()
The consumer’s problem is
max h!'~PyP
stpy +wh=wTl+mx

First order condition

L, BT (- HET )
p w

yd-p5) _
hp
Suppose p* =1, then h.(1,w) + hy(1,w) = T, that is

SRS

(1 =p8)(wT + ) +(%)ﬁ _7
1_B(1_0‘))1—a

= w" = af ofT

From the above equations, we can see that as T increases, w* decreases and as T' decreases, w* increases.
Robinson Crusoe economy can be illustrated by the following picture, the shadow area is the feasible alloca-

tion of this economy. Robinson Crusoe cannot do any better than WE.
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9.2 Welfare Theorems in Economies with Production

Consider an economy (u,e?, 0", y7),i =1..I;j = 1..J.
Definition 9.7 An allocation (x,y) is feasible if z* € R, and y’ € YI,Vi,j, and
Yot = Xet + Zy-j.

Definition 9.8 A feasible allocation is PE if there is no other feasible allocation (T,7) such that T' =" 2%,
Vi with at least one being strict.

In the definition we do not look at firms because they are owned by consumers.
Theorem 9.9 (First Welfare Theorem) Any WE is PE.

Proof. Suppose (7,y) is WE and not PE. Then (x,y) is feasible and Y2' = e’ + Yy’. There is feasible
7 i J

allocation (Z,7) st. Z' =" 2%, Vi with at least one strict. Let p* is equilibrium price, thenz® > 2% = p*z* >
p ¥ and T =7 2! = p*T' > p*a’ for i # k. Consequently, p* > @ > p* > 2’ and so p*(>_ e’ + Y. 7/) >
p (> €'+ > y7). Thus p*y’ > p*y’ and so I p*yl > p*yd’. This means that firm j/ did not maximize it’s
profit, which is contradiction. m

Theorem 9.10 (Second Welfare Theorem) If (z,y) is PE, then there is income re-distribution Ty, ,T7,

such that XT; = 0, and (x,y) is WE allocation of a new economy after transfers.

Proof. No proof m

9.3 Adding time and uncertainty to GE models

Example 9.11 Assume there are contingent markets for two contingent goods x1,xs. For example, suppose
there are two states: warm weather tomorrow and cold weather tomorrow, x1 is ice-cream in warm weather(
in state 1) and xo is ice-cream in cold weather ( in state 2), when you buy one unit of x1, you receive one
unit of ice-cream only if the weather is warm.

Suppose there are two consumers, two states of uncertainty and one good that will correspond to two

contingent goods. The utility function is u'(x1,22) = ¢Inzy + (1 — ¢) Inz, and endowments are ! = (2, 1),
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e? = (1,2).Consumer’s demands are

q9(2p1 +p q(p1 + 2p
2l (p1,py) = LELEP2) oy A1 T 2p0)
P1 D1
1-4)Cp + 1—q)(p1+2
23 (p1,p2) = ( Q)(ppl 102)7 22(pr, pa) = ( Q)(;h pz).
2 2

The market clears when x1(py,p2) + 23(p1,p2) = 3. Set p; = 1 and then

q(2p1 +p2) | q(p1 +2p2)
1 + 1

1—g¢q
=>py=—
q

=3

Sri=2t=1+qrs=25=2—¢

This is WE allocation. The agents face risk before the trade, but after the trade, they consume the same
amount of x1 and xo—full insurance. Also notice that higher q implies lower ps. This is intuitive because

for higher q state 2 is less probable.

Example 9.12 Add time to GE model. Suppose there is one good x and two periods, that is x1 is a
consumption of © at period 1 and xo is a consumption of x at period 2. The utility function is u'(x1,z2) =
Inzy + dInaxs,d € (0,1). § is time preference. Endowments are el = (2,1),e? = (1,2). Then WE allocation
18

z1(p1,p2) = ﬁ@‘szi)’
23 (p1,p2) = m(l + %)
Market clears when x1(p1,p2) + @3 (p1,p2) = 3. Let py = 1, then ps = §,a} = x5 = 1+ 146 and
Ti= =2 1Jlr5'

10 Externalities

Why market failures exist in competitive market? There are three reasons: externalities, monopoly and
incomplete information.

Definition 10.1 We say that there is an externality when one agent is directly affected by actions of another

agent, such as loud music, pollution, tidy roommate and so on.

Example 10.2 Assume there are two consumers and two goods. Initial endowment are e' = (4,0),e? =
(6,4). Utility function for the two agents are u?(x%,23) = 23 + 2¢/2%,ul (2},23,23) = 2] + 2¢/2) — /23

Let p1 = 1, then for the first agent:
{ maxz} + 2v/zd — /23

Z1,T2

st.xi + paxh =4

This is equivalent to

— 1 1_ 2
rrﬁx4 P2y + 24/ T5 — 4/ T5.

1
ot — =05 ah = (),
T5 P2

First order condition
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For the second agent,
{ max z? + 24/x2

st.x? 4 paxd = 6 + 4dpo

This is equivalent to
max 6 + 4py — pga:% + 21/30%.

First order condition ) )
—p2+7=0=>:v§=(— 2

NG b

1
, then the WE allocation is v+ = (4 — v/2,2),2% =

1 1
Market clears when (—)? + (—)? =4 = = —
(pz) (pQ) »=

(6 +/2,2). Now we check whether WE is PE

MU} MU?
MRS = —& = — = MRS?
MU} — MU3
1 1
MRS'= ———— = MRS’ = — = —
NS + 2/4—z} 2 2y/4—zl
16 4

This is PE allocation. With externalities, WE is not PE, because the second agent eats too much of good

two. When the second agent maximizes his utility he ignores the adverse effect on the first agent and this is

why he imposes too much of a negative externality on agent one.

10.1 Remedies

There are three major remedies for externalities: quotas, taxes/subsidies and property rights assignment.
16

4 5
1. Quotas: agent two can consume at most 3 of good two. Assume p; = 1,ps = 16’ then zl = =

The demand of 23 = 2, but given our restriction agent two will eat only 5
2. Taxation. Pigouvian taxes. The second agent has to pay tax t on each unit of x5 he consumes. In

addition the second agent receives (pays) a transfer of T so that his maximization problem becomes

{ max 7 + 24/x3

st.pra} + (p2 + t)x3 = 6py +4ps + Ty
The maximization problem for the first agent is
maxr +2y/r3 /a3
{ Stipw% +poxy = 4p1 +Th

In addition we require that T} + Ty = tz3. We would like to find ¢ that would make agent 2 to consume

optimal amount of good 2. From the FOCs for agent 2 we get that 23 = (pi)z and so the equilibrium price

/5 /5
should be equal to ps = 6 When prices are p; = 1,p3 = 6 we have that

Foc L gl L,
(pa + )2 5 4
(\/ = +1)?
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We can check that the market clears regardless of 77 and T5.

2’. Subsidy to consumer two for each unit below 4. The budget constraint for consumer two is
P17 + pary = 6p1 + 4pa + 5(4 — 45) — taxes

The government needs to have money to subside consumer 2. This is why it will tax somehow both

consumers. The budget constraint is equivalent to

ple + (p2 + 8)563 = 6p1 + 4p2 + 4s — taxes

Thus we see that subsidy is the same as taxes.

3. Assigning Property Rights: Person one has a right to externality-free environment, that is agent
one has right to make #3 = 0. Agent two has initial endowment (6,4), but can consume only (6,0). The

idea is that agent two can pay to agent one T and give to agent one 4 — 23 units of good 2 for the right to

max 4+ T + 24y/4 — 2% — (/23
T,m%
st. 6 —T +2y/a3 > 6

In optimum the constraint will hold with equality and then 6 — T + 2y/x3 = 6 = T = 2,/x3, so

max4 + 24/x3 + 24/4 — a3 — \/ 23
T,m%
1

consume 3. For the first agent,

1
FOC : =
2\/x3  \J4—a3
5 4
= Ty = g

PE is restored here. The first agent can negotiate with the second agent before trade.
Alternatively, we could give all rights to consumer 2, that is he would have the right to produce as much
externalities as he wants. He can make take-it or leave-it offer to agent one, that is "give me T of good one,

I reduce my consumption of good 2 to x3 and you can get the rest of x2." For the second agent,
max6 + T + 24/ z3
T,zo
std—T+2\/4—22— /22 >4 -4

It’s optimal to have ” = 7, then we can get 4—T+2./4 — 23— /22 = 4—V4 = T = \/4+2\/4 — 22— /22,

so
max 6 + V4 +24/4 — 23 + /3
1 1

FOC =
2\/x§ l—z%
5 4
ixz = g

In other words no matter how you assign property right, it is possible to restore efficiency.

Theorem 10.3 (Coase Theorem) If property rights for externality are assigned, and negotiating is cost-

less, then it will result in an efficient outcome, no matter how property rights are assigned.
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10.2 Public goods

A public good is a commodity for which the use of a unit by one agent does not preclude its use by other
agents. There are two kinds of public good, the one is excludable public good, when it is possible to exclude
somebody to consume it, such as patent system, knowledge and toll roads; the other one is non-excludable
public good, such as national defense. The problem we face with public goods is that consumers don’t take
into account positive effect of PG on other people, which leads to underprovision and free riding.

Example 10.4 Assume there are two consumers, one firm and two goods: time and a public good. Initial
endowment is ¢ = (T,0), the utility function is u'(x*, 27,1") = 2v/xt + 27 + I}, where ' + 27 is the total
amount of PG. The firm uses 2 units of labor to produce 1 unit of PG, that is y = %l. Let w = 1 then
consumer’s maximization problem is

For consumers

PAVE J 41
{ max V'l = max2v/x + 27 + T — pa’

stprt = (T —1°)-1

= i—xj,xj:——xi
p? p?
For firms,
1
==
maxp- 5

ifp=2=1=10,+00)
fp<2=101=0

S 1 1
The second case is impossible in equilibrium, so it should be that p = 2, and thus x"+a7 = — = 1 >0.In
p
1 1 1 3
a symmetric equilibrium, ' = 22 = = l1 P=T- 7 consumer’s utility u' = Qﬁ +T— 1= T+ 1= u?.

Now let’s look at the symmetric efficient allocation. Assume each consumer works h hours, u’ = 2v/h +
hi+h
T—thA%;l

M:2+T—1:T+1>T+%

In PE allocation, utilities are higher and consumers work more than in WE allocation.

11 Monopoly

We are now going back to the partial equilibrium framework. However, now we assume now that there is
only one firm. It maximizes its profit given its technology (just as before) and consumer behavior in other

words given the consumer’s demand. The maximization problem is

{ max pg — C(q)

= max p(q) - ¢ — C(q)
st.p = p(q)
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MC

D(p)

ql\/l MR qPC q

First order condition p'(q) - ¢+ p(q) — C’'(¢) = 0 and so MR = MC, where MR = p'q + p. The intuition
is that as you change ¢ there are two effects: first as ¢ — ¢ + Aq the revenue goes up by p(¢)Aq and at
the same time price falls down by p’(¢)Ag. The firm looses on each unit it sells so revenue decreases by
p'(¢)gAq. Total effect is R'(¢) = p(q) + p’(q)gq. Notice also that since p’(¢) < 0 it follows that R'(q) < p(q).

Consider the price elasticity of demand £(q) = ¢'(p) - g

MR =p'(q)-q+p(q) = p(q)[1 er’(‘])}%]
N 1
p'(q) = 70 =p(q)[1 + E(q)]
1
MR:MC’:>p(q)[1+@}=MC’

1
When |e(¢)| < 1 the demand is inelastic; p(q)[1 + $] < 0, which cannot be equal to MC, so monopoly
q
will always choose oo price. If |e(g)| > 1, then the demand is elastic and the price will be determined from

1 -M 1
MC = p(Q)[1 + 8—].And mark-up is p=- MC = ———, that is the higher is absolute value of demand
b

e(q)

elasticity the smaller is the mark-up.

Example 11.1 Assume a constant elasticity utility function q(p) = A-p~°, then

qd(p)=—bA-p "

fla) = —bA p

MC:p(lf%):cép:

We can see that the higher is b the less is p, and |e(q)| = b has to be greater than 1, or the monopoly price

will be co.

The pictures below show the comparison of consumer surplus and producer surplus in a perfectly com-

petitive market and in a monopolized market.
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MC
CS
PS
PS
> MR q
Perfect competition q monopoly

12 Price discrimination

Definition 12.1 Price discrimination is selling different units of the same goods for different price, either

to the same or to different consumers.

The most common examples of price discrimination are student discounted tickets and wholesale dis-

counts.

There are three kinds of price discrimination.

1. First-degree PD: sellers charges different prices for each unit of good in such a way that the charged
price is equal to consumer’s maximum willingness to pay for this unit.

2. Second-degree PD: price depends only on quantity purchased, but is the same across consumers.

3. Third-degree PD: different consumers pay different prices, but each consumers pay the same price for

each unit, such as student discount.

Assume there are two consumers with utility w;(z) + m. We can think of u;(z) as the utility from
consuming the good and m as the utility of money. If u;(0) = 0, then what is the maximum WTP for z
units of good?

u(z,m) = ui(x) — ri(z) = ui(0)
= 7ri(z) < ui(x)

Max WTP is exactly u;(z). If we put price p into this problem, then

max u;(x) — pz.
x

By first order condition, we get consumer inverse demand function w}(z) = p.
Now we can proceed to analyzing each type of price discrimination. In the analysis we will assume that

ug(x) > ui(x), us(x) > uj(z) and c(z) = cz.

12.1 First-degree PD

Monopoly observes u;(z) and makes take-it or leave-it offer to each consumer. Consumer ¢ can buy z; units
of the good and has to pay u;(z;). The monopoly’s problem is

max u1(21) — cxq + uz(z2) — cxo
T1,T2
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First order condition

uy (1) = ¢, up(x2) = ¢

Here is the picture illustrating first-degree PD. z; is the same amount that the consumer would receive

in a perfectly competitive market. However, under perfect competition, the consumer would pay cx;, and in
Ty

the case of monopoly, the consumer pays ui(z1) = [ w}(x1)dz, which is the sum of monopoly surplus and

monopoly cost.

A
Y
M surplus
/
u7(X)
c
X1 X

Monopoly cost

In first-degree PD, the allocation coincides with the competitive allocation and thus it is efficient (max
total surplus). However, it is the monopoly who gets this whole surplus. In contrast, in PC market, it were

consumers who would get all the surplus.

12.2 Second-degree PD

There is one good, one producer (monopolist) are two consumers 1 and 2, both have utility function u;(x)—m.
That is if they consumer x units of the good and pay m dollars their utility is u;(x) —m. We assume that the
first consumer values the good less than the second that is u;(x) < ug(x), and moreover that v (z) < ub(x).

The monopolist has a fixed marginal cost ¢ of providing one unit of good. He wants to offer two bundles
(z1,7m1) and (z2,r2) to these two consumers to maximize his revenue. Since the monopolist does not know
the type of consumer he needs to make sure that the first consumer prefers to buy the first bundle. Thus,

his maximization problem is

MAaXy, zy,ry,ms T — CT1 + T2 — CT2

—r1 > ui(zg) — e

— 1y > ug(x1) — 11

Solution. The first step is to show that (I R;) is binding and (IRg) is not. We start with the latter by
showing that (I R3) follows from (IR;) and (IC3). Indeed,

ug(z2) — 12 > ug(z1) — 11 > wi(x) — 1y > 0.

The first inequality is (ICs), the second is assumption that uy(z) < ug(x) and the third is (IRy).
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Now we can show that (IR;) should be satisfied with equality in the optimum. Assume not. That
is assume that (x1,71) and (z2,72) solve and wuj(x1) —r1 > 0. Then consider bundles (z1,71 + ¢) and
(z2,72 + €). These two new bundles will give the monopolist higher profit. Moreover since the original
bundles satisfied (IC7) and (IC2) the new bundles will satisfy them too. Finally as long ¢ is small enough,

individual rationality constraints will be also satisfied. Our problem now becomes

MaXy, g ,rq,20 1 — CT1 + T2 — CT2

ul(xl) - T = 0 (IRl)
up(xy) —r > uy(ze) — 7o (ICy)
ug(mg) — o > ug(x1) — 1 (I1Cy)

Let us solve it without (IC). Then we will show that the solution of the reduced problem will satisfy
(IC1) and thus will be the solution to the original problem. The reduced problem is

ma‘Xrl,irl,’l‘z,Ig T — CI1 + T9 — CI2
uy(r1) —r1 =0 (IRy)
ug(wa) — o > ug(x1) — 11 (ICy)

We can immediately see that (ICs) should hold with equality because otherwise we can just increase 5.

Thus the problem becomes

g}%(ul(wl) —cr1) + (u2(z2) — uz(z1) +ui(z1) — cv2)

First-order conditions are ub(z2) = ¢, uj(x1) = ¢+ uh(x1) —uj(x1) > ¢.The immediate conclusion is
that the second person consumes optimal amount of good and the first person consumes less than optimal
amount of good. Now we need to justify that (IC1) is satisfied by the solution that we found. First we show
that whenever 21 < x9 then (ICy) will follow from (IR;) and (IC3). From (IR;) and (IC3) we get

Ty = uz(2) — uz(z1) + ua(21).
Given that (IR;) is satisfied with equality, (IC1) becomes
0> uy(xg) —ro.
Plugging ry, we have that we need to show that
0> ui(w2) — uz(w2) + uz(w1) — u1(21).

But indeed we can re-write it as

T2

ua(wa) — ua(z1) > ui(za) —ur(z1) & /12 ub(z)dw > / ul (z)dz.

1

We assumed that u)(z) > v (z) and thus as long as xo > x1 we have that (IC}) is satisfied.

Thus to show that (IC7) is satisfied by the solution that we found we only need to show that zo > 7.
It makes our life easier because using only it would be hard to verify it.

Let us check that in the solution that we found x5 > x1. Indeed,

up(z1) > uy(z1) > ¢ uh(xs) =c.
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The first inequality is our assumption, the second one follows from the FOC. Given that u;(x),i = 1,2
are concave function we have that zo > x7.

The main interpretation is that the monopolist extract the whole surplus from the first agent (who values
the good less), and the second agent enjoys some positive surplus. The second agent also consumes efficient
level of good, whereas the first person consumes less than ef ficient level. m

Now we illustrate the second-degree PD. Assume ¢ = 0, if monopoly knows who is who and asks m{d pay
T 1

A= /u'l (z1)dz = uy(z1), 239 pay A+ B+C = /ué(xg)da: = uz(x2). But if the monopoly doesn’t know
0 0

who is who, then the second agent gets 0 or B. So how monopoly can induce the second agent to buy xgd?
Monopoly has to provide (x{d, A) and provide (xgd, A+C), then the first agent will buy (x{d, A), the second
agent is indifferent to buy (a:gd, A+ C), because the surplus of the second agent is B for both.

A

o NS

u5(x)
_— C
x1 Xfld szd X

As the picture shows, if the monopoly provides (m{ d7 A—shadowed triangle), surplus of the second agent

is B—shadowed ladder area); if the monopoly provides (mgd, A + C+shadowed ladder area), surplus of the
second agent is B—shadowed ladder area). So the second agent is indifferent. Although monopoly loses the
shadowed triangle on the first agent, but gains the shadowed ladder area on the second agent, so we will

move x1 to the left until shadowed triangle is equal to shadowed ladder area.

12.3 Third-degree PD

Assume there are two markets and two different demand functions.
q1 = p1(x), 2 = p2(x)
The monopoly’s problem is
gl%m(wl)m — cxy + p2(x2)T2 — c2

First order condition

pi(x1) +pi(z)o = ¢
pa(r2) +py(r2)r2 = ¢
This is equivalent to
1
pi(e)(1 Q) = c
m@)i- D) =
le]

So the monopolist charges a lower price on a market with more elastic demand.
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13 Social choice and welfare

Society needs to choose from several different alternatives, such as political candidates or "how to divide a
pie". However, given that different members have different preferences how the society should decide?
Let X denote the set of all possible alternatives, N > 2 denotes a number of individuals and R’ denotes

preferences of individual ¢ so that

xRy o z ="y weak preference
;EPiy &gt y strict preference

zl'y & x ~'y indifference

R is preference relation, which means it’s complete and transitive. Each person i can rank all available
allocations (z1, T2, ..,x,) according to R!. We want to derive social choice that represents the preference in
the society. Define R as social ranking, "z Ry”, means the society prefers = to y, and we want R to be

complete and transitive. Similarly, let P denote social strict preference and I to denote social indifference.

. N
Example 13.1 Majority Rule: assume xRy, iff tR"y by majority of people, that is there are at least 5 of

those who prefers x to y.The majority rule is complete but not transitive.

Condorcet Paradox: There are three persons and three options (z,y, z). The first one ranks as (z,y, z),
the second one ranks as (y, z, z), the third one ranks as (z,z,y). Based on the majority rule the society would
ranks the three options as xRy, yRx, zRx, which is a contradiction (because it’s not transitive). Thus if we

want R to be transitive, we cannot use magjority rule.

Our next step is to try to find out such a social choice function that takes a vector of individual preferences

R',R?,, RY and returns society preferences R. For example,

T Y z T
JQy 2.8 2 p8 2 0)=K vy ¢)
z T y z

Requirements:

1. U (universal domain). Domain of f must be any combination of preferences over x.

2. WP (weak Pareto principle). Vz,y if 2Py, then Vi xPy.

3. IIA (independence from irrelevant alternatives). Define R = f(R', R?,, RY), R= f(]%l, R2, ,EN), if
each person i ranks x over y under R’ in the same way as under R then xRy iff asf%y. Social ranking of z
and y does not depend on other alternatives.

4. D (non-dictatorship). There is no such i,Vx,y xRy iff 2R’y regardless of preference of other people.

Theorem 13.2 (Arrow theorem) If there are at least three alternatives in X, then the only social choice
function f that satisfying U, W P,IT1A is a dictator social choice function. Note that if | X| = 2, then the

magority rule works.

Another name is Arrow Impossible theorem, which says that there is no function that satisfying U, WP, ITA, D.
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Proof. Step 1: Take an element ¢ € X and consider a vector of preferences such that each ¢ puts ¢ in the

bottom then the society should put ¢ on the bottom as well.

Ry R R, Ry R
T a,/,/ :L,// x///
y / 11 " :>
c c c c c

Step 2: Take person 1 and lift ¢ from the bottom to top, and do it for everyone. During the process, there
will be the first time that the social ranking of ¢ increases. Let n be the first individual when it happens.

Rl R2 Rn RN R
c 2" c
x / 2" "
(%) Y y y" .. . =
C

Claim: when ¢ comes to the top of R, the social ranking of ¢ not just moves up, but moves up to the
top. Now we prove this claim.

Assume Ja,b aRcRb, a # c,b # c. Change individual preferences so that bP’a for each i, while keeping
the position of ¢ unchanged. By WP, we get bPa. At the same time since ranking between a and ¢ and
between b and ¢ did not change for any ¢. Thus we can use ITA to conclude that aRc and cRb, then by
transitivity aRb, which contradicts with bPa. So ¢ should be on the top of societal choice.

Step 3: Take a # b # c. Preferences are the same as in (*). Now change the preference of person n, so
that aP"cP"™b. For everyone else, change preferences of a and b in any way without changing the position of
c. By ITA, the individual ranking between a and c is the same as one step before (*), thus we get aPc. By
ITA, the individual ranking between b and c is the same as on (*), thus we get ¢Pb. By transitivity, we can
get aPb.

It shows that no matter how person j # n, ranks a and b, aPb whenever aP™b. In other words, social
ranking of a and b is consistent with n’s ranking for any a,b,a # ¢,b # c¢. So n is the dictator for all pairs
that do not involve c.

Step 4: Now we want to show that n is dictator. Take another element of x, say d # ¢ and repeat all the
steps above. We can find the dictator for all pairs that do not involve d. However, the way n ranks c affects
social ranking. Thus it has to be that n is the dictator. m

One of the way to get around the Arrow theorem is to relax one of the assumptions. For example we can

relax U since everyone prefers more to less. Another option is to relax ITA.
Example 13.3 Assume there are two people with preferences. Let

1 2

Y
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and yRx. Change preferences of agent 1 in such a way that

then by IIA it still has to be the case that yRx. However, consider a social choice function that works as
follows. It assigns 10 to the highest alternative, 9 to the second highest and so on with 0 to the lowest. Then
these values are sum up across different agents and the alternative with the highest number wins. In this

case for the original preferences we would get yRx and xRy for new preferences.

What happens in the example above is we start making interpersonal comparisons. We notice that in
the first case the first agent does not dislike y too much, whereas in the second case he seriously dislikes y.
We take it into account by not choosing y. More generally when we relax ITA and allow for interpersonal

comparisons we can have social welfare functions which satisfies fairness or equity:

V(z) = min{u'(z),...,u"(2)}
V(z) = Zuz(x)

14 Information economics. Adverse Selection Models

One of the fundamental results in economics are welfare theorems that claim that under certain assumptions
the market equilibrium is Pareto efficient outcome and in this sense is optimal. One of the assumptions
needed for this result to hold is symmetric information which clearly does not hold in real life. For example,
you as a buyer might have inferior knowledge about the product quality as compared to the seller. A simple

illustration to that is a classical model of lemon market.

14.1 Simple adverse selection model. Lemon Market.

There are two types of cars: high- and low-quality cars. Buyers value high-quality cars as v;, and low-quality
as v;. We assume that v, > v; and that ¢, > ¢; that is it is costlier to produce a good car. We also assume
that

Vp > Cp > €] > Uy,

that is it is efficient to sell high-quality cars and inefficient cars should not be even produced.

Let o be a share of h-cars. We assume that

cp > (1 —a)y +avy, > (1 — a)g + acy,.

The latter inequality means that there is ex-ante gain from trade. The former means that when buyers

are uncertain about the car quality it is not profitable for h-sellers to sell their cars.
Proposition 14.1 Under perfect information only high-quality cars are sold.

Proof. This statement is so obvious I can’t believe you are actually reading the proof. It is absolutely

straightforward and immediately follows from the assumptions that we made. So stop reading. There. m

52



Proposition 14.2 When buyers cannot observe car’s quality the equilibrium does not exist. Put it differently

there is no price that will clear the market.

Proof. Consider three cases:
e p < ¢;: supply is zero and demand is positive;
e ¢; < p<cp: supply is 1 — a and demand is zero;
e p > cp,: supply is 1 but demand is zero.

Thus there is no price when supply of cars is equal to the demand. =

The intuition here is as follows. Normally when market does not clear the price is used to equilibrate it.
For example, if supply is greater than demand the price will fall down and it will supply and demand meet.
Here, it is not quite the case. When p > ¢;, the supply is higher than demand. As the price goes down the
supply indeed decrease, however, so does the average car quality which prevents D from increasing. What we
have here is called adverse selection because it is good cars that are filtered out the first, and it is bad cars
that stay on the market longest.

Assume there is an auto insurance market and two types of drivers: type L, the low risk driver, with
a probability of being in an accident 7p; and type h, the high risk driver, with a probability of being in
an accident 7. We assume that 7, > w;. We also assume that if accident happens, then the loss is the 1
regardless of the driver’s type. Insurance company sells insurance, 1 units of insurance pays back $L, thus its
profit is (p — L)y, in which p is the price of one unit of insurance, y is how much of insurance was purchased

and finally 7 is the probability of the accident.

14.2 Insurance. Symmetric information

Insurance company knows which type of driver it deals with and sells two goods: insurance that pays L to
type L, and insurance that pays L to type H. The maximization problem of consumer of type h if he buys

insurance is
mgxmlu(w —L—ppf+6L)+ (1 — mp)u(w — ppb)
7n(L —pp)u'(w— L — ppf + 0L) — (1 — mp)pru(w — ppd) =0

If pp, = mp L, then we get 6 = 1, which means the risk aversion agent buys full insurance.

As for the insurance company, they want to max profit

max(p — 7p L)
y

ifp>mpl=y=00
p<mpL=9y=0
p=mrL =y € [0;x]

Thus in the equilibrium p = 7, L and the high-type consumer buys one unit of insurance. Similarly, if
pr, = wr L, the low-type driver also buys one unit of insurance. In conclusion, in the equilibrium, price is

fair and firms earn zero profit while consumers buy full insurance.
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14.3 Insurance. Asymmetric information

Consumers know their type and firms do not know. Assume probability of accidents is given. Then the

problem is similar to the second-degree price discrimination.
Suppose consumers can buy 0 or 1 unit of insurance at price p. The consumer will buy 1 unit of insurance

if
mu(w — L) + (1 — m)u(w) < u(w — p)

By transfers, we get

Properties of g:

1. g(0) = 0.

2. g(1) = 1.

3. g(p) is an increasing function.

If g(p) is the probability of an accident, then an agent would be indifferent between paying p for insurance
or not. Agent observes p and if > g(p), he buys; if 7 < g(p), he does not buy; if ¥ = g(p), he is indifferent.

Assume there are two price p1,ps, and 71, = g(p1),7n = g(p2). When p; > 7 L, if the price is fair, the
consumer will buy one unit. This can be illustrated by the following picture.

»

7(P) 4
1

Tth
TL

[
>

both type tﬁ; pl p2 L p
high type buy no type buy

Now assume the probability of low-type is «, high-type is 1 — a. If both types buy, then the expect profit
is
la(p— 7o L) + (1= a)(p — L]y

Just as before in equilibrium

alp—m L)+ (1—a)(p—mrL)=0
Peq = amp L+ (1 —a)mpL

There are three insurance purchase conditions:

1. If m;,L < pq, then there is only one equilibrium with p = amp L+ (1 — a)7, L and both types buy. Here
p = mpL is not an equilibrium because both types buy insurance, then profit is positive, supply is infinite.
This is efficient equilibrium because both types are insured.

2. f ar, L+ (1 — a)mp L < p1 < wpL, then there are two equilibria with p = anp L + (1 — )7, L and
both types buy and firms earn zero profit. When p = 7, L, only h type buys and firms earn zero profit.
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3. If p = mpL, only h type buys, and there is only one equilibrium. Firms earn zero profit. This is
inefficient equilibrium because low-type stays uninsured.

The key difference from the world with complete information is that now as you increase price, you will
not increase profit, because low-type consumers drop out of the market and you deal with risky pool of
drivers. That’s adverse selection.
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